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Definition 1 We define c.22Emin_2E_3D to be AA.\x € A y € A.inj_o (z =vy)
of type t=>t.

Definition 2 We define c_2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (\VO0z € 2.V0z)) (A\V1x € 2.V
Definition 3 We define c_2Ebool 2E 21 to be N\A_27a : t.(A\VOP € (24-27%) (ap (ap (c_2Emin_2E_3D (24-27
Definition 4 We define c_2Ebool_2EF to be (ap (c_2Ebool 2E_21 2) (AVO0t € 2.V 0t)).

Definition 5 We define c.22Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_-o (p P=p Q)
of type ¢.

Definition 6 We define c_2Ebool 2E_7E to be (AV Ot € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0t) c_2Ebool 2EF
Let ty 2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2Enum (1)
Let c2Enum 2EREP__num : 1 be given. Assume the following.
c2Enum 2EREP_num € (omegay-2Fnum-2Enum) (2)
Let c2Enum 2ESUC__REP : 1 be given. Assume the following.
c2Enum 2ESUC__REP € (omega®™9%) (3)
Let c2Enum 2EABS__num : ¢ be given. Assume the following.
c2Enum_2EABS_num € (ty-2Enum_2Enum°™") (4)

Definition 7 We define c 2Enum_2ESUC to be AVOm € ty 2Enum_2Enum.(ap ¢ 2Enum 2EABS__num
Let c2Enum 2EZFERO__REP : 1 be given. Assume the following.

c2Enum 2EZERO__REP € omega (5)



Definition 8 We define c2Enum_2EQ to be (ap c2Enum_2EABS_num ¢ 2Enum 2EZERO__REP).
Let ty_2Foption_2FEoption : 1=t be given. Assume the following.

YV AO.nonempty A0=nonempty (ty_2FEoption_2FEoption A0) (6)
Let ty_ 2Flist 2Elist : 1= be given. Assume the following.

YV AOQ.nonempty A0=nonempty (ty-2Elist 2Elist A0) (7)

Let ty_2FElbtree 2Elbtree : 1= be given. Assume the following.

VA0.nonempty A0=nonempty (ty-2Elbtree_2Elbtree A0) (8)
Let c_2Elbtree 2Elbtree_rep : t=-t be given. Assume the following.

VA 27a.nonempty A_27a=c2FElbtree 2Elbtree_rep A27a €
(((ty,QEoption,QEoption A727a)(ty,2El1',st,2Elist 2))(ty,2Elbtree,2Elbtree A,27a))

(9)
Definition 9 We define c_2Ebool 2E_2F 5C to be (AVO0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t € ¢

Definition 10 We define c 2Emin_2E_40 to be N\A.AP € 24.if (3z € A.p (ap P z)) then (the (\z.z € AN
of type t=>t.

Definition 11 We define c_2Ebool 2ECOND to be AA_27a : t.(AVOt € 2.(AV1tl € A 27a.(A\V2t2 € A27a.(
Let ty 2FEone 2Fone : 1 be given. Assume the following.

nonempty ty_2FEone_2FEone (10)
Let ty 2Esum_2FEsum : t=>t=>t be given. Assume the following.

VAO.nonempty A0=VAl.nonempty Al=nonempty (ty-2Esum_2FEsum
A0 A1)
(11)

Let c2Esum 2EABS__sum : 1=t=-t be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=c 2Esum 2EABS__sum

A27a A27b € ((ty2Esum_2Esum A-2Ta A27b)(2*7)"77)%)
(12)

Definition 12 We define c_2Esum_2EINL to be AA_27a : t.NA_27b : 1. AV 0e € A 27a.(ap (c2Esum_2EABS
Let c_2Foption_2FEoption__ABS : 1= be given. Assume the following.

VA 27a.nonempty A_27a=-c_2Eoption_2Eoption__ABS A 2Ta €

((ty,2Eoption,2Eoption A727a)(ty,2Esum,2Esum A_27a ty,2E'one,2Eone)) (13)

Definition 13 We define c 2Eoption_ 2ESOME to be AA_27a : 1. AV 0z € A 27a.(ap (c2Eoption_2Eoption__



Let c.2Elist 2Elist__CASE : 1=1=-t be given. Assume the following.

VA 27a.nonempty A 27a=VA_27b.nonempty A_27b=c 2Flist 2Elist_ CASE
A27a A2Tb € (((A27p((A-2Tp(t-2rtise-2stist A*”‘L))A’Wa))A,27b)(ty,2Elist,2Elist A-27a))

(14)
Definition 14 We define c 2EIbtree_2ENdrep to be N\A 27a : 1. AV 0a € A 27a. AV 1t1 € ((ty_2Eoption_ 2Eop
Let c_2Elbtree_2Elbtree__abs : t=>1 be given. Assume the following.
VA 27a.nonempty A_27a=-c_2Elbtree 2FElbtree__abs A 27a €

((ty2Elbtree_2Elbtree A_27a)((ty-2Eoption2Eoption A_27a)(tu-2BlIst 2B e 2)))
(15)

Definition 15 We define c_2Elbtree_2ENd to be AA_27a : t.AV0a € A_27a.AV1t1 € (ty_2Elbtree 2Elbtree
Definition 16 We define c 2Ebool 2E_3F to be AA 27a : 1. (AVOP € (24-27%).(ap VOP (ap (c_2Emin_2E_40
Definition 17 We define c_2Ebool 2E_5C_2F to be (A\V0t1 € 2.(AV1¢2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €

Definition 18 We define c_2Elbtree_2Edepth to be AA_27a : 1.(AV0a0 € A_27a.(AV1al € (ty_2Elbtree 2El

Assume the following.
True (16)

Assume the following.

(VW01 € 2.(VV1£2 € 2.(((p VOt =(p V1¢2))=(((p

V12)=(p VOI1)=((p VOIL) s (p V12)))))) (17)

Assume the following.

(VVOt € 2.(((True=(p VOt))=(p Vo)) A(((p VOt)=>True)s
True)A(((False=(p VOt))eTrue)A((((p VOt)=(p VOt))=True)A((  (18)
(p VOt)=False)=(=(p V01))))))))

Assume the following.

(VVoz € 2.(VV1y € 2.(VV2z € 2.(VV3w €
2.((((p VOz)=(p V1y)A((p V22)=(p V3w)))=(((p VOz)A(p V22))=
((p V1iy)A(p V3w)))))))
(19)
Assume the following.
(VW0z € 2.(VV1y € 2.(VV2z € 2.(VV3w €
2.((((p VOz)=(p V1y))A((p V22)=(p V3w)))=(((p VOz)V(p V2z))=
((p V1y)V(p V3w))))))))

(20)
Assume the following.
VA 27a.nonempty A27a=(YVOP € (24-277).(VV1Q €
(24-279) ((VV2z € A27a.((p (ap VOP V22))=(p (ap V1Q V22))))= (21)

((3V3x € A27a.(p (ap VOP V3zx)))=(IV4x € A27a.(p (
ap V1Q V4dx)))))))



Theorem 1

VA,27a.n0nempty A,27a:>(VVOdepth,27 c (((2ty,2Enum,2Enum)(ty,ZElbtree,QElbtree A,27a))A,27a).
((VWW1lx € A27a.(VV2t1 € (ty_2Elbtree 2Elbtree A_27a).
(VV3t2 € (ty2Elbtree 2Elbtree A_27a).(p (ap (ap (ap VOdepth_27
Viz) (ap (ap (ap (c_2Elbtree_2ENd A_27a) V1z) V2t1) V3t2)) c.2Enum_2E0)))))A
((VV4m € ty_2Enum_2Enum.(VVbzx € A27a.(VV6a €
A27a.(VVTtl € (ty 2Elbtree 2Elbtree A 27a).(VV8t2 €
(ty_2Elbtree 2Elbtree A_27a).((p (ap (ap (ap VOdepth_27 V5zx) V7tl)
Vam))=(p (ap (ap (ap VOdepth27 V5z) (ap (ap (ap (c2Elbtree2ENd
A27a) V6a) VT7tl) V8t2)) (ap c2Enum_2ESUC V4m))))))))A(VVIm €
ty-2Enum_2Enum.(VV10x € A27a.(VV1la € A27a.(VV12t1 €
(ty_2Elbtree 2Elbtree A_27a).(VV13t2 € (ty_2Elbtree_2Elbtree
A 27a).((p (ap (ap (ap VOdepth 27 V10z) V13t2) VIm))=(p (ap (ap (
ap VOdepth27 V10x) (ap (ap (ap (c-2Elbtree_2ENd A_27a) V1la) V12t1)
V13t2)) (ap c2Enum_2ESUC V9m)))))))))))=(¥VV14a0 € A27a.
(VV15al € (ty_2FElbtree_ 2Elbtree A_27a).(VV16a2 €
ty_2Enum_2Enum.((p (ap (ap (ap (c-2Elbtree_2Edepth A_27a) V'14a0)
V15al) V16a2))=(p (ap (ap (ap V0depth 27 V14a0) V15al) V16a2))))))))



