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Definition 1 We define c 2Emin_2E_40 to be AAAP € 24.if (32 € Ap (ap P x)) then (the (\z.x € AAp
of type t=>t.

Definition 2 We define c.22Emin_2E_3D to be AA.\x € A y € A.inj_o (z =vy)
of type t=>t.

Definition 3 We define c_2Ebool 2E_3F to be NA 27a : 1.(AVOP € (24-27).(ap VOP (ap (c_2Emin_2E 40 2

Definition 4 We define c 2Ebool 2ET to be (ap (ap (c_2Emin_2E_3D (22)) (A\V0x € 2.V0z)) (\V1z € 2.V

Definition 5 We define c_2Ecombin_2ES to be AA_27a : 1. AA27b : 1. AA27c : 1. (AVOf € ((A,27CA*27b)A7270

Definition 6 We define c_2Ecombin_2EK to be AA_27a : t.ANA27b : 1.(AVO0z € A27a.(A\V1y € A27b.V0x))
Definition 7 We define c_2Ecombin_2El to be AA_27a : 1.(ap (ap (c_2Ecombin_2ES A_27a (A_27a”-27) A_
Definition 8 We define c_2Ebool 2E 21 to be N\A_27a : t.(A\VOP € (24-27%) (ap (ap (c_2Emin_2E_3D (24-27
Definition 9 We define c_22Ecombin_2Eo to be AA_27a : t.NA_2Tb : L. NA27c : 1. AVOf € (A,27bA*27C).)\Vlg
Let ty 2Fextreal 2FEextreal : ¢ be given. Assume the following.
nonempty ty_2FEextreal 2Eextreal (1)
Let ty 2Erealax_2Ereal : 1 be given. Assume the following.
nonempty ty_2Erealax_2Ereal (2)
Let c2Fextreal 2ENormal : ¢ be given. Assume the following.
c2Eextreal 2ENormal € (ty_2Eextreal 2Eextreal’-2Ereator-2Erealy 3y
Let c2Fextreal 2ENegInf : ¢ be given. Assume the following.

c2Fextreal 2ENegInf € ty_ 2FEextreal 2Fextreal (4)



Let c.2Fextreal 2EPosInf : 1 be given. Assume the following.
c2Fextreal 2EPosInf € ty_2Fextreal 2Eextreal (5)
Let ty 2Epair_2Eprod : t=-1=t be given. Assume the following.
VAO.nonempty A0=VAl.nonempty Al=nonempty (ty-2Epair 2Eprod
A0 A1)
(6)
Let c.2Emeasure_2Emeasurable__sets : 1=-1 be given. Assume the following.

VA 2Ta.nonempty A27a=-c2Emeasure_2Emeasurable__sets
A27a € ((2(2‘4*27”))(ty,QEpair,QEp'rod (24-27%) (ty_2Epair_2Eprod (2(214727&)) (ty,ZErealax,ZEreaﬂ2A727a)))))

(7)

Let c.2Emeasure 2Em__space : t1=>1 be given. Assume the following.

VA 27a.nonempty A_27a=c_2Emeasure 2Em__space A 27a €
((2A727a)(ty,ZEpair,QEprod (24-27%) (ty_2Epair_2Eprod (2(2A727a)) (ty,QErealax,QEreal(2A727a)))))

(8)
Definition 10 We define c.2Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_-o (p P=p Q)
of type t.

Definition 11 We define c_2Ebool 2E_2F_5C to be (AV0t1 € 2.(A\V1¢2 € 2.(ap (c_2Ebool 2E_21 2) (AV2¢ €
Let ¢ 2Epair 2EABS __prod : 1=1=1 be given. Assume the following.

VA 2T7a.nonempty A27a=YA_27b.nonempty A_27b=c_2FEpair 2EABS__prod
A27a A27b € ((ty-2Epair 2Eprod A-27a A_27b)(2* =™ 7))
(9)
Definition 12 We define c2Epair 2E_2C to be N\A27a : t.AA27b : 1. AVO0x € A27a AV1y € A27b.(ap (c-2
Let c.2Fextreal 2FEextreal__add : ¢ be given. Assume the following.

c2Eextreal 2Eextreal _add € ((ty_2Fextreal 2Eextrealty-2Fevtreal-2Eextrealyty-2Eextreal_2Bextreal)
(10)
Let c.2Fextreal 2FEextreal_le : 1 be given. Assume the following.

c2FEextreal 2Eextreal_le € ((Qty,QEea:treal,2Eea:treal)ty,ZEeztreal,QEewtreal)
(11)
Let ty 2Enum_2Enum : ¢ be given. Assume the following.

nonempty ty_2Enum_2Enum (12)
Definition 13 We define c 2Ebool 2EIN to be NA 27a : 1.(AVO0x € A 27a.(A\V1f € (24-27).(ap V1f VOz)]
Let c.2Epred__set 2EGSPEC : 1=>1= be given. Assume the following.

VA 2Ta.nonempty A 27a=YA_27b.nonempty A_27b=c_2FEpred_set 2EGSPEC
A927a A27b € ((2147270,)((ty,2Epai'r,2Eprod A_27a Z)A*Wb))

(13)



Definition 14 We define c_2Epred__set 2EIMAGE to be AA_27a : 1t.AA27b : L.AVOf € (A27b2-2") A\V1s €
Definition 15 We define c_2Epred__set_2EBIGUNION o be AA_27a : 1. AVOP € (22" (ap (c.2Epred.__
Definition 16 We define c_2Ebool 2EF to be (ap (c2Ebool_2E_21 2) (AVO0t € 2.V 0t)).
Definition 17 We define c_2Epred__set 2EEMPTY to be AA_27a : ¢.(A\VO0x € A_27a.c_2Ebool_2EF).
Definition 18 We define c 2Epred__set 2EINTER to be AA 27a : 1. AV 0s € (24-279) AV 1t € (24-27%).(ap (c
Definition 19 We define c 2Epred__set 2EDISJOINT to be AA_27a : 1. AV 0s € (24-279) AV 1t € (24-27).(ap
Definition 20 We define c_2Ebool 2E_TE to be (AVOt € 2.(ap (ap c_2Emin_2E_3D_3D_3E V0t) c_2Ebool 2E
Let c2Enum 2EZFERO__REP : 1 be given. Assume the following.
c2Enum 2EZERO__REP € omega (14)

Let c2Enum 2EABS__num : ¢ be given. Assume the following.

c2Enum_2EABS__num € (ty-2Enum_2Enum®™") (15)

Definition 21 We define cC2Enum_2EQ to be (ap c.:2Enum_2EABS_num c2Enum 2EZERO__REP).

Let c.2Ereal 2Ereal__of __num : ¢ be given. Assume the following.
c2Ereal 2Ereal _of —_num € (ty_2Erealax_2ErealV-2Fmvm-2Enum)  (4)
Let ty 2FEhreal 2Ehreal : ¢ be given. Assume the following.
nonempty ty_2Ehreal 2FEhreal (17)
Let c2Erealaxr_2Ereal__REP__CLASS : i be given. Assume the following.

c2FErealax_ 2Ereal__REP__CLASS € ((Q(ty,QEpair,QEprod ty_2Ehreal_2Ehreal ty_2Ehreal_2Ehreal) )ty,ZErealaaz
(18)

Definition 22 We define c_2Erealax_2Ereal__REP to be A\V0a € ty_2Erealax_2Ereal.(ap (c22Emin_2E_40 (¢

Let c.2FErealax_2Etreal__It : « be given. Assume the following.

c2FErealax 2Etreal_lt € ((2(ty,2Epair,2Eprod ty_2Ehreal_2Ehreal ty,QEhreal,2Ehreal))(ty,2EpaiT,2Eprod ty_2Ehi
(19)

Definition 23 We define c_2Erealax_2Ereal__It to be \VOT'1 € ty 2Erealar 2Ereal \V1T2 € ty 2FErealax_
Definition 24 We define c_2Ereal 2Ereal__Ite to be \V0x € ty_2Erealax 2Ereal A\V1y € ty_2FErealax 2Er
Definition 25 We define c_2Ebool 2E_5C_2F to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c2Ebool 2E_21 2) (AV2t €

Definition 26 We define c_2Epred__set 2EINSERT to be AA_27a : 1t.A\V0x € A27a.\V1s € (24-27) (ap (c_



Definition 27 We define c 2Epred__set 2EFINITE to be AA_27a : 1.AV 0s € (24-27%).(ap (c_2Ebool 2E_21 (2
Definition 28 We define c_2Eextreal 2Eextreal__of__num to be A\VOn € ty_2Enum_2Enum.(ap ¢ 2Eextrea
Definition 29 We define c_2Earithmetic_2EZERO to be c_2Enum_2EO.
Let c2Enum 2EREP__num : ¢ be given. Assume the following.

c2Enum_2EREP_num € (omegat¥-2Enum-2Enum) (20)
Let c2Enum 2ESUC__REP : 1 be given. Assume the following.

c2Enum 2ESUC__REP € (omega®™%) (21)

Definition 30 We define c2Enum_2ESUC to be AVOm € ty 2Enum_2Enum.(ap c2Enum 2EABS__num
Let c.2FEarithmetic2E_2B : 1 be given. Assume the following.

c2Earithmetic.2E_2B € ((ty-2Enum_2Enumty-2Enum-2Enum)ty 2Enum-2Enum)
(22)

Definition 31 We define c 2Earithmetic_2EBIT1 to be A\VOn € ty 2Enum_2Enum.(ap (ap c_2Earithmetic
Definition 32 We define c_2Earithmetic 2ENUMERAL to be A\VOx € ty_2Enum_2Enum.V0x.

Definition 33 We define c_22Ebool 2ECOND to be AA_27qa : t.(AVOt € 2.(AV1tl € A 27a.(AV2t2 € A27a.(
Definition 34 We define c 2Emeasure_2Eindicator__fn to be A\A_27a : 1.AV0s € (24-27%).(A\V 1z € A27a.(ay
Let c.2Fextreal 2FEextreal__mul : ¢ be given. Assume the following.

c2Eextreal 2Eextreal__mul € ((ty-2Fextreal 2Eextrealtv-2Eevtreal-2Eextreal\ty 2EBextreal 2Bextreal )
(23)
Let c2Epred__set 2EITSET : 1=>1= be given. Assume the following.

VA27a.nonempty A-27a=YA_27b.nonempty A-27b=c 2Epred_set 2EITSET
A27a A2Tb € (((A727b14727b)(2A*27‘1))((A727bA,27b)A,27a))
(24)

Definition 35 We define c_2Eextreal 2EEXTREAL__SUM__IMAGE to be AA_27a : t. A\VOf € (ty_2Fextreal

Definition 36 We define c 2Emeasure 2Epos_simple_fn to be AA_27a : t.AVOm € (ty_2Epair 2Eprod (24
Let c2Epair 2ESND : 1=-1=>1 be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=c_2FEpair 2ESN D
A27a A27b € (A727b(ty,2Epair,2Eprod A_27a A,27b))
(25)
Let c2Epair 2EF ST : 1=1=- be given. Assume the following.

VA 27Ta.nonempty A_27a=VA_27b.nonempty A_27b=c_2Epair 2EFST
A927a A27b € (A727a(ty,2Epair,2Ep1‘od A_27a A,27b))
(26)



Definition 37 We define c_2Epair 2EUNCURRY to be AA_27a : t.AA2Tb : L. AA27c : LAVOS € ((A27¢A-7

Definition 38 We define c_2Elebesgue 2Epsfs to be NA 27a : 1.AVOm € (ty_2Epair 2Eprod (24-27%) (ty_2i
Let c.2Emeasure_2Emeasure : t=-1 be given. Assume the following.

VA 27a.nonempty A_27a=-c2Emeasure.2Emeasure A27a € (
(ty-2Erealaz_2Ereal® ")) (tv-2Epair 2Bprod (2*=*") (ty_2Epair_2Eprod 2% (ty_2Erealaz_2Ereal @27
(27)
Let c.2Frealax_2Etreal__mul : ¢ be given. Assume the following.

c2Erealax_2Etreal__mul € (((ty_2Epair_2Eprod ty_ 2Ehreal 2Ehreal
ty,QEhreal,QEhreal)(ty*QEpa"JEpT"d ty_2Ehreal _2Ehreal ty,2Ehreal,2Ehreal))(ty,2Epai7‘,2Eprod ty_2Ehreal _2Ehi

(28)
Let c2Erealax_2Etreal__eq : v be given. Assume the following.

c2Erealaxr_2Etreal eq € ((Q(ty,QEpair,2Eprod ty_2Ehreal_2Ehreal ty,2Ehreal,2Ehreal))(ty,ZEpair,2Eprod ty_2Eh

(29)
Let c.2Erealax2Ereal __ABS__CLASS : 1 be given. Assume the following.

o(ty-2Bpair_2Eprod ty_2Ehreal_2Ehreal ty_2Bhreal 2Ehy
(30)
Definition 39 We define c 2Erealax_2Ereal __ABS to be \VOr € (ty_2Epair 2Eprod ty_2Ehreal 2Ehreal ty

c2Erealar 2Ereal__ABS_CLASS € (ty 2Erealax_2Ereal'

Definition 40 We define c_2Erealax_2Ereal__mul to be \VOT'1 € ty_2FErealax 2Ereal A\V1T2 € ty_2FEreala
Let c.2Erealax_2Etreal__add : ¢ be given. Assume the following.

c-2Erealax_2FEtreal__add € (((ty-2Epair_2Eprod ty_2Ehreal 2Ehreal
tyiEhrealJEhreal) (ty_2FEpair_2Eprod ty_2Ehreal_2Ehreal ty_2Ehreal_2Ehreal) ) (ty_2Epair_2Eprod ty_2Ehreal _2FEh:

(31)
Definition 41 We define c_2Erealax_2Ereal__add to be A\VOT'1 € ty_ 2Erealar 2Ereal \V1T2 € ty 2Ereala
Definition 42 We define c_2Ereal_sigma 2EREAL_SUM__IMAGE to be AA_27a : 1. A\VOf € (ty_2Erealax_2
Definition 43 We define c_2Elebesgue_2Epos__simple__fn__integral to be AA_27a : 1. AVOm € (ty_2Epair 2E
Definition 44 We define c 2Elebesgue 2Epsfis to be NA 27a : t.A\VOm € (ty_2Epair 2Eprod (24-27%) (ty_2
Definition 45 We define c 2Ereal 2Esup to be \VOP € (2tv-2Erealaz-2Ereal (qp, (¢ 2Emin_2E_40 ty_2Ereal
Definition 46 We define c 2Eextreal 2Eextreal_sup to be \V0p € (2tv-2Eeetreal-2Eetrealy (qp (qp (ap (c_2I
Definition 47 We define c 2Elebesgue 2Epos__fn__integral to be AA_27a : 1. AVOm € (ty_2Epair 2Eprod (2

Let c2Fextreal 2Fextreal __ainv : ¢ be given. Assume the following.

c.2Eextreal 2Eextreal __ainv € (ty_2Eextreal 2FEextrealtV-2Fevtreal 2Eextreal)
(32)



Definition 48 We define c_2Eextreal 2Eextreal__It to be \V 0z € ty_2FEextreal 2Fextreal A\V1y € ty_2FEext
Definition 49 We define c_2Emeasure_2Efn__minus to be A\A_27a : 1. A\VOf € (ty_2Eextreal 2Eextreal*->"
Definition 50 We define c_2Emeasure_2Efn__plus to be A\A_27a : L. AVOf € (ty_2Eextreal 2Eextreal*-*"®).
Let c2Fextreal 2Eextreal__sub : v be given. Assume the following.

c2FEextreal 2Eextreal _sub € ((ty_2Fextreal 2FEextrealtV-2Fevtreal-2Bextrealyty 2Eextreal 2Bextreal)
(33)

Definition 51 We define c_2Elebesgue_2Eintegral to be NA_27a : L. \VOm € (ty_2Epair 2Eprod (24-27%) (t
Definition 52 We define c_2Epred__set 2EUNIV to be AA_27a : +.(A\V0x € A_27a.c_2Ebool 2ET).
Let c.2Emeasure 2Esubsets : 1= be given. Assume the following.

VA_27a.nonempty A_27a=-c_2Emeasure_ 2Esubsets A 27a € (

(2(2A,27a) ) (ty-2Epair_2Eprod (24727a) (2(2A—27a))) ) (34)

Definition 53 We define c 2Epred__set 2ESUBSET to be AA_27a : t.A\V0s € (24-272) AV 1t € (24-27%).(ap (
Definition 54 We define c_2Epred__set 2EINJ to be A\A_27a : t.AA27b : LAVOS € (A27b"-2%) \V1s € (27
Definition 55 We define c_2Epred__set 2Ecountable to be AA_27a : 1.AV0s € (24-27%) (ap (c_2Ebool 2E_3F
Definition 56 We define c 2Epred__set 2EUNION to be AA_27a : 1. AV 0s € (24-27%) AV 1t € (24-27%).(ap (c

Let c.2Emeasure_2Espace : 1=t be given. Assume the following.

524270,

VA 27a.nonempty A 27a=c2Emeasure 2Espace A 27a € ((24-27)(ty-2Epair2Eprod (@427 (
(35)

Definition 57 We define c 2Epred__set 2EDIFF to be AA_27a : 1t.AV0s € (24-279) AV 1t € (24-27%) (ap (c_2.

)))

2A,27‘

Definition 58 We define c 2Emeasure 2Esubset__class to be AA_27a : 1. AV 0sp € (24-279) A\V1sts € (2(
Definition 59 We define c 2Emeasure_2Ealgebra to be A\A_27a : 1.A\V 0a € (ty_2Epair 2Eprod (24-27%) (2(3
Definition 60 We define c 2Emeasure_2Esigma__algebra to be A\A_27a : 1.AV0a € (ty_2Epair 2Eprod (24-2
Definition 61 We define c_2Epred__set 2EBIGINTER to be AA_27a : L AVOP € (22°7™) (ap (c-2Epred_s

Definition 62 We define c.2Emeasure_2Esigma to be AA_27a : L.AVOsp € (2427 AV 1st € (2" ™). (ap
Definition 63 We define c_2Emeasure_2EBorel to be (ap (ap (c_2Emeasure_2Esigma ty_2Fextreal 2FEextre
Definition 64 We define c_2Epred__set_2EPREIMAGE to be AA_27a : 1. NA27b : 1. AVOf € (A,27bA*27a)./\V

Definition 65 We define c 2Epred__set 2EFUNSET to be AA_27a : t.\XA27b : L. \VOP € (24-27%).AV1Q € (



Definition 66 We define c 2Emeasure_2Emeasurable to be A\A_27a : t.N\A_27b : 1. AV 0a € (ty_2Epair 2Epro

Definition 67 We define c_2Elebesgue_2Eintegrable to be AA_27a : 1t.A\VOm € (ty_2Epair 2Eprod (24-27%)
Let c.2Ereal 2Esum : ¢ be given. Assume the following.

. . o 1ty—2Enum_2Enum . )
c2Ereal 2Esum € ((ty,2Erealaac,2E7°eal(tijTe“l‘”jEw“l v ))(ty,QEpan,QE;mod ty_2Enum_2En
(36)

Definition 68 We define c_2Eprim__rec_2E_3C to be A\VOm € ty_2Enum_2Enum.\V1n € ty_2Enum_2Enu
Definition 69 We define c_2Earithmetic_2E_3E to be A\VOm € ty 2Enum _2Enum A\V1n € ty 2Enum_2En
Definition 70 We define c_2Earithmetic_2E_3E_3D to be \VOm € ty 2Enum_2Enum.\V1n € ty_2Enum_2
Let c2Erealar_2Etreal__neg : ¢ be given. Assume the following.

c2Erealax_2Etreal_neg € ((ty-2Epair_2Eprod ty 2Ehreal 2Ehreal
ty,ZEhreal,ZEhreal) (ty_2Epair_2Eprod ty_2Ehreal_2Ehreal ty_2Ehreal_2Ehreal) )

(37)
Definition 71 We define c 2Erealax_2Ereal__neg to be \VOT'1 € ty_2Erealax_2Ereal.(ap c_2Erealax_2Ereal
Definition 72 We define c_2Ereal_2Ereal__sub to be \VOx € ty 2Erealax_ 2Ereal \V 1y € ty 2Erealax_2E
Definition 73 We define c_2Ereal 2Eabs to be A\V0x € ty_2Erealax_2Ereal.(ap (ap (ap (c-2Ebool_2ECONI
Let ty 2Emetric.2Emetric : 1=t be given. Assume the following.
VAO0.nonempty A0=nonempty (ty_2Emetric.2Emetric A0) (38)
Let c.2Emetric.2Emetric : 1= be given. Assume the following.

VA_27a.nonempty A_27a=-c_2Emetric.2Emetric A27a € ((ty_2Emetric2Emetric
A727a/)(ty,QE’r‘eal(Ll‘,QE’r‘eal(t’y72Epuir,2EpTod A_27a A,zm)))

(39)
Definition 74 We define c_2Emetric 2Emrl to be (ap (c-2Emetric2Emetric ty_2Erealax_2Ereal) (ap (c.

Let c.2Emetric_2Edist : t=-t be given. Assume the following.

VA 27a.nonempty A_27a=c_2Emetric2Edist A27a € ((ty_2Erealax_2Erealty-2Fpair-2Eprod A-2Ta A2T

Let ty_2FEtopology_2FEtopology : 1=t be given. Assume the following. o
VA0.nonempty A0=nonempty (ty-2Etopology_2FEtopology A0) (41)

Let c_2FEtopology_2FEtopology : 1= be given. Assume the following.
VA 27a.nonempty A_27a=-c_2Etopology-2FEtopology A_27a € (42)

A_27a
((ty_2Etopology_2Etopology A_27a) (2@ )))



Definition 75 We define c_2Emetric_2Emtop to be AA_27a : 1. AVOm € (ty_2Emetric_2Emetric A_27a).(ay
Let c.2Enets_ 2FEtends : t=>t= be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=c_2FEnets_2Etends
A27a A27Th € (((2(ty,2Epair,2Eprod (ty_2FEtopology-2Etopology A_27a) ((2A*27b)A’27b)))A,27a)(A,27aA*27b))

(43)
Definition 76 We define c 2Eseq_2E_2D_2D _3E to be \V 0z € (ty_2Erealax_2Erealt¥-2Emm-2Enumy \y1,

Definition 77 We define c_2Eseq_2Esums to be \VOf € (ty_2Erealax_2ErealV-2Frvm-2Enum) Ay/qg e ¢y
Definition 78 We define c_2Emeasure_2Ecountably__additive to be A\A_27a : 1. A\VOm € (ty_2Epair_2Eprod
Definition 79 We define c 2Emeasure_2Epositive to be A\A_27a : t.A\VOm € (ty_2Epair 2Eprod (24-27) (t;

Definition 80 We define c 2Emeasure_2Emeasure__space to be \A_27a : 1.A\VOm € (ty_2Epair 2Eprod (24

Assume the following.
True (44)

Assume the following.

(VV0t1 € 2.(vV1t2 € 2.(((p VOr1)=(p V1£2)=(((p

V12)=(p VOL1)=((p VOrL)e(p V1t2))))) (45)

Assume the following.
(VVOt € 2.(False=(p VOt))) (46)

Assume the following.
(VVot € 2.((p VOr)V(=(p VOt)))) (47)

Assume the following.
VA 27a.nonempty A27a=(VYVO0t € 2.((VV1x € (48)

A27a.(p VOt))=(p VOL)))
Assume the following.

(VVOt € 2.(((TrueA(p VOt))(p VO)A((((p VO) AT rue)<
(p VOO)A(((Falsen(p VOt))=False)A((((p VOt)AFalse)< False)A  (49)

(((p VOO)A(p VOI)) & (p VO1)))))))

Assume the following.

(VVOt € 2.(((True=(p VOt))=(p VOOO)A(((p V t)#True)@
True)A((False=(p VOt))=True) AN((((p VOt)=(p VOt))=True)A((  (50)
(p VOt)=False)=(=(p V01))))))))



Assume the following.

(VVOt € 2.((=(=(p VOr))=(p VOO)))A(((-True)=False) A

((=False)=True))) (51)

Assume the following.
VA 27a.nonempty A27a=(VV0x € A27a.(VOz = V0z)) (52)

Assume the following.

VA 27a.nonempty A 27a=(VV0x € A27a.(V0x = VO0z)&

True)) (53)

Assume the following.
VA 27a.nonempty A27a=(VV0x € A27a.(VV1y € (54)

A27a.((V0z = V1y)e(V1y = VOx))))
Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YVOf € (A2764-270) (YV1g € (A2764-270) . ((VOf = (55)
Vig)e(VV2x € A27a.((ap VOf V2z) = (ap V1g V2z2))))))

Assume the following.

(YVOt € 2.(((Trues=(p VOt))<(p VOt))
(p VOO)A(((Falses(p VOt))<=(—(p VOt)))

p V01)))))))

A(((p VOt)eTrue)=
A((p VOt)=False)=(—-(  (56)

Assume the following.

VA 27a.nonempty A 27a=(VV0tl € A27a.(VV1i2 €
A27a.(((ap (ap (ap (c.2Ebool 2ECOND A_27a) c_2Ebool 2ET) V0t1)
V1t2) = VOt1)A((ap (ap (ap (c-2Ebool 2ECOND A_27a) c_2Ebool 2EF)
VOtl) V1t2) = V1t2))))

(57)
Assume the following.
(VV0A € 2.(WVV1B € 2.(VV2C € 2.(((p VOA)V( (58)
(p VIB)A(p V20)))=(((p VOA)V(p VIB))A((p VOA)V(p V20C)))))))
Assume the following.
(VW0A € 2.(WV1B € 2.(vV2C € 2.((((p V1B)A (59)
(p V2C))V(p VOA))=(((p VIB)V(p VOA)A((p V2C)V(p V0A)))))))
Assume the following.
(VVOtl € 2.(VV1t2 € 2.(VV2t3 € 2.(((p VOtl)= (60)

((p V1t2)=(p V2t3)))=(((p VOtL)A(p V1E2))=(p V213))))))



Assume the following.

VA 27a.nonempty A27a=(VVO0x € A27a.((ap (c_2Ecombin_2El (61)
A27a) VOz) = V0zx))

Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YVOf € (A2764-27) . (((ap (ap (c_2Ecombin_2Eo A_27a A_27b
A_27b) (c_2Ecombin_2El A_27b)) VOf) = VOf)A((ap (ap (c-2Ecombin_2Eo
A27a A27b A27a) VOf) (c.2Ecombin_2El A_27a)) = V0f)))
(62)
Assume the following.

(VVO0zx € ty_2Fextreal 2Eextreal.(VV 1y € ty_2Erealax_2Ereal.
((p (ap (ap c2Eextreal 2Eextreal__It ¢ 2FEextreal 2ENeglInf)
(ap c2Fextreal 2ENormal V1y)))A((p (ap (ap c_2Eextreal 2Eextreal__It
(ap c2FEextreal 2ENormal V1y)) c2Fextreal 2EPosInf))A((p (
ap (ap c_2Eextreal 2Eextreal__It c_2Eextreal 2ENegInf) c.2FEextreal 2EPosInf))A
((=(p (ap (ap c_2Eextreal 2Eextreal__It VOx) c2FEextreal 2ENegInf)))A
((—(p (ap (ap c2Eextreal 2Eextreal It ¢ 2FEextreal 2EPosInf)
V0z)))A(((-(VO0x = c2Fextreal 2EPosInf))<(p (ap (ap c-2Eextreal 2Eextreal__It
VO0z) c2Eextreal 2EPosInf)))A((-(V0z = c2Fextreal 2ENegInf))<
(p (ap (ap c_2Eextreal 2Eextreal__It c_2Fextreal 2ENegInf) V0x)))))))))))
(63)
Assume the following.

(VVO0x € ty_2Fextreal 2FEextreal.(VV 1y € ty 2FEextreal 2FEextreal.
(((p (ap (ap c2FEextreal 2Eextreal_le VOz) V1y))A(p (ap (ap c.2Eextreal 2Fextreal_le
Vly) VOz)))=(V0ox = Vy))))
(64)
Assume the following.

(VVO0x € ty_2FEextreal 2Fextreal.(VV1y € ty_2FEextreal 2Fextreal.
(=((p (ap (ap c_2Eextreal 2Eextreal It V0x) V1y))A(p (ap (ap c2Eextreal 2Eextreal__It
V1y) V0z))))))
(65)
Assume the following.

(VVO0zx € ty-2Fextreal 2FEextreal . (VV 1y € ty_2FEextreal 2Eextreal.
(((p (ap (ap c_2FEextreal 2Fextreal_le (ap c_2Eextreal 2Eextreal__of _num
c_2Enum_2E0)) VO0x))A(p (ap (ap c2Eextreal 2Eextreal_le (ap
c_2Eextreal 2Eextreal__of __num c_2Enum_2EQ)) V1y)))=(p (ap
(ap c2Fextreal 2Eextreal__le (ap c_2Eextreal 2Eextreal__of __num
c_2Enum_2E0)) (ap (ap c2Eextreal 2Eextreal-_add V0zx) V1y))))))
(66)
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Assume the following.

(YV 0z € ty_2Fextreal 2Eextreal.(VV 1y € ty_2Fextreal 2Eextreal.
((ap (ap c2Eextreal 2Fextreal__add V0zx) V1y) = (ap (ap c2Fextreal 2FEextreal__add
Vly) VOz))))
(67)
Assume the following.

(VVO0z € ty_2Eextreal 2Eextreal.((ap (ap c2Fextreal 2FEextreal__add
V0z) (ap c_2Eextreal 2Eextreal__of __num c_2Enum_2E0)) = V0z))
(68)
Assume the following.

(VVOz € ty_2Eextreal 2Eextreal.((ap (ap c2Fextreal 2Fextreal__add
(ap c_2Eextreal_2Eextreal__of__num c_2Enum_2EQ)) V0z) = V0z))
(69)
Assume the following.

(VVO0z € ty_2Eextreal 2FEextreal.((ap (ap c2Fextreal 2FEextreal__sub
VO0z) (ap c-2Eextreal 2Eextreal__of __num c_2Enum_2E0)) = V0x))
(70)
Assume the following.

(VVO0x € ty_2FEextreal 2Fextreal.((ap (ap c2Fextreal 2FEextreal __sub
(ap c_2Eextreal_2Eextreal__of__num c_2Enum_2EQ)) VO0z) = (ap c-2Eextreal 2Eextreal _ainv
V0z)))
(71)
Assume the following.

(VV 0z € ty_2Fextreal 2Eextreal.(VV 1y € ty_ 2Fextreal 2Eextreal.
((ap (ap c2Eextreal 2Fextreal__sub V0zx) V1y) = (ap (ap c2Fextreal 2Fextreal__add
VO0z) (ap c2Eextreal 2Eextreal__ainv V1y)))))

(72)
Assume the following.
(VV Oz € ty2Eextreal 2Eextreal.((ap c2Eextreal 2FEextreal —_ainv (73)
(ap c2Eextreal 2Eextreal __ainv V0x)) = VO0z))
Assume the following.
((ap c2Fextreal 2Eextreal __ainv (ap c_2Eextreal 2Eextreal__of __num (74)

c_2Enum_2EQ)) = (ap c_2Eextreal 2Eextreal__of __num c_2Enum_2E0))
Assume the following.

(VVO0z € ty_2Eextreal 2Eextreal . (VV 1y € ty_2Eextreal 2Eextreal.
((ap (ap c2Fextreal 2Eextreal __sub VO0x) (ap c2Eextreal 2Eextreal __ainv
V1y)) = (ap (ap c2Eextreal 2Eextreal __add V0x) V1y))))
(75)
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Assume the following.

(VVO0x € ty 2FEextreal 2Fextreal.(VV 1y € ty 2FEextreal 2FEextreal.
(((=(VOx = c2Fextreal 2ENegInf))AN(—~(V1y = c2FEextreal 2ENegInf)))V
((=(VOz = c2Fextreal 2EPosInf))A(-(V1y = c.2Eextreal 2EPosInf))))=

((ap (ap c-2Fextreal 2Fextreal _sub (ap c2FEextreal 2Eextreal -_ainv
VO0z)) V1y) = (ap c.2Fextreal 2Fextreal__ainv (ap (ap c2Eextreal 2Fextreal__add
Voz) V1y))))))
(76)
Assume the following.

(VV0a € ty 2Fextreal 2Eextreal .(VV1b € ty_ 2Eextreal 2Eextreal.

(VV2¢ € ty2FEextreal_2Eextreal .(YV3d € ty_2FEextreal _2Eextreal.
(((m(V1b = c2Fextreal 2EPosInf))\(—(V3d = c2Fextreal 2EPosInf)))V
((=(V1b = c2FEextreal 2ENegInf))AN(—(V3d = c2FEextreal 2ENegInf))))=

(ap (ap c2Fextreal 2FEextreal__add (ap (ap c2Eextreal 2Eextreal__sub
V0a) V1b)) (ap (ap c2Eextreal 2Eextreal__sub V2c) V3d)) = (ap (
ap c2FEextreal 2Fextreal __sub (ap (ap c-2Fextreal 2FEextreal __add
V0a) V2¢)) (ap (ap c2Fextreal 2Eextreal__add V1b) V3d))))))))
(77)
Assume the following.

VA 27a.nonempty A_27a=-(VVO0m € (ty_2Epair_2Eprod
(24-279) (ty_2Epair_2Eprod (2(2A727Q)) (ty,QErealaa?,QEreal(2A727a)))).
(YV1f € (ty_2Eextreal 2Eextreal-27%).(VV2g € (

ty 2Eextreal 2Fextreal®-2").(((p (ap (c.2Emeasure_2Emeasure__space

A27a) VOm)A((VV3z € A2Ta.((p (ap (ap c2Eextreal 2Eextreal _le
(ap c_2Eextreal 2Eextreal__of__num c_2Enum_2EQ)) (ap V1f V3z)))A
(p (ap (ap c2Eextreal 2Eextreal_le (ap c_2Eextreal 2Eextreal__of __num
c_2Enum_2E0)) (ap V2g V3z)))))A((p (ap (ap (c.2Ebool 2EIN (ty_2Eextreal 2Eextreal-27%))
V1f) (ap (ap (c.2Emeasure_2Emeasurable A_27a ty_2Fextreal 2Eextreal)
(ap (ap (c_2Epair 2E_2C (24-27) (2(2&27&))) (ap (c.22Emeasure_2Em__space
A27a) VOm)) (ap (c2Emeasure_2Emeasurable__sets A_27a) VOm)))
c_2Emeasure_2EBorel)))A(p (ap (ap (c_2Ebool 2EIN (ty_2Fextreal 2Eextreal*-27%))
V2g) (ap (ap (c_2Emeasure_2Emeasurable A_27a ty_2Fextreal 2Eextreal)
(ap (ap (c_2Epair 2E_2C (24-272) (2(2&27&))) (ap (c-2Emeasure_2Em__space

A27a) VOm)) (ap (c22Emeasure_2Emeasurable__sets A_27a) VOm)))

c_2Emeasure_2EBorel))))))=((ap (ap (c-2Elebesgue_2Epos__fn__integral

A27a) VOm) (\V4x € A27a.(ap (ap c2Eextreal 2Eextreal _add
(ap V1f Vdx)) (ap V2¢ V4z)))) = (ap (ap c2Eextreal 2Eextreal _add
(ap (ap (c-2Elebesgue_2Epos__fn__integral A_27a) VOm) V1f)) (
ap (ap (c_2Elebesgue 2Epos__fn__integral A_27a) V0m) V2¢)))))))
(78)
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Assume the following.

VA_27a.nonempty A_27a=(YV0m € (ty_2Epair_2Eprod
(24-279) (ty_2Epair_2Eprod (2(214727@)) (ty,QErealax,QEreal(QAJ“)))).
(YV1f € (ty 2Eextreal 2Eextreal®-2").(((p (ap (c.2Emeasure_2Emeasure__space
A27a) VOm))A(p (ap (ap (c2Elebesgue_2Eintegrable A_27a) VO0m)
V1f)))=(p (ap (ap (c-2Elebesgue_2Eintegrable A_27a) VOm) (ap (
c_2Emeasure_2Efn__plus A_27a) V1f))))))
(79)
Assume the following.

VA_27a.nonempty A27a=(VVO0m € (ty_2Epair 2Eprod
(24-279) (ty_2Epair_2Eprod (2(2A727a)) (ty,2Ereala:17,2E’real(2A727Q)))).
(YV1f € (ty-2Eextreal 2Eextreal®-2").(((p (ap (c.2Emeasure_2Emeasure__space
A27a) VOm))A(p (ap (ap (c2Elebesgue_2Eintegrable A_27a) VOm)
V1f)))=(p (ap (ap (c-2Elebesgue_2Eintegrable A_27a) VOm) (ap (
c_2Emeasure 2Efn__minus A_27a) V1f))))))
(80)
Assume the following.

YA 27a.nonempty A 27a=(VVOm € (ty_2Epair 2Eprod
(24-27) (ty_2Epair 2Eprod (2(2A727G)) (ty,2Erealax,2Ereal(2A727a)))).
(VV1f1 € (ty2Fextreal 2Fextreal*-7*).(YV2f2 €
(ty_2Eextreal 2Fextreal®-2").(((p (ap (c.2Emeasure_2Emeasure__space
A27a) VOm))A((p (ap (ap (c-2Elebesgue_2Eintegrable A_27a) VOm)
V1f1))A(p (ap (ap (c_2Elebesgue 2Eintegrable A_27a) VOm) V2£2))))=
(p (ap (ap (c-2Elebesgue_2Eintegrable A_27a) VOm) (AV3x € A_27a.
(ap (ap c2Fextreal 2Fextreal__add (ap V1f1 V3x)) (ap V2f2 V3z)))))))))
(s1)
Assume the following.

VA_27a.nonempty A27a=(VYV0m € (ty_2Epair_2Eprod
(24-279) (ty_2Epair 2Eprod (2(2A727a)) (ty2Erealaz_2Ereal " "))
(VV1f € (ty2Eextreal 2Eextreal*-27%).(VV2f1 €
(ty 2Eextreal 2Eextreal-27).(VV3f2 € (ty_2Eextreal 2Eextreal-279).
(((p (ap (c-2Emeasure_2Emeasure__space A_27a) VOm))A((p (ap (
ap (c_2Elebesgue_2Eintegrable A_27a) VOm) V1f))A((p (ap (ap (c2Elebesgue_2Eintegrable
A27a) VOm) V2f1))A((p (ap (ap (c2Elebesgue_2Eintegrable A_27a)
Vom) V3f2)AN(V1f = (A\WVdx € A27a.(ap (ap c2Fextreal 2Eextreal__sub
(ap V2f1 Vdx)) (ap V3f2 V4x))))A((VVEz € A27a.(p (ap (ap c2Eextreal 2Eextreal__le
(ap c2Eextreal_2Eextreal__of__num c_2Enum_2EQ)) (ap V2f1 V5z))))A
(VVéx € A27a.(p (ap (ap c2Fextreal 2Eextreal_le (ap c_2Eextreal 2Eextreal__of __num
c_2Enum_2E0)) (ap V32 V6x))))))))))=((ap (ap (c_2Elebesgue_2Eintegral
A27a) VOm) V1f) = (ap (ap c2FEextreal 2FEextreal__sub (ap (ap (c-2Elebesgue_2Epos__fn__integral
A_27a) VOm) V2f1)) (ap (ap (c-2Elebesgue_2Epos__fn__integral
A27a) VOm) V3£2))))) o
82
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Assume the following.

VA _27a.nonempty A 27a=(VV0g € (ty_2Eextreal 2FEextreal*-27*).
(VWlz € A27a.(p (ap (ap c2Eextreal 2Eextreal_le (ap c_2Eextreal 2Eextreal__of __num
c_2Enum_2E0)) (ap (ap (c2Emeasure_2Efn__plus A_27a) V0g) V1x)))))
(33)
Assume the following.

VA _27a.nonempty A 27a=(VV0g € (ty_2Eextreal 2Eextreal*-27*).
(VWV1lx € A27a.(p (ap (ap c2Eextreal 2Eextreal_le (ap c_2Eextreal 2Eextreal__of __num
c_2Enum_2E0)) (ap (ap (c_2Emeasure_2Efn__minus A 27a) V0g) V1z)))))
(31)
Assume the following,.

VA 27a.nonempty A_27a=(VV0a € (ty_2Epair 2Eprod
(24-27a) (2(2A727a))).(VV1f € (ty2Eextreal 2EextrealA-279).
((p (ap (ap (c2Ebool 2EIN (ty_2Eextreal 2Eextreald-27%)) V1f)
(ap (ap (c_2Emeasure_2Emeasurable A_27a ty_2Fextreal 2FEextreal)
V0a) c_2Emeasure 2EBorel)))=(p (ap (ap (c2Ebool 2EIN (ty_2Eextreal 2Eextreal-27))
(ap (c-2Emeasure 2Efn__plus A 27a) V1f)) (ap (ap (c_2Emeasure_2Emeasurable
A_27a ty_2FEextreal 2Fextreal) V0a) c_2Emeasure_2EBorel))))))
(85)
Assume the following,.

VA 27a.nonempty A_27a=(VV0a € (ty_2Epair 2Eprod
(24-27a) (2(2A727a))).(VV1f € (ty2Eextreal 2Eextreal-270).
((p (ap (ap (c2Ebool 2EIN (ty_2Eextreal 2EextrealA-27%)) V1f)
(ap (ap (c_2Emeasure_2Emeasurable A_27a ty_2Fextreal 2FEextreal)
V0a) c_2Emeasure 2EBorel)))=(p (ap (ap (c2Ebool 2EIN (ty_2Eextreal 2Eextreal-27))
(ap (c_2Emeasure_2Efn__minus A_27a) V1f)) (ap (ap (c.2Emeasure_2Emeasurable
A 27a ty 2Eextreal 2Fextreal) V0a) c_2Emeasure 2EBorel))))))

(86)

Assume the following.
(VY0 € 2.((=(=(p VOE)))&(p VOR))) (87)

Assume the following.
(YV0A € 2.((p VOA)=((=(p VOA))= False))) (88)

Assume the following.

(VV0A € 2.(WV1B € 2.((~((p VOA(p V1B)))=False)e

((p VOA)=False)=((—(p V1B))=False))))) (89)

Assume the following.
(W04 € 2.(4V1B € 2((~((~(p VOAV(p VIB)) = False)es g1

((p VOA)=((—(p V1B))=False)))))
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Assume the following.
(VVO0A € 2.(((=(p VOA))=False)=(((p VOA)=False)=False))) (91)
Assume the following.

(VVOp € 2.(VV1g € 2.(VV2r € 2.(((p VOp)<(
(p Vig)&(p V27‘)))<:>(((((p VOp)\/E( (
V

p V1g)V(p V2r)))A(((p VOp)V((—(
p V2r)V(=(p V1g) DA(((p V1V ((=(p V2r))V(=(p VOp))))A((p V2r)V
((=(p V1g))V(=(p VOp)))))))))))

Assume the following.

(VVOp € 2.(VV1qg € 2.(VV2r € 2.(((p VOp)=(
(p V1igA(p V2r)))=(((p VOop)V((=(p qu))V(ﬂ)(p V2T)))))A(((p Vig)Vv

Assume the following.

(VVOp € 2.(VV1g € 2.(VV2r € 2.(((p VOp)=(
(p Vig)V(p V2r)))&(((p VOp)V(—(p V1g)))A(((p VOp
((p V1ig)V((p V2r)V(=(p VO0p))))))))))

Assume the following.

(VVOp € 2.(VV1g € 2.(WV2r € 2.(((p VOp)=(
(p Vig)=(p V2r)))=(((p VOp)V(p V1g))A((( )
—(p V1g))V((p V2r)V(=(p V0p))))))))))

Assume the following.

(YVOp € 2.(VV1g € 2.(((p VOp)=(=(p V1g)))=(((p VOp)V

(b V1g)A(~(p V1g))V(~(p VOP))))) (%6)
Assume the following.
(YVOp € 2.(vV1g € 2.((=((p VOp)=(p V1gq)))=(p VOp)))) (97)

Assume the following.
(WWop € 2.(VV1g € 2.((~((p VOp)=(p V1q)))=(=(p V1g)))))  (98)

Assume the following.
(VWop € 2.(VV1g € 2.((=((p VOp)V(p V1g)))=(=(p VO0p)))))  (99)

Assume the following.
(VWOp € 2.(VV1g € 2.((=((p VOp)V(p V1q)))=(=(r V1g))))) (100)

Assume the following.

(YVOp € 2.((=(=(p VOp)))=(p VOp))) (101)
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Theorem 1

VA 27a.nonempty A 27a=(VVOm € (ty_2Epair 2Eprod
(24-272) (ty 2 Epair 2Eprod (2(2A727a)) (ty,2Erealax,2Ereal(2A727a)))).
(VV1f € (ty_2Eextreal 2Eextreal-27).(VV2g € (
ty 2Eextreal 2FEextreal-*"*).(((p (ap (c_2Emeasure_2Emeasure__space
A_27a) VOm))A((p (ap (ap (c2Elebesgue_2Eintegrable A_27a) VOm)
V1f)A(p (ap (ap (c_2Elebesgue 2Eintegrable A_27a) VOm) V2g))))=
((ap (ap (c_2Elebesgue_2Eintegral A_27a) VOm) (A\V3z € A27a.

(ap (ap c2Eextreal 2Eextreal__add (ap V1f V3z)) (ap V2g V3x)))) =
(ap (ap c2Eextreal 2Eextreal__add (ap (ap (c-2Elebesgue_2Eintegral
A27a) VOm) V1f)) (ap (ap (c_2Elebesgue_2Eintegral A_27a) V0Om)

V29))))))

16



