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Definition 1 We define c 2Emin_2E_3D to be AA.\x € A y € Ainj_o (z =vy)
of type 1=>t.

Definition 2 We define c 2Ebool 2ET to be (ap (ap (c_2Emin 2E_3D (22)) (A\V0z € 2.V0z)) (\V1z € 2.V

Definition 3 We define c.2Ecombin_2ES to be AA_27a : 0. AA27b : L. XA 27c: 1. (AVOf € ((A,27CA*27Z’)A7276

Definition 4 We define c_2Ecombin_2EK to be AA_27a : t.NA27b : 1.(AVO0z € A 27a.(A\V1y € A27b.V0x))
Definition 5 We define c.2Ecombin_2El to be AA_27a : v.(ap (ap (c_2Ecombin 2ES A_27a (A_27a”-27) A_
Definition 6 We define c_2Ebool 2E_21 to be AA_27a : t.(AVOP € (24-27%).(ap (ap (c_2Emin_2E_3D (24-27
Definition 7 We define c_22Ecombin_2Eo to be AA27a : t.NA_27b : L AA27c : 1. AVOf € (A,27bA*27C).)\Vlg
Let ty 2Enum_2Enum : ¢ be given. Assume the following.

nonempty ty_2Enum_2Enum (1)
Definition 8 We define c_2Ebool 2EF to be (ap (c_2Ebool 2E_21 2) (AV 0t € 2.V 0t)).

Definition 9 We define c.2Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_-o (p P=p Q)
of type ¢.

Definition 10 We define c_2Ebool 2E_TE to be (AVOt € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0t) c_2Ebool _2E
Definition 11 We define c_2Ebool 2E_2F 5C to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c2Ebool 2E_21 2) (AV2t €

Let c2Enum 2EREP__num : ¢ be given. Assume the following.

c2Enum 2EREP_num € (omegay-2Fnum-2Enum) (2)
Let c2Enum 2ESUC__REP : 1 be given. Assume the following.
c2Enum 2ESUC__REP € (omega®™®%) (3)

Let c2Enum 2EABS__num : ¢ be given. Assume the following.
c2Enum 2EABS__num € (ty-2Enum_2Enum’™®) (4)



Definition 12 We define c2Enum_2ESUC to be A\VOm € ty_ 2Enum_2Enum.(ap c2Enum_2EABS__num

Definition 13 We define c 2Emin_2E 40 to be A\A.AP € 24.if (3z € A.p (ap P x)) then (the (\z.z € AN
of type t=-t.

Definition 14 We define c 2Ebool 2E_3F to be AA 27a : 1. (AVOP € (24-27%).(ap VOP (ap (c_2Emin_2E_40
Definition 15 We define c_2Eprim__rec_2E_3C to be A\VOm € ty_2Enum_2Enum.\V1n € ty_2Enum_2FEnu
Definition 16 We define c_2Ebool 2E_5C_2F to be (AVO0t1 € 2.(A\V1¢2 € 2.(ap (c_2Ebool 2E_21 2) (AV2¢ €
Definition 17 We define c_2Earithmetic_2E_3C_3D to be A\VOm € ty 2Enum_2Enum. AV 1n € ty 2Enum_2
Let ty_2Fextreal 2Eextreal : ¢ be given. Assume the following.

nonempty ty_2Fextreal 2FEextreal (5)
Let c.2Fextreal 2FEextreal_le : 1 be given. Assume the following.

c.2Bextreal 2Eextreal_le € ((2tv-2Eevtreal 2Eeatreal )ty 2Bextreal 2Beatreal
Let ty_2Frealar_2Ereal : ¢ be given. Assume the following. )
nonempty ty 2Erealax_2FEreal (7)

Let ty_2FEpair 2Eprod : t1=-1=>1 be given. Assume the following.

VAO.nonempty A0=VAl.nonempty Al=nonempty (ty-2Epair 2Eprod
A0 A1)
(8)

Let c.2Emeasure 2Em__space : t=-¢ be given. Assume the following.

VA 27a.nonempty A_27a=c_2Emeasure 2Em__space A_27a €
((2A-27a)(ty-2Bpair2Eprod (24-279) (ty_2Epair_2Eprod (22*7"") (ty_2Ercalaz_2Erea

(9)
Definition 18 We define c 2Ebool 2EIN to be AA27a : 1.(A\VO0z € A 27a.(A\V1f € (24-27%).(ap V1f VOx)

[(24-2Ta)

)

Let ¢ 2Epair 2EABS __prod : 1=1=1 be given. Assume the following.

VA 27Ta.nonempty A_27a=YA_27b.nonempty A_27b=c_2FEpair 2EABS __prod

A27a A27b € ((ty-2Epair 2Eprod A 27a A727b)((2A—27b)A727Q))
(10)

Definition 19 We define c_2Epair 2E_2C to be AA27a : t.AA2Tb : 1. AVO0zx € A27a.\V1y € A27b.(ap (c-2
Let ¢ 2Epred__set 2EGSPEC : 1=>1=>1 be given. Assume the following.

VA 2Ta.nonempty A 27a=YA_27b.nonempty A_27b=c_2FEpred_set 2EGSPEC
A927a A27b € ((2147270,)((ty,2Epai'r,2Eprod A_27a Z)A*Wb))

(11)



Definition 20 We define c_2Epred__set 2EIMAGE to be AA_27a : 1t.AA27b : LAVOf € (A27b227) A\V1s €

Definition 21 We define c_2Epred__set_2EBIGUNION to0 be AA_27a : 1. AVOP € (2(2A727U')).(ap (c2Epred.__:
Definition 22 We define c_2Epred__set 2EEMPTY to be AA_27a : 1. (A\VO0x € A-27a.c_2Ebool_2EF).
Definition 23 We define c 2Epred__set 2EINTER to be AA_27a : 1. AV 0s € (24-279) AV 1t € (24-27%).(ap (c-
Definition 24 We define c 2Epred__set 2EDISJOINT to be NA_27a : 1.AV0s € (24-279) AV 1t € (24-27%).(ap
Let c2Enum 2EZERO__REP : 1 be given. Assume the following.
c2Enum 2EZERO__REP € omega (12)
Definition 25 We define c_2Enum_2EQ to be (ap c.2Enum_2EABS_num ¢ 2Enum 2EZERO__REP).
Let c.2Ereal 2Ereal__of __num : ¢ be given. Assume the following.
c2Ereal 2Ereal _of _num € (ty 2Erealax_2ErealV-2Em m-2Enum) (13)
Let ty 2FEhreal 2Ehreal : ¢ be given. Assume the following.
nonempty ty_2Ehreal 2FEhreal (14)
Let c2Erealaxr 2Ereal__REP__CLASS : 1 be given. Assume the following.

c2FErealax 2Ereal__ REP__CLASS € ((z(ty,QEpair,QEprod ty_2Fhreal_2Ehreal ty_2Ehreal_2Ehreal) )ty,2E7'eala7;
(15)

Definition 26 We define c 2Erealax_2Ereal __REP to be AV 0a € ty_2FErealax_2Ereal.(ap (c_2Emin_2E_40 (¢

Let c.2FErealax_2Etreal__It : « be given. Assume the following.
c.2Erealax 2Etreal It € ((2(ty-2Fpair-2Eprod ty-2Ehreal 2Ehreal ty-2Ehreal-2Bhreal)) (ty-2Epair 2Eprod ty-2Eh
(16)
Definition 27 We define c_2Erealax_2Ereal__It to be A\VOT'1 € ty 2Erealax 2Ereal A\V1T2 € ty 2Erealax-
Definition 28 We define c_2Ereal_2Ereal__Ite to be \V0x € ty_2Erealax 2Ereal A\V1y € ty_2FErealax 2Er

Definition 29 We define c 2Epred__set 2EINSERT to be AA_27a : t.A\VO0z € A27a.\V1s € (24-27%).(ap (c-

Definition 30 We define c 2Epred_set 2EFINITE to be AA_27a : 1.AV0s € (24-27%).(ap (c_2Ebool 2E_21 (2
Let c.2Emeasure_2Emeasurable__sets : 1=t be given. Assume the following.

YA 27a.nonempty A_27a=c_2Emeasure_2Emeasurable__sets
A27a € ((2(2‘4*27“))(ty,ZEpair,ZEprod (24-27%) (ty_2Epair_2Eprod (2(214727@)) (ty,2Erealaac,2Ereal<2A727a)))))

(17)
Let c.2Fextreal 2ENormal : ¢ be given. Assume the following.

c_2Fextreal 2ENormal € (ty_2Fextreal 2EextreqlV-2Frealor-2Erealy (g



Definition 31 We define c_2Eextreal 2Eextreal__of __num to be A\VOn € ty_2Enum_2Enum.(ap c2Eextrea
Definition 32 We define c_2Earithmetic_2EZERO to be c_2Enum_2EQ.
Let c.2FEarithmetic2E_2B : ¢ be given. Assume the following.

c2Earithmetic.2FE 2B ¢ ((ty72Enum72Enumty,QEnum,QEnum)ty,2Enum,2Enum)
(19)

Definition 33 We define c 2Earithmetic_2EBIT1 to be A\VOn € ty 2Enum_2Enum.(ap (ap c.2Earithmetic
Definition 34 We define c_2Earithmetic 2ENUMERAL to be A\VOx € ty_2Enum_2Enum.V0x.

Definition 35 We define c_2Ebool 2ECOND to be AA_27a : t.(AVOt € 2.(AV1tl € A27a.(A\V2t2 € A27a.(
Definition 36 We define c 2Emeasure_2Eindicator__fn to be AA_27a : 1.AV0s € (24-27%).(\V1z € A27a.(ay
Let c.2Fextreal 2FEextreal__mul : ¢ be given. Assume the following.

c2Eextreal 2Eextreal_mul € ((ty-2Fextreal 2Eextrealtv-2Eevtreal-2Eextrealyty_2Eextreal 2Eextreal )
(20)
Let c.2Fextreal 2FEextreal__add : ¢ be given. Assume the following.

c2Eextreal 2Eextreal _add € ((ty_2Fextreal 2Eextrealty-2Fevtreal-2Eextrealyty-2Eextreal _2Bextreal
(21)
Let c2Epred__set 2EITSET : 1=>1= be given. Assume the following.

VA 27a.nonempty A 27a=VA_27b.nonempty A 27b=c 2FEpred__set 2EITSET

A27a A2Tb € (((A727b14727b)(QA—27Q))((A727bA,27b)A727a))
(22)

Definition 37 We define c_2Eextreal 2EEXTREAL__SUM__IMAGE to be AA_27a : L A\VOf € (ty-2Fextreal

Definition 38 We define c 2Emeasure_2Epos__simple__fn to be AA_27a : 1.AVOm € (ty_2Epair_2Eprod (2
Let c2Epair 2ESN D : 1=-1=>1 be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=c_2FEpair 2ESN D
A927a A27b € (A727b(ty,2Epair,2Eprod A_27a A,27b))
(23)
Let c2Epair 2EF ST : 1=1=- be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=c_2FEpair 2EFST
A 270 A2Tb € (A727a(ty,2Epair,2Eprod A_27a A,27b))
(24)

Definition 39 We define c_2Epair 2EUNCURRY to be AA_27a : t.AA2Tb : L. AA27c : LAVOS € ((A27¢A-7

Definition 40 We define c_2Elebesgue_2Epsfs to be NA_27a : 1.AVOm € (ty_2Epair 2Eprod (24-27) (ty_2.



Let c.2Emeasure_ 2Emeasure : 1= be given. Assume the following.

VA 27a.nonempty A_27a=-c_ 2Emeasure_2Emeasure A_27a € (
(ty2Erealax 2Ereal® ")) (tv2Epair 2Eprod (2*=*") (ty_2Epair_2Eprod 2 (ty_2Erealaz_2Ereal @727
(25)
Let c.2Erealax_2Etreal__mul : ¢ be given. Assume the following.

c2Erealax 2Etreal__mul € (((ty_2Epair_2Eprod ty 2Ehreal 2Ehreal
ty,ZEhreal,ZEhreal) (ty_2FEpair_2Eprod ty_2Ehreal_2Ehreal ty_2Ehreal_2Ehreal) ) (ty_2Epair_2Eprod ty_2Ehreal _2Eh:

(26)
Let c.2FErealax_2Etreal__eq : 1 be given. Assume the following.

c2Erealaxr_2Etreal eq € ((2(ty,2Epair,2Eprod ty_2Ehreal_2Ehreal ty,2Ehreal,2Eh7‘eal))(ty,ZEpair,ZEpTod ty_2Eh

(27)
Let c2Erealax 2Ereal __ABS__CLASS : . be given. Assume the following.

o(ty-2Bpair_2Eprod ty_2Bhreal_2Bhreal ty_2Bhreal _2Eh:

(28)

c2Erealar 2Ereal__ABS_CLASS € (ty 2Erealax_2Ereal'

Definition 41 We define c_2Erealax_2Ereal __ABS to be A\VOr € (ty_-2Epair 2Eprod ty-2Ehreal 2Ehreal ty
Definition 42 We define c_2Erealax_2Ereal__mul to be \VOT'1 € ty_2Erealax 2Ereal A\V1T2 € ty_2FEreala

Let c.2FErealax_2Etreal__add : . be given. Assume the following.

c¢2Erealax_2Etreal__add € (((ty-2Epair 2Eprod ty_2Ehreal 2Ehreal
ty,?EhT@CLl,2Eh7’€CLZ)(ty*QEpainzEpTOd ty_-2Ehreal _2Ehreal ty,ZEhreal,2Ehreal))(ty,ZEpair,2Eprod ty_2Ehreal _2Ehi

(29)
Definition 43 We define c_2Erealax_2Ereal__add to be A\VOT'1 € ty_ 2Erealar 2Ereal \V1T2 € ty 2Ereala

Definition 44 We define c_2Ereal__sigma_2EREAL__SUM__IMAGE to be A\A27a : t.A\VOf € (ty-2FErealax_2
Definition 45 We define c_2Elebesgue_2Epos__simple__fn__integral to be AA_27a : L. A\VOm € (ty-2Epair 2E

Definition 46 We define c_2Elebesgue_2Epsfis to be NA_27a : 1t.\VOm € (ty_2Epair 2Eprod (24-27%) (ty_2
Definition 47 We define c 2Ereal 2Esup to be \VOP € (2ty-2Erealaz-2Ereal) (qp (¢ 2Emin_2E_40 ty 2Ereal
Let c2Fextreal 2ENegInf : ¢ be given. Assume the following.

c2Fextreal 2ENegInf € ty_2FEextreal 2FEextreal (30)
Let c2Fextreal 2EPosInf : 1 be given. Assume the following.

c2Fextreal 2EPosInf € ty 2Fextreal 2Eextreal (31)

Definition 48 We define c_2Eextreal 2Eextreal__sup to be \V0p € (2tv-2Fevtreal 2Bextrealy (g4, (ap (ap (c_2F



Definition 49 We define c_2Elebesgue_2Epos__fn__integral to be AA_27a : t.A\VOm € (ty-2Epair_2Eprod (2
Definition 50 We define c_2Eextreal 2Eext__mono__increasing to be A\VOf € (ty,QEextreal,2Eextrealty*2E“
Definition 51 We define c_2Epred__set_ 2EUNIV to be AA_27a : 1.(AVOz € A_27a.c_2Ebool 2ET).

Let c.2Ereal 2Esum : ¢ be given. Assume the following.

c2Ereal 2Esum € ((ty72Erealax72Ereal(ty,QErealax,QErealty*ZE"“m*ZE"um))(ty,2Epair,2E;m’od ty_2Enum_2En
(32)

Definition 52 We define c_2Earithmetic_2E_3E to be A\VOm € ty_ 2Enum_2Enum. AV 1n € ty 2Enum_2En
Definition 53 We define c_2Earithmetic_2E_3E_3D to be \VOm € ty 2Enum_2Enum. AV 1n € ty_2Enum_2
Let c.2FErealax_2Etreal__neg : 1 be given. Assume the following.

c2Erealax_2Etreal_neg € ((ty-2Epair 2Eprod ty_2Ehreal 2FEhreal
ty,QEhreal,QEhreal)(ty*QEP“"*QEpmd ty_2Ehreal _2Ehreal ty,2Ehreal,2Ehreal))

(33)
Definition 54 We define c 2Erealax_2Ereal__neg to be \VOT'1 € ty_2Erealax_2Ereal.(ap c_2Erealax_2Ereal
Definition 55 We define c_2Ereal 2Ereal__sub to be A\V0x € ty_2FErealax 2Ereal A\V1y € ty_2FErealax 2E"
Definition 56 We define c 2Ereal 2Eabs to be \V 0z € ty_2Erealax_2Ereal.(ap (ap (ap (c_2Ebool 2ECONI
Let ty_2Emetric_2Emetric : 1=t be given. Assume the following.
VAO0.nonempty A0=nonempty (ty_2Emetric.2Emetric A0) (34)
Let c.2Emetric_2Emetric : .=t be given. Assume the following.

VA_27a.nonempty A_27a=-c_2Emetric.2Emetric A27a € ((ty_2Emetric2Emetric
A727a)(ty72E,,,ealax72Ereal(t’y72Epai7'72Ep'r'od A_27a A,27a)))

(35)
Definition 57 We define c_2Emetric 2Emrl to be (ap (c-2Emetric2Emetric ty_2Erealax_2Ereal) (ap (c.

Let c.2Emetric 2Edist : 1=t be given. Assume the following.

VA 27a.nonempty A_27a=c_2Emetric2Edist A27a € ((ty_2Erealax_2Ereal(ty-2Epair-2Eprod A2Ta A2
(36)
Let ty_2FEtopology 2 FEtopology : 1=t be given. Assume the following.

VAO.nonempty AO=nonempty (ty-2Etopology-2Etopology A0) (37)
Let c_2Etopology_2FEtopology : 1= be given. Assume the following.

VA 27a.nonempty A_27a=-c_2Etopology-2FEtopology A_27a €

A_27a 38
((ty_2Etopology_2Etopology 14,2'7(1)(2(2 . ))) (38)



Definition 58 We define c_2Emetric_2Emtop to be AA_27a : 1. AVOm € (ty_2Emetric_2Emetric A_27a).(ay

Let c.2Enets_ 2FEtends : t1=>t=>1 be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=-c_2FEnets_2Etends
A9Ta A27Th € (((Q(ty,ZEpuir,ZEprod (ty_2Etopology-2Etopology A_2Ta) ((2A*27b)A’27b)))A,27a)(A,27aA*27b))

(39)
Definition 59 We define c_2Eseq_2E_2D_2D _3E to be \V 0z € (ty_2Erealax_2Ereal-2Emum-2Enumy \y14
Definition 60 We define c_2Eseq_2Esums to be \VOf € (ty_2Erealax_2Ereal™-2Emum-2Enumy \y/qg ¢ gy

Definition 61 We define c 2Epred__set 2EFUNSET to be AA 27a : t. AA_27b: L. AVOP € (24-279) \V1Q € (
Definition 62 We define c_2Emeasure_2Ecountably__additive to be A\A_27a : 1. A\VOm € (ty-2Epair_2Eprod

Definition 63 We define c 2Emeasure_2Epositive to be A\A_27a : t.AVOm € (ty_2Epair 2Eprod (24-27) (t;
Let c.2Emeasure_2Esubsets : t=>1 be given. Assume the following.

VA_27a.nonempty A27a=-c_2Emeasure_2Esubsets A 27a € (

(2(2*=°7) ) (ty-2Bpair 2Bprod (24-7%) (2"7))y w

Definition 64 We define c 2Epred__set 2ESUBSET to be AA_27a : t.AV0s € (24-272) AV 1t € (24-27) (ap (
Definition 65 We define c_2Epred__set 2EINJ to be A\A_27a : t.AA27b : LAVOS € (A27b"-2%) AV 1s € (27
Definition 66 We define c 2Epred__set 2Ecountable to be A\A_27a : 1.AV0s € (24-27%).(ap (c_2Ebool 2E _3F
Definition 67 We define c 2Epred__set 2EUNION to be AA_27a : 1.AV0s € (24-279) AV 1t € (24-27%) (ap (c

Let c.2Emeasure_2Espace : 1=t be given. Assume the following.

2A727a)

VA 27a.nonempty A 27a=c_2Emeasure 2Espace A 27a € ((24-27)(ty-2Epair2Eprod (2427 2
(41)

D)

Definition 68 We define c 2Epred__set 2EDIFF to be AA_27a : 1.AV0s € (24-279) AV 1t € (24-27%).(ap (c-2.
Definition 69 We define c 2Emeasure_2Esubset__class to be AA_27a : 1. AV 0sp € (24-27%) \V 1sts € (2(2A727‘
Definition 70 We define c 2Emeasure 2Ealgebra to be N\A_27a : 1.AV0a € (ty_2Epair 2Eprod (24-27¢) (20
Definition 71 We define c 2Emeasure_2Esigma__algebra to be A\A_27a : 1.AV0a € (ty_2Epair 2Eprod (24-2

Definition 72 We define c 2Emeasure_2Emeasure__space to be N\A_27a : 1. A\VOm € (ty_2Epair 2Eprod (24

Definition 73 We define c_2Eextreal 2Eextreal __It to be \V 0z € ty_2Fextreal 2FEextreal AV 1y € ty_2Fext

Definition 74 We define c_2Epred__set 2EBIGINTER to be AA27a : 1. AVOP € (2(2A727a)).(ap (c2Epred__s



Definition 75 We define c_2Emeasure_2Esigma to be AA_27a : t.A\V0sp € (24-279) \V 1st € (2(2A727"')).(ap |
Definition 76 We define c 2Emeasure_2EBorel to be (ap (ap (c_2Emeasure_2Esigma ty_2Fextreal 2FEextre

Definition 77 We define c_2Epred__set 2EPREIMAGE to be AA_27a : t.AA27b : L AVOf € (A27b"-27) AV

Definition 78 We define c_2Emeasure_2Emeasurable to be AA_27a : t.NA_27b : 1.AV0a € (ty_2Epair_2Epro

Assume the following.
True (42)

Assume the following.

(VVO0tl € 2.(WVV1e2 € 2.(((p VOt1)=(p V1t2))=(((p

V1t2)=(p V011))=((p VOI)&(p V112)))))) (43)

Assume the following.
(VVOt € 2.(False=(p VOt))) (44)

Assume the following.
(VVot € 2.((p VOr)V(=(p VOL)))) (45)

Assume the following.

VA_27a.nonempty A 27a=(VVO0t € 2.((VV1x €

A 27a.(p VOB)) < (p VOL)) (46)

Assume the following.
VA 27a.nonempty A27a=(YVO0t € 2.((IV1x € (47)

A27a.(p VOt))=(p VOL)))
Assume the following.

(YVOt € 2.(((Truen(p VOt))<=(p VOO))A((((p VOt)ATrue)<
(p VOO)A(((Falsen(p VOt))=False)A((((p VOt)AFalse)< False)A  (48)

t)
(((p VOO)A(p VOt))=(p V01)))))))

Assume the following.

(VVOt € 2.(((True=(p VOt))=(p VOt))A(((p VOt)=>True)&
True)A(((False=(p VOt))True) A((((p VOt)=(p VOt))=True)A(( (49)
(p VOt)=False)=(=(p V01))))))))

Assume the following.

((VVOt € 2.((=(=(p VOt)))=(p VO)))A(((—True)<False) A
((mFalse)=True)))



Assume the following.

VA_27a.nonempty A 27a=(NV0x € A27a.(V0x = V0z)&
True))

Assume the following.

VA 27a.nonempty A27a=(VV0x € A27a.(VV1y €
A27a.((V0z = V1y)e(V1y = VOx))))

Assume the following.

(VVOt € 2.(((Trues(p VOt))e(p VO))A((((p VOt)&True)s
(p VOOIA(((Falses(p VOr))<(—(p VOO)))A(((p VOt)=False)=(—=(  (53)

p V01)))))))

Assume the following,.

VA 27a.nonempty A27a=(VV0tl € A27a.(VV1t2 €
A27a.(((ap (ap (ap (c.2Ebool 2ECOND A_27a) c_2Ebool 2ET) V0t1)
V1t2) = VOt1)A((ap (ap (ap (c_2Ebool 2ECOND A_27a) c_2Ebool 2EF)
VOtl) V1t2) = V1t2))))

(54)
Assume the following.
(VV0A € 2.(WVV1B € 2.(vV2C € 2.(((p VOA)V( (55)
(p VIB)A(p V20)))=(((p VOA)V(p VIB))A((p VOA)V(p V20)))))))
Assume the following.
(YVOtl € 2.(VV1t2 € 2.(VV2t3 € 2.(((p VOtl)= (56)

((p V1t2)=(p V2t3)))=(((p VOtL)A(p V112))=(p V213))))))
Assume the following.

(VV0z € 2.(VV 1227 € 2.(YV2y € 2.(YV3y27 €
2.((((p VOz)=(p V1z27)A((p V1z27)=((p V2y)<=(p V3y-27))))= (57)
(((p VOz)=(p V2y))=((p V1227T)=(p V3y-27))))))))

Assume the following.

VA_27a.nonempty A27a=(VV0x € A27a.((ap (c_2Ecombin_2El

A27a) VOz) = V0z)) (58)

Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YVOf € (A2764-27) (((ap (ap (c_2Ecombin 2Eo A 27a A_27b
A_27b) (c2Ecombin_2El A_27b)) VOf) = VOf)A((ap (ap (c.2Ecombin_2Eo
A27Ta A27b A27a) VOf) (c_2Ecombin_2El A_27a)) = VOf)))
(59)



Assume the following.

(VV 0z € ty_2Fextreal 2Eextreal.((ap (ap c2Eextreal 2Eextreal __mul
VO0z) (ap c_2Eextreal 2Eextreal__of __num c_2Enum_2EQ)) = (ap c_2Eextreal 2Eextreal__of __num
c_2Enum_2EQ)))
(60)
Assume the following.

(VV Oz € ty_2Eextreal 2Eextreal.((ap (ap c2Fextreal 2Eextreal _mul
VO0z) (ap c_2Eextreal 2Eextreal__of __num (ap c_2Earithmetic2ENUMERAL
(ap c_2Earithmetic 2EBIT1 c_2Earithmetic 2EZEROQ)))) = V0z))

(61)
Assume the following.

(VVO0z € ty_2Eextreal 2Eextreal.(p (ap (ap c2FEextreal 2Eextreal__le
V0zx) VO0z)))
(62)
Assume the following.

(VV 0z € ty_2Fextreal 2FEextreal.((ap c_2Eextreal 2Eextreal__sup
(A\V1y € ty 2Eextreal 2Eextreal.(ap (ap (c2Emin_2E_3D ty_2FEextreal 2Eextreal)
Vl1y) VOz))) = VOx))
(63)
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Assume the following.

VA_27a.nonempty A27a=(VYV0m € (ty_2Epair_2Eprod
(24-270) (ty_2Epair 2Eprod (22"7")) (ty_2Erealax_2Ereal®"~")Y)).
(VV1f € (ty2FEextreal 2Eextreal*-27%).(VV2fi €
((ty_2FEextreal 2Eextreal A-274)ty-2Enum-2Enum) (((j (qp (c_2Emeasure_2Emeasure__space
A27a) VOm))A((VV3i € ty-2Enum_2Enum.(p (ap (ap (c-2Ebool 2EIN
(ty_2Eextreal 2Eextreal-27)) (ap V2fi V3i)) (ap (ap (c.2Emeasure_2Emeasurable
A_27a ty 2Eextreal 2Eextreal) (ap (ap (c_2Epair 2E_2C (24-27¢)
(2(2&27&))) (ap (c.2Emeasure 2Em__space A_27a) VOm)) (ap (
c2Emeasure 2Emeasurable__sets A_27a) VOm))) c_.2Emeasure_2EBorel))))A
((VV4i € ty2Enum_2Enum.(YV5x € A_27a.(p (ap (ap c.2Eextreal 2Fextreal__le
(ap c_2Eextreal_2Eextreal__of __num c_2Enum_2EQ)) (ap (ap V2fi
V4i) V52)))A((VV 62z € A27a.(p (ap (ap c2Fextreal 2Eextreal__le
(ap c_2Eextreal 2Eextreal__of__num c_2Enum_2EQ)) (ap V1f V6z))))A
(VV7x € A27a.(p (ap c_2Eextreal 2Eext__mono__increasing
(A\V8i € ty_2Enum_2Enum.(ap (ap V2fi V&) V7x)))))AVVIz €
A27a.((p (ap (ap (c.2Ebool 2EIN A_27a) V9zx) (ap (c-2Emeasure_2Em__space
A_27a) VOm)))=((ap c-2Eextreal 2Eextreal__sup (ap (ap (c-2Epred__set 2EIMAGE
ty_2Enum_2Enum ty_2Fextreal 2FEextreal) (A\V10i € ty_2Enum_2Enum.
(ap (ap V2fi V10i) V9z))) (c_2Epred_set 2EUNIV ty 2Enum_2Enum))) =
(ap V1f V9x)))))))))=((ap (ap (c_2Elebesgue_2Epos__fn__integral
A27a) VOm) V1f) = (ap c_2Eextreal _2Eextreal__sup (ap (ap (c_2Epred__set_2EIMAGE
ty 2Enum_2Enum ty_2Fextreal 2Eextreal) (AV11i € ty_2Enum_2Enum.
(ap (ap (c-2Elebesgue 2Epos_fn__integral A_27a) VOm) (ap V2fi
V114)))) (c2Epred__set 2EUNIV ty_2Enum_2Enum))))))))
(64)
Assume the following.

VA_27a.nonempty A27a=(VV0x € (24-272).(VV1y €
(2(2A727G)).((ap (c.2Emeasure 2Esubsets A27a) (ap (ap (c2Epair_2E_2C
(24270) (2€7)) Vo) Vi) = Viy))

(65)
Assume the following.

VA 27a.nonempty A_27a=(YV0a € (ty-2Epair_2Eprod
(24-27a) (22"7T)N)) (W 1f € (ty_2Eextreal 2EextrealA-27),
(VV2s € (24-27%).(((p (ap (c_2Emeasure_2Esigma__algebra
A27a) V0a))A((p (ap (ap (c2Ebool 2EIN (ty_2Fextreal 2Eextreal*-27%))
V1f) (ap (ap (c.2Emeasure_2Emeasurable A_27a ty_2Fextreal 2Eextreal)
V0a) c_2Emeasure_2EBorel)))A(p (ap (ap (c_2Ebool 2EIN (24-274))

V2s) (ap (c.22Emeasure2Esubsets A-27a) V0a)))))=(p (ap (ap (c-2Ebool_2EIN
(ty_2Eextreal 2Eextreal-27)) (\V3z € A27a.(ap (ap c2Fextreal 2Eextreal _mul
(ap V1f V3x)) (ap (ap (c_2Emeasure_2Eindicator__fn A_27a) V2s)
V3x)))) (ap (ap (c22Emeasure_2Emeasurable A_27a ty 2FEextreal 2Eextreal)
V0a) c_2Emeasure_2EBorel)))))))

(66)
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Assume the following.

YA 27a.nonempty A27a=(VV0x € A27a.(VV1P €
(24-270) ((p (ap (ap (c2Ebool 2EIN A_27a) VOx) (A\V2zx € A_27a. (67)
(ap V1P V2x))))e(p (ap V1P VO0x)))))

Assume the following.

VA_27a.nonempty A27a=(VV0s € (24-27%) (VV1t €
(24-279) ((V0s = V1)< (VV2x € A27a.((p (ap (ap (c.2Ebool 2EIN
A27a) V2z) V0s))<(p (ap (ap (c2Ebool_2EIN A_27a) V2z) V'1t)))))))
(68)
Assume the following.

VA 27a.nonempty A27a=(VV0x € A27a.(p (ap (ap (c_2Ebool 2EIN

A.27a) VO0z) (c.2Epred_set 2EUNIV A27a)))) (69)

Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YV0y € A27b.(VV1s € (24-279).(VV2f € (A 27pA-272),
((p (ap (ap (c-2Ebool 2EIN A_27b) VOy) (ap (ap (c_2Epred__set_2EIMAGE
A27a A27b) V2f) V1s)))<(3V3x € A27a.(VOy = (ap V2f V3zx))A
(p (ap (ap (c2Ebool 2EIN A_27a) V3z) V1s))))))))

(70)

Assume the following.
(VVOt € 2.((=(—(p VOt)))=(p VOL))) (71)

Assume the following.
(VV0A € 2.((p VOA)=((—(p VOA))=False))) (72)

Assume the following.

(VV0A € 2.(WV1B € 2.(((—((p VOA)V(p V1B)))=False)&

(((p VOA)=False)=((—(p V1B))=False))))) (73)

Assume the following.
(YV0A € 2.(WVV1B € 2.(((—((—=(p VOA))V(p V1B)))=False)= (74)

((p VOA)=((=(p V1B))=False)))))
Assume the following.
(VV0A € 2.(((=(p VOA))=False)=(((p VOA)=False)=False))) (75)

Assume the following.

(VVOp € 2.(VV1g € 2.(VV2r € 2.(((p VOp)=(
(p V1g)e(p V2r)))e(((p VOp)V((p V1ig)V (

p V2r))V(=(p V1g) )A(((p V1gV((=(p V2r
((=(p V1g))v(=(p VOp))



Assume the following.

(VVOp € 2.(VW1qg € 2.(VV2r € 2.(((p VOp)=(
(p V1igA(p V2r)))=(((p VOop)V((=(p V1g)V(=(p V2r))A((p V1g)V
(=(p VOp)))A((p V2r)V(=(p VOp))))))))) -

Assume the following.

(VVOp € 2.(VV1g € 2.(VV2r € 2.(((p VOp)<(
(p Vig)v(p V2r)))=(((p VOp)V(=(p V1g)))A(((p VOp)V(=(p V2r)))A

((p V1ig)V((p V2r)V(=(p V0p)))))))))) s)
8
Assume the following.

(VVOp € 2.(vV1g € 2.(¥V2r € 2.(((p VOp)
(p V1g)=(p V2r)))=(((p VOp)V(p V1g))A(((p VOp)V
—(p V1g)V((p V2r)V(=(p VOp))))))))))

Assume the following.

< (
(=(p V2r)))A(C (79)

(VWOp € 2.(VV1g € 2.(((p VOp)=(=(p V1g)))=(((p VOp)V

(b VIg)A((=(p V1g)V(~(p VOP)))) (80)
Assume the following.
(YVOp € 2.(vV1g € 2.((=((p VOp)=(p V1q)))=(p VOp)))) (81)

Assume the following.

(YVOp € 2.(VV1g € 2.((=((p VOp)=(p V1q)))=(=(p V1q)))))  (82)

Assume the following.

(YVOp € 2.(VV1g € 2.((—((p VOp)V(p V1g)))=(=(p VOp))))) (83)

Assume the following.

(YVOp € 2.(VV1g € 2.((=((p VOp)V(p V1q)))=(—(p V1g))))) (84)

Assume the following.

(YVOp € 2.((—(=(p VOp)))=(p VOp))) (85)
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Theorem 1

VA 27a.nonempty A_27a=(YV0m € (ty_2Epair_2Eprod
(24-272) (ty 2 Epair 2Eprod (2(2A727a)) (ty,QEreala:v,QEreal(2A727a)))).
(VV1f € (ty_2Eextreal 2Eextreal-27).(VV2fi €
((ty_2Fextreal 2EextrealA-27e)ty-2Enum-2Enum) (y\/34 ¢
(24-272) (((p (ap (c_2Emeasure_2Emeasure__space A_27a) VOm))A
(VV4i € ty 2Enum_2Enum.(p (ap (ap (c_2Ebool 2EIN (ty_2Fextreal 2FEextreal*-27*))
(ap V2fi V4i)) (ap (ap (c2Emeasure_2Emeasurable A 27a ty_2Fextreal 2FEextreal)
(ap (ap (c_2Epair 2E_2C (24-272) (2(2A727a))) (ap (c-2Emeasure_2Em__space
A27a) VOm)) (ap (c-2Emeasure_2Emeasurable__sets A_27a) VOm)))
c_2Emeasure_2EBorel))))A((VV5i € ty_2Enum_2Enum.(VV6x €
A27a.(p (ap (ap c2Eextreal 2Fextreal_le (ap c_2Eextreal 2Eextreal__of__num
c_2Enum_2EQ)) (ap (ap V2fi V5i) V6x)))))A((VVT7r € A27a.

(p (ap (ap c2FEextreal 2Eextreal_le (ap c-2Eextreal 2Eextreal__of __num
c-2Enum_2EQ)) (ap V1f V7x))))A((VV8z € A27a.((p (ap (ap
(c_2Ebool 2EIN A_27a) V8x) (ap (c.2Emeasure_2Em__space A_27a)
V0m)))=((ap c_2Eextreal _2Eextreal_sup (ap (ap (c_2Epred__set 2EIMAGE
ty 2Enum_2Enum ty_2FEextreal 2Eextreal) (A\V9i € ty 2Enum_2Enum.
(ap (ap V2fi V9i) V8z))) (c_2Epred__set 2EUNIV ty_2Enum_2Enum))) =
(ap V1f V8x)))A((VV10x € A27a.(p (ap c_2Eextreal_2Eext__mono__increasing
(AV11i € ty_2Enum_2Enum.(ap (ap V2fi V11i) V10x)))))A(p (ap
(ap (c2Ebool 2EIN (24-272)) V3A) (ap (c.2Emeasure_2Emeasurable__sets
A27a) VOm)))))))))=((ap (ap (c_2Elebesgue_2Epos__fn__integral
A27a) VOm) (AWV12z € A 27a.(ap (ap c2FEextreal 2Eextreal __mul
(ap V1f V12z)) (ap (ap (c_2Emeasure_2Eindicator__fn A_27a) V3A)
V12x)))) = (ap c2Eextreal 2Eextreal__sup (ap (ap (c-2Epred__set 2EIMAGE
ty_2Enum_2Enum ty_2FEextreal 2Fextreal) (A\V13i € ty_2Enum_2Enum.
(ap (ap (c2Elebesgue_2Epos__fn__integral A_27a) VOm) (A\V14zx €
A 27a.(ap (ap c2FEextreal 2Eextreal__mul (ap (ap V2fi V13i) V1dx))
(ap (ap (c_2Emeasure_2Eindicator__fn A_27a) V3A) V14x)))))) (
c_2Epred__set 2EUNIV ty_2Enum_2Enum)))))))))
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