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Definition 1 We define c 2Emin_2E_40 to be NAAP € 24.if (32 € Ap (ap P x)) then (the (\z.x € AAp
of type t=>t.

Definition 2 We define c 2Emin_2E_3D to be \A Az € A )y € A.inj_o (x = y)
of type t=-t.

Definition 3 We define c.2Ecombin_2EK to be A\A27a : t.NA27b : 1.(AVO0z € A27a.(A\V1y € A27b.V0x))
Let ty 2Erealax_2FEreal : ¢ be given. Assume the following.

nonempty ty_2Erealax_2Ereal (1)
Let ty_2FEpair 2Eprod : t1=>1=>1 be given. Assume the following.

VAO.nonempty A0=VAl.nonempty Al=nonempty (ty-2Epair_2Eprod
A0 A1)

(2)

Let c.2Emeasure_ 2Emeasure : 1= be given. Assume the following.

VA 27a.nonempty A_27a=-c_ 2Emeasure_2Emeasure A 27a € (
(ty,QErealax,QEreal(2A727a))(ty*QEpa"*QEWOd (24-27%) (ty_2Epair_2Eprod (2(2A727a)) (ty,2Erealax,2Ereal(2A:Ha))

(3)
Definition 4 We define c_2Ebool 2E_3F to be NA_27a : 1.(AVOP € (24-27).(ap VOP (ap (c_2Emin_2E 40 2

Let c.2Emeasure 2Em__space : 1= be given. Assume the following.

VA 27a.nonempty A_27a=c_2Emeasure 2Em__space A_27a €

((2A727a)(ty,QEpair,ZEprod (24-27%) (ty_2Epair_2Eprod (2(2/4727&)) (ty72ETeala:r,2Ereal(2A727a)))))
(4)
Let ty_2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2Enum (5)

Definition 5 We define c_22Ebool 2EIN to be A\A_27a : 1.(A\VO0z € A27a.(A\V1f € (24-27%).(ap V1f V0x)))



Definition 6 We define c.2Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_-o (p P=p Q)
of type t.

Definition 7 We define c_2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (\V0z € 2.V0z)) (A\V1x € 2.V
Definition 8 We define c_2Ebool 2E 21 to be N\A_27a : t.(A\VOP € (24-27%) (ap (ap (c_2Emin_2E_3D (24-27
Definition 9 We define c_2Ebool 2E_2F _5C to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c-2Ebool _2E_21 2) (AV2t € ¢
Let c2Epair 2EABS__prod : t=1=1 be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=c_2FEpair 2EABS __prod
A_27a
A27a A27b € ((ty_2Epair 2Eprod A_27a A_27b)(2"™) ' )
(6)
Definition 10 We define c_2Epair 2E_2C to be AA27a : t.AA2Tb : 1. AVO0zx € A27a.\V1y € A27b.(ap (c-2

Let c2Epred__set 2EGSPEC : 1=1= be given. Assume the following.

VA 2Ta.nonempty A_27a=YA_27b.nonempty A_27b=c_2FEpred_set 2EGSPEC
A927a A27b € ((214,270,)((ty,2Epair,2Eprod A_27a 2)A*27b))

(7)
Definition 11 We define c_2Epred__set 2EIMAGE to be AA_27a : t.AA27b : LAVOS € (A276"- 2 \V1s €
Definition 12 We define c_2Epred__set_2EBIGUNION o be AA_27a : t.AVOP € (22" (ap (c.2Epred.__:
Definition 13 We define c_2Ebool 2EF to be (ap (c_2Ebool_2E_21 2) (AV 0t € 2.V 0t)).
Definition 14 We define c_2Epred__set 2EEMPTY to be AA_27a : 1. (A\VO0x € A-27a.c_2Ebool_2EF).
Definition 15 We define c 2Epred_set 2EINTER to be AA_27a : 1t.AV0s € (24-2T9) AV 1t € (24-27%) (ap (c.
Definition 16 We define c 2Epred__set 2EDISJOINT to be AA_27a : 1. AV 0s € (24-279) AV 1t € (24-27%) (ap
Definition 17 We define c_2Ebool 2E_7E to be (AV Ot € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0t) c_2Ebool_2E
Let c2Enum 2EZERO__REP : 1 be given. Assume the following.
c2Enum 2EZERO__REP € omega (8)
Let c2Enum 2EABS__num : ¢ be given. Assume the following.
c2Enum 2EABS__num € (ty_2Enum_2Enum’™®) 9)

Definition 18 We define c_2Enum_2EQ to be (ap c.2Enum_2EABS_num c2Enum 2EZERO__REP).



Let c.2FEreal 2Ereal__of __num : ¢ be given. Assume the following.
c2Ereal 2Ereal _of _num € (ty 2Erealax_2ErealV-2Emm-2Enum) (1)
Let ty 2FEhreal 2Ehreal : v be given. Assume the following.
nonempty ty_2Ehreal 2Ehreal (11)
Let c2FErealax 2Ereal __REP__CLASS : ¢ be given. Assume the following.

c2Frealax 2Ereal__REP__ CLASS € ((Q(ty,ZEpair,QE;m“od ty_2Ehreal_2Ehreal ty_2Ehreal_2Ehreal) )ty,2Erealaac
(12)

Definition 19 We define c_2Erealax_2Ereal__REP to be AV 0a € ty_2FErealaz_2Ereal.(ap (c.2Emin_2E_40 (¢

Let c.2Erealax2Etreal__lt : « be given. Assume the following.

c.2Erealax 2Etreal It € ((2(ty-2Fpair-2Eprod ty 2EBhreal 2Ehreal ty2Ehreal 2Bhreal))(ty-2Epair 2Eprod ty 2Eh
(13)

Definition 20 We define c_2Erealax_2Ereal__It to be AVOT'1 € ty 2Erealax 2Ereal A\V1T2 € ty 2Erealax-

Definition 21 We define c_2Ereal 2Ereal__Ite to be \V0x € ty_2Erealax 2Ereal A\V1y € ty_2FErealax 2Er

Definition 22 We define c_2Ebool 2E_5C_2F to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €

Definition 23 We define c 2Epred__set 2EINSERT to be AA_27a : 1t.A\VO0x € A 27a.A\V1s € (24-27%) (ap (c_

Definition 24 We define c 2Epred__set 2EFINITE to be AA_27a : 1. AV 0s € (24-27%) (ap (c_2Ebool 2E_21 (2

Let c.2Emeasure_2Emeasurable__sets : t=>t be given. Assume the following.

VA 2Ta.nonempty A27a=-c2Emeasure_2Emeasurable__sets
A97a € ((2(2‘4*27“))(ty,QEpair,2Eprod (24-279) (ty_2Epair_2Eprod (2(2A727a)) (ty,QErealaz,QEreal(2A727u)))))

(14)
Let ty 2Fextreal 2FEextreal : ¢ be given. Assume the following.

nonempty ty_2Fextreal 2FEextreal (15)
Let c.2Fextreal 2ENormal : ¢ be given. Assume the following.
c2Eextreal 2ENormal € (ty_2FEextreal 2Eextreal-2Erealor-2Erealy 16y
Definition 25 We define c 2Eextreal 2Eextreal__of __num to be A\VOn € ty_2Enum_2Enum.(ap c_2Eextrea
Definition 26 We define c_2Earithmetic_2EZERO to be c_2Enum_2EQ.
Let c2Enum 2EREP__num : ¢ be given. Assume the following.
c2Enum_2EREP_num € (omega'¥-2Enum-2Enum) (17)
Let c2Enum 2ESUC__REP : 1 be given. Assume the following.
c2Enum 2ESUC__REP € (omega®"9%) (18)



Definition 27 We define c2Enum_2ESUC to be A\VOm € ty_ 2Enum_2Enum.(ap c2Enum_2EABS__num

Let c.2Farithmetic2E 2B : 1 be given. Assume the following.

c.2Earithmetic 2E 2B € ((ty_2Enum_2Enumty-2Enum-2Enum )ty 2Enum_2Enum)
(19)

Definition 28 We define c 2Earithmetic_2EBIT1 to be A\VOn € ty 2Enum_2Enum.(ap (ap c_2Earithmetic
Definition 29 We define c_2Earithmetic 2ENUMERAL to be A\VOx € ty_2Enum_2Enum.V0x.

Definition 30 We define c 2Ebool 2ECOND to be AA_27a : 1. (AVOt € 2.(A\V1tl € A 27a.(AV2t2 € A_27a.(
Definition 31 We define c 2Emeasure_2Eindicator__fn to be AA_27a : 1.AV0s € (24-27%).(\V1z € A27a.(ay
Let c.2Fextreal 2Fextreal__mul : ¢ be given. Assume the following.

c2Fextreal 2Eextreal__mul € ((ty_2FEextreal 2EextrealV-2Fevtreal-2Eextrealyty 2Bextreal 2Bextreal)
(20)
Let c.2Fextreal 2Eextreal__add : ¢ be given. Assume the following.

c2Fextreal 2Eextreal __add € ((ty_2Fextreal 2EextrealtV-2Fevtreal-2Bextrealty 2Eevtreal 2Bextreal)
(21)
Let c2Epred__set 2EITSFET : 1=>1= be given. Assume the following.

VA 2Ta.nonempty A27a=VA_27b.nonempty A_27b=c_2FEpred_set 2EITSET

A 27a A2TD € (((A727bA—27b)(2A’27a))((A727bA727b)A727a))
(22)

Definition 32 We define c_2Eextreal 2EEXTREAL__SUM__IMAGE to be AA_27a : L A\VOf € (ty-2Fextreal

Let c.2Fextreal 2FEextreal_le : 1 be given. Assume the following.

c2Fextreal 2Eextreal_le € ((Qtijextreal,QEeactreal)ty,QEextreal,ZEemtreal)
(23)

Definition 33 We define c 2Emeasure_2Epos__simple__fn to be NA_27a : t.AVOm € (ty_2Epair 2Eprod (24

Let c2Epair 2ESN D : 1=-1= be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=-c_2Epair 2ESN D
A927a A27b € (A727b(ty,2Epaz’r,2Eprod A_27a A,27b))
(24)
Let c2Epair 2EF ST : 1=1= be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=c_2FEpair 2EFST
A927a A27b € (A727a(ty,2Epair,2Eprod A_27a A,27b))
(25)

Definition 34 We define c_2Epair 2EUNCURRY to be AA_27a : t.AA2Tb : L AA27c 1 LAVOS € ((A27¢A-7



Definition 35 We define c 2Elebesgue 2Epsfs to be N\A_27a : t.\VOm € (ty_2Epair 2Eprod (24-27%) (ty_2.
Let c.2FErealax_2Etreal__mul : ¢ be given. Assume the following.

c2Erealax_2Etreal__mul € (((ty-2Epair 2Eprod ty_2Ehreal 2Ehreal
ty,QEhreal,QEhreal)(ty*QEpa"*QEpmd ty_2Ehreal _2Ehreal ty,2Ehreal,2Ehreal))(ty,2Epair,2Eprod ty_2Ehreal _2Ehi

(26)
Let c2Erealax_2Etreal__eq : « be given. Assume the following.

c,2Erealax,2Etreal,,eq c ((2(ty,2Epair,2Eprod ty_2FEhreal_2Ehreal ty,2Ehreal,2Ehreal))(ty,2Epair,2E'prod ty_2Eh
(27)
Let c2Erealax 2Ereal__ABS__CLASS : . be given. Assume the following.

o(ty-2Epair_2Eprod ty-2Ehreal_2Ehreal ty-2Ehreal 2Ehy

(28)

c2Erealax 2Ereal __ABS__CLASS € (ty_2FErealax_2Ereal

Definition 36 We define c 2Erealax_2Ereal __ABS to be \VOr € (ty_2Epair 2Eprod ty_2Ehreal 2Ehreal ty
Definition 37 We define c_2Erealax_2Ereal__mul to be A\VOT'1 € ty_2Erealax 2Ereal A\V1T2 € ty_2Ereala

Let c.2FErealax_2Etreal __add : . be given. Assume the following.

c2Erealax_2Etreal__add € (((ty-2Epair 2Eprod ty_2Ehreal 2Ehreal
ty,QEhreal,QEhreal) (ty_2Epair_2Eprod ty_2Ehreal _2Ehreal ty_2Ehreal_2Ehreal) ) (ty_2Epair_2Eprod ty_2Ehreal _2Ehi

(29)
Definition 38 We define c_2Erealax_2Ereal__add to be A\VOT'1 € ty_ 2Erealar 2Ereal \V1T2 € ty_2FEreala

Definition 39 We define c_2Ereal__sigma_2EREAL__SUM__IMAGE to be A\A27a : t.A\VOf € (ty-2Erealax_2
Definition 40 We define c 2Elebesgue_2Epos__simple__fn__integral to be NA_27a : 1. A\VOm € (ty_2Epair 2E

Definition 41 We define c_2Elebesgue 2Epsfis to be AA_27a : t.A\VOm € (ty_2Epair 2Eprod (24-27) (ty_2
Definition 42 We define c_2Epred__set 2EUNIV to be AA_27a : +.(A\V0x € A_-27a.c_2Ebool 2ET).
Definition 43 We define c_2Ecombin_2Eo to be NA_27a : 1t.AA27b : LAA2Tc : LAVOf € (A276*-27) AV 1,
Let c.2Ereal 2Esum : ¢ be given. Assume the following.

c2Ereal 2Esum € ((ty72E,r6alaxi2Ereal(ty,2E'reala:x:,2Erealf‘y*2E"“m*2E"“’m) ) (ty-2Epair_2Eprod ty_2Enum_2En
(30)

Definition 44 We define c_2Eprim__rec_2E_3C to be A\VOm € ty_2Enum_2Enum.\V1ln € ty_ 2Enum_2FEnu
Definition 45 We define c_2Earithmetic_2E_3E to be A\VOm € ty 2Enum _2Enum \V1n € ty 2Enum_2En

Definition 46 We define c_2Earithmetic_2E_3E_3D to be \VOm € ty 2Enum_2Enum. AV 1n € ty_2Enum_2



Let c.2FErealax_2Etreal__neg : ¢ be given. Assume the following.

c2Erealax_2Etreal_neg € ((ty-2Epair 2Eprod ty_2Ehreal 2FEhreal
ty,QEh?“@al,QEh?"@al)(ty’QEpair’QEpTOd ty_2Ehreal _2Ehreal ty,QEhreal,QEhreal))

(31)
Definition 47 We define c 2Erealax_2Ereal__neg to be \VOT'1 € ty_2Erealax_2Ereal.(ap c_2Erealax_2Ereal
Definition 48 We define c_2Ereal 2Ereal__sub to be A\V0x € ty_2FErealax 2Ereal A\V1y € ty_2FErealax 2E"
Definition 49 We define c_2Ereal 2Eabs to be A\V0x € ty_2Erealax_2Ereal.(ap (ap (ap (c-2Ebool 2ECONI
Let ty 2Emetric2Emetric : 1=t be given. Assume the following.
YV AOQ.nonempty A0=nonempty (ty_2Emetric.2Emetric A0) (32)
Let c.2Emetric_2Emetric : .= be given. Assume the following.

VA_27a.nonempty A_27a=-c_2Emetric.2Emetric A27a € ((ty_2Emetric2Emetric

A727a) (ty_2Erealax_2Ereal(tv-2Epair-2Bprod A_2Ta A-27a) ))

(33)
Definition 50 We define c 2Emetric_2Emr1 to be (ap (c_2Emetric.2Emetric ty_2Erealax_2Ereal) (ap (c.
Let c.2Emetric 2Edist : 1=t be given. Assume the following.
VA 27a.nonempty A_27a=c_2Emetric2Edist A27a € ((ty_2Erealax_2ErealtV-2Fpair-2Eprod A2Ta A2
Let ty_2FEtopology_2Etopology : 1=t be given. Assume the following. oy
VAO.nonempty AO=nonempty (ty-2Etopology-2Etopology A0) (35)
Let c_2FEtopology_2FEtopology : 1=t be given. Assume the following.

VA 27a.nonempty A_27a=-c_2Etopology_2FEtopology A 27a € (36)
A_27a
((ty-2Ftopology_2Ftopology A-27a)"” )

Definition 51 We define c 2Emetric_2Emtop to be AA_27a : t.\VOm € (ty_2Emetric2Emetric A_27a).(aj
Let c.2Enets_ 2Ftends : t=>t=1 be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=c_2FEnets_2Etends
A927a A27Tb ¢ (((2(ty,2Epair,2Eprod (ty_2Etopology-2Etopology A_27a) ((2A*27b)A’27b)))A,27a)(A,27aA*27b))

(37)
Definition 52 We define c 2Eseq_2E_2D 2D _3E to be \V 0z € (ty_2Erealax_2Ereal’V-2Emm-2Enumy Ay,
Definition 53 We define c_2Eseq_2Esums to be \VOf € (ty_2Erealax_2Ereal™-2Emum-2Enumy \yqg e gy

Definition 54 We define c 2Epred__set 2EFUNSET to be AA_27a : t. XA 27b : L. \VOP € (24-27%).AV1Q € (



Definition 55 We define c_2Emeasure_2Ecountably__additive to be AA_27a : . A\VOm € (ty_2Epair 2Eprod

Definition 56 We define c_2Emeasure_2Epositive to be A\A_27a : t.AVOm € (ty_2Epair 2Eprod (24-27) (t;
Let c.2Emeasure 2Esubsets : 1= be given. Assume the following.

VA_27a.nonempty A27a=-c_2Emeasure_2Esubsets A 27a € (

(2(2A,27a) ) (ty-2Bpair_2Eprod (24-27%) (2(2A727u)))) (38)

Definition 57 We define c 2Epred__set 2ESUBSET to be AA_27a : t.AV0s € (24-272) AV 1t € (24-27) (ap (
Definition 58 We define c_2Epred__set 2EINJ to be A\A_27a : t.AA27b : LAVOS € (A27b"-2%) \V1s € (27
Definition 59 We define c_2Epred__set_ 2Ecountable to be AA_27a : 1.AV0s € (24-27%) (ap (c_2Ebool 2E_3F
Definition 60 We define c 2Epred__set 2EUNION to be AA_27a : 1. AV 0s € (24-279) AV 1t € (24-279).(ap (c

Let c.22Emeasure_2Espace : 1=t be given. Assume the following.

) o A_27a
VA_27a.nonempty A_2Ta=c_2Emeasure 2Espace A_2Ta € ((24-27a)(ty-2Epair 2Bprod (24227 (2 M)
(39)

Definition 61 We define c 2Epred__set 2EDIFF to be AA_27a : 1t.AV0s € (24-2T9) \V 1t € (24-27%) (ap (c_2.

2A727‘

Definition 62 We define c 2Emeasure 2Esubset__class to be AA_27a : 1.A\V0sp € (24-279) AV 1sts € (2(
Definition 63 We define c 2Emeasure_2Ealgebra to be A\A_27a : 1.AV0a € (ty_2Epair 2Eprod (24-27¢) (20
Definition 64 We define c 2Emeasure_2Esigma__algebra to be A\A_27a : 1.AV0a € (ty_2Epair 2Eprod (24-2

Definition 65 We define c_2Emeasure_2Emeasure__space to be \A_27a : 1.A\VOm € (ty_2Epair 2Eprod (24
Let c2Earithmetic2EEV EN : 1 be given. Assume the following.

c2Earithmetic 2EEV EN ¢ (2tv-2Fnum-2Enum) (40)
Let c2FEarithmetic2EODD : ¢ be given. Assume the following.

c2Earithmetic 2EODD ¢ (2ty-2Enum-2Enum) (41)
Definition 66 We define c_2Eprim__rec_2EPRE to be \VOm € ty_2Enum_2Enum.(ap (ap (ap (c-2Ebool_2E
Let c2FEarithmetic2EEX P : 1 be given. Assume the following.

c2Earithmetic 2EEX P € ((ty_2Enum_2Enum!y-2Fnum-2Enum)ty-2Enum-2Enum)
(42)
Let c.2Earithmetic2E 2D : ¢ be given. Assume the following.

c2Earithmetic2E_2D € ((ty-2Enum_ 2 EnumtY-2Enum-2Enum)ty 2Enum-_2Enum )
(43)
Let c.2Farithmetic2E 2A : ¢« be given. Assume the following.

c2Earithmetic 2E 2A € ((ty_2Enum_2Enum!Y-2Enum-2Enum)ty 2Enum _2Enum)
(44)



Definition 67 We define c_22Enumeral 2EiZ to be AV O0x € ty_2Enum_2Enum.V0zx.
Definition 68 We define c_2Earithmetic_2EBIT2 to be A\VOn € ty_2Enum_2Enum.(ap (ap c2Earithmetic
Definition 69 We define c_2Earithmetic_2E_3C_3D to be A\VOm € ty_2Enum_2Enum. AV 1n € ty 2Enum_2

Assume the following.

(VVOn € ty_2Enum_2Enum.(p (ap (ap c2Earithmetic_2E_3C_3D

c 2Enum 2E0) V0n))) (45)

Assume the following.

(VVOm € ty_2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(

((ap (ap c2Earithmetic.2E_2A c.2Enum_2EQ) VOm) = c_.2Enum_2EQ)A
(((ap (ap c2Earithmetic2E_2A VOm) c.2Enum_2EQ) = c_2Enum_2E0)A
(((ap (ap c2Earithmetic2E 2A (ap c_2Earithmetic. 2ENUMERAL
(ap c2Earithmetic_2EBIT1 c_2Earithmetic 2EZERO))) VOm) = VOm)A
(((ap (ap c2Earithmetic.2E 2A VOm) (ap c2Earithmetic 2ENUMERAL
(ap c_2Earithmetic_2EBIT1 c_2Earithmetic.2EZERO))) = VOm)A(
((ap (ap c2Earithmetic.2E 2A (ap c_2Enum_2ESUC VOm)) V1in) = (ap
(ap c2Earithmetic2E_2B (ap (ap c2Earithmetic2E_2A VOm) Vin))
Vin))A((ap (ap c2Earithmetic2E 2A VOm) (ap c2Enum_2ESUC V1n)) =
(ap (ap c2FEarithmetic2E 2B VOm) (ap (ap c2Earithmetic.2E 2A

VOm) Vin))))))))))
(46)
Assume the following.
(YVOm € ty_2Enum_2Enum.(VV1n € ty_ 2Enum_2Enum.(
VYV 2p € ty 2Enum_2Enum.(((p (ap (ap c2Earithmetic 2E_3C_3D (47)

VOom) V1in))A(p (ap (ap c-2Earithmetic2E_3C_3D V1n) V2p)))=(p (
ap (ap c-2Earithmetic2E_3C_3D VOm) V2p))))))

Assume the following.

(VVOm € ty_2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(
(VOm = Vin)&((p (ap (ap c2Earithmetic 2E_3C_3D VOm) V1n))A(p (
ap (ap c_2Earithmetic 2E_3C_3D V'1n) VO0m))))))
(48)
Assume the following.

(VVOm € ty2Enum_2Enum.(VV1n € ty 2Enum_2Enum.(
YV2p € ty 2Enum_2Enum.((p (ap (ap c_2Earithmetic 2E_3C_3D
(ap (ap c2Earithmetic2E 2B VOm) V1n)) (ap (ap c.2Earithmetic2E 2B
Vom) V2p)))<(p (ap (ap c-2Earithmetic 2E_3C_3D Vin) V2p))))))
(19)
Assume the following.

(VVOm € ty_2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(
(=(p (ap (ap c-2Earithmetic2E_3C_3D VOm) V1n)))<(p (ap (ap c_2Earithmetic2E_3C_3D
(ap c2Enum_2ESUC V'1n)) VOm)))))
(50)



Assume the following.

(VVOm € ty_2Enum_2Enum.(VV 1n € ty_2Enum_2Enum.(

(=(Vom = V1in))=((p (ap (ap c2Earithmetic_2E_3C_3D (ap c_2Enum_2ESUC
VOom)) V1in))V(p (ap (ap c2Earithmetic_2E_3C_3D (ap c_2Enum_2ESUC
Vin)) VOm))))))

(51)
Assume the following,.

(VVOn € ty_2Enum_2Enum.((ap c.22Enum_2ESUC VOn) = (ap (ap
c2Earithmetic2E 2B (ap c_2Earithmetic 2ENUMERAL (ap c_2Earithmetic 2EBIT1
c_2Earithmetic_2EZEROQ))) V0n)))

(52)

Assume the following.
True (53)

Assume the following.
(VVO0tL € 2.(vV1t2 € 2.(((p VOr1)=(p V1t2)=(((p (54)

V1t2)=(p VOt1))=((p VOtl)=(p V112))))))

Assume the following.
(VVOt € 2.(False=(p VOt))) (55)

Assume the following.
VA_27a.nonempty A 27a=(VVO0t € 2.((VV1x € (56)

A27a.(p VOt))=(p VOL)))

Assume the following.

(VVO0t1 € 2.(VV1t2 € 2.(VV2t3 € 2.(((p VOt1)A (57)

((p V1IE2)A(p V2t3)))=(((p VOLI)A(p V1£2))A(p V2£3))))))
Assume the following.

(YVOt € 2.(((Truen(p VOt))<=(p VOO))A((((p VOt)ATrue)<
(p VOO)A(((Falsen(p VOt))=False)A((((p VOt)AFalse)< False)A  (58)
(((p VOO)A(p VOt))=(p V01)))))))

Assume the following.

(VVOt € 2.(((TrueV(p VOt))=True) A(((p VOt)VTrue)=True) A
(((FalseV(p VOt))<=(p VOt))A((((p VOt)VFalse)=(p VO)A(((p VOE)V
(p VOt))&=(p V01)))))))
(59)
Assume the following.

(VVOt € 2.(((True=(p VOt))=(p VOt))A((((p VOt)=True)&s
True)A(((False=(p VOt))=True) AN((((p VOt)=(p VOt))=True)A((  (60)
(p VOt)=False)=(=(p V01))))))))



Assume the following.

((VVOt € 2.((=(—(p VOt)))=(p VO)))A(((—True)<False) A
((mFalse)=True)))

Assume the following.

VA 27a.nonempty A27a=(YV0x € A27a.(V0z = VOz)&
True))

Assume the following.

VA_27a.nonempty A27a=NVV0zx € A27a.(VV1y €
A27a.(VOx = Viy)e(Viy = V0x))))

Assume the following.

(VVO0t € 2.(((Trues(p VOtr))<(p VOt) ) A(((p VOt)=True)s
(p VOO)A(((Falses(p VOt))e(—(p VO)A(((p VOt)& False)s(—(

p V0i)))))))

Assume the following.

VA _27a.nonempty A27a=(YVOP € (24-27%).(VV1Q €
2.((VV2zx € A27a.(p (ap VOP V2z)))A(p V1Q))=(VV3zx €
A27a.((p (ap VOP V3z))A(p V1Q))))))

Assume the following.

VA_27a.nonempty A27a=(VVOP € 2.(VV1Q € (
24-27a) (VV 2z € A27a.((p VOP)V(p (ap V1Q V2z))))=((p
VOP)V(VYV3z € A27a.(p (ap V1Q V3x)))))))

Assume the following.

(VVO0A € 2.(YV1B € 2.(vW2C € 2.(((p VOA)V(
(p VIB)A(p V20)))=(((p VOA)V(p VIB))A((p VOA)V(p V2C)))))))

Assume the following.
(VVOt € 2.(((p VOt)=False)<((p VOt)<False)))

Assume the following.

(VWOt1 € 2.(VV1t2 € 2.(VV2t3 € 2.(((p VOt1)=
((p V1t2)=(p V2t3)))=(((p VOLL)A(p V1t2))=(p V213))))))

Assume the following.

(VW Oz € 2.(¥V1z.27 € 2.(¥V2y € 2.(VV3y.27T €
2.((p VOoz)=(p V1x27))A((p V1x2T)=((p V2y)=(p V3y27))))=
(((p VOz)=(p V2y))&((p V1z27)=(p V3y-27))))))))
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(63)

(64)

(65)



Assume the following.

(VV 0z € ty_2Fextreal 2Eextreal.((ap (ap c2Eextreal 2Eextreal __mul
(ap c_2Eextreal 2Eextreal__of __num c_2Enum_2EQ)) V0x) = (ap c_2Eextreal 2Eextreal__of __num
c_2Enum_2EQ)))
(71)
Assume the following.

(VVO0z € ty_2Eextreal 2Eextreal.(p (ap (ap c2Eextreal 2Eextreal _le
Vox) VO0zx)))
(72)
Assume the following.

VA_27a.nonempty A27a=(VVOf € (ty_2FEextreal 2Eextreal-27®).
(VV1e € A27a.((ap (ap (c-2Eextreal 2EEXTREAL__SUM__IMAGE
A27a) VOf) (ap (ap (c-2Epred__set 2EINSERT A_27a) V'1e) (c_2Epred__set 2EEMPTY
A27a))) = (ap VOf Vle))))
(73)
Assume the following.

VA 27a.nonempty A_27a=(VVO0m € (ty_2Epair 2Eprod
(24-27) (ty_2Epair 2Eprod (2(2A727a)) (tyJErealaac,QEreal(2A727a)))).
(VV1r € ty 2Fextreal 2Fextreal (VV2f € (ty_2Eextreal 2Eextreal-27¢).
((p (ap (ap (c-2Ebool 2EIN ty_2Fextreal 2Fextreal) V1r) (ap (ap
(c_2Elebesgue 2Epsfis A 27a) VOm) V2f)))<(IV3s € (2tv-2Enum-2Enum)
(3V4a c ((2A,27a)ty,2Enum,,QEnuTn).(El‘/saj c (ty,QErealax,2ETealty*2E”“m*2E”“m).
((p (ap (ap (ap (ap (ap (c_2Emeasure_2Epos_simple__fn A_27a) VOm)
V2f) V3s) Vda) V5x))A(V1r = (ap (ap (ap (ap (c_2Elebesgue_2Epos__simple__fn__integral
A27a) VOm) V3s) Vda) V52))))))))))
(74)
Assume the following.

VA 27a.nonempty A 27a=(VVOm € (ty_2Epair 2Eprod
(24-27) (ty_2Epair 2Eprod (2(2A727a)) (ty,2Erealar,2Ereal(2A727a)))).
(VVlS c (Qty,QEnum,2Enum).(vv2a c ((2A727a)ty,2Enum,2Enum)'
(VV3x € (ty-2Erealax_2Erealtv-2Enum-2Enum) (((p (ap (
c_2Emeasure_2Emeasure_space A_27a) VOm))A(p (ap (ap (ap (ap (
ap (c_2Emeasure_2Epos_simple__fn A_27a) VOm) (A\V4t € A 27a.
(ap c_2Eextreal 2Eextreal__of __num c_2Enum_2E0))) V'1s) V2a)
V3z)))=((ap (ap (ap (ap (c2Elebesgue_2Epos__simple__fn__integral
A_27a) VOm) V1s) V2a) V3x) = (ap c_2Eextreal 2Eextreal__of __num
c_2Enum_2E0)))))))
(75)

11



Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(

YVOf € (A2764-27%) (YV 1z € A27a.((ap (ap (c_2Epred__set 2EIMAGE
A27a A27b) VOf) (ap (ap (c_2Epred__set 2EINSERT A_27a) V1z) (
c_2Epred_set 2EEMPTY A_27a))) = (ap (ap (c-2Epred__set_2EINSERT
A27b) (ap VOf V1z)) (c2Epred__set 2EEMPTY A_270)))))

(76)
Assume the following.

VA 27a.nonempty A27a=(VVOm € (ty_2Epair 2Eprod
(24-27) (ty_2Epair 2Eprod (2(2A727a)) (ty,QErealaxJEreal(zAJM)))).
((p (ap (c.2Emeasure_2Emeasure__space A_27a) VOm))=-(p (ap (ap
(c_2Ebool 2EIN (24-27%)) (ap (c.2Emeasure 2Em__space A_27a)
VOom)) (ap (c.22Emeasure_2Emeasurable__sets A_27a) VOm)))))
(77)
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Assume the following.

((VVOn € ty_2Enum_2Enum.((ap (ap c.2Earithmetic 2E 2B
c_2Enum_2EQ) VOn) = VOon))A((VV1n € ty 2Enum_2Enum.((ap
(ap c2Earithmetic2E 2B V1n) c.2Enum_2E0) = V1n))A((VV2n €
ty_2Enum_2Enum.(NYV3m € ty_2Enum_2Enum.((ap (ap c.2Earithmetic.2E 2B
(ap c-2Earithmetic2ENUMERAL V2n)) (ap c-2Earithmetic 2ENUMERAL
V3m)) = (ap c2Earithmetic 2ENUMERAL (ap c_2Enumeral 2EiZ (ap
(ap c2Earithmetic2E_2B V2n) V3m))))))A((VV4n € ty_2Enum_2Enum.
((ap (ap c2Earithmetic.2E 2A c_2Enum_2EQ) V4n) = c_2Enum_2EQ))A
((VV5n € ty 2Enum_2Enum.((ap (ap c2Earithmetic 2E 2A
Vbn) c.2Enum_2E0) = c_2Enum_2E0))A((VV6n € ty_2Enum_2Enum.
(VVTm € ty_2Enum_2Enum.((ap (ap c2Earithmetic2E_2A (
ap c_2Earithmetic 2ENUMERAL V6n)) (ap c_2EarithmeticZ 2ENUMERAL
Vim)) = (ap c2Earithmetic 2ENUMERAL (ap (ap c_2FEarithmetic 2E 2A
Vén) Vim)))WA((YV8n € ty_2Enum_2Enum.((ap (ap c2Earithmetic2E_2D
c2Enum_2E0) V8n) = c.2Enum_2E0))A((YVIn € ty_2Enum_2Enum.
((ap (ap c2Earithmetic.2E_2D V9n) c2Enum_2E0) = VIn))A((VV10n €
ty 2Enum_2Enum.(YV11lm € ty 2Enum_2Enum.((ap (ap c2Earithmetic2E_2D
(ap c2Earithmetic2ENUMERAL V'10n)) (ap c_2EarithmeticC2ENUMERAL
V11m)) = (ap c_2Earithmetic 2ENUMERAL (ap (ap c2Earithmetic2E_2D
V10n) V11m))A((VV12n € ty-2Enum_2Enum.((ap (ap c2Earithmetic 2EEX P
c_2Enum_2EQ) (ap c-2Earithmetic 2ENUMERAL (ap c_2Earithmetic_2EBIT1
V12n))) = c2Enum_2E0))A((VV13n € ty_2Enum_2Enum.((ap
(ap c2Earithmetic 2EEX P c_2Enum_2E0) (ap c_2Earithmetic 2ENUMERAL
(ap c2Earithmetic_2EBIT2 V13n))) = c.2Enum_2E0))A((VV14n €
ty 2Enum_2Enum.((ap (ap c2Earithmetic2EEX P V14n) c2Enum_2EQ) =
(ap c2Earithmetic2ENUMERAL (ap c_2Earithmetic_2EBIT1 c_2Earithmetic_.2EZEROQ))))A
((VV15n € ty-2Enum_2Enum.(VV16m € ty_2Enum_2Enum.
((ap (ap c2Earithmetic2EEX P (ap c_2Earithmetic 2ENUMERAL V'15n))
(ap c_2EarithmeticZ2ENUMERAL V'16m)) = (ap c_2Earithmetic 2ENUMERAL
(ap (ap c2Earithmetic2EEX P V15n) V16m)))))A(((ap c22Enum_2ESUC
c2Enum_2E0) = (ap c_2Earithmetic 2ENUMERAL (ap c_2Earithmetic_2EBIT1
c_2Earithmetic2EZERO)))A((VV17Tn € ty_2Enum_2Enum.(

(ap c22Enum_2ESUC (ap c_2EarithmeticZ 2ENUMERAL V17n)) = (ap c-2Earithmetic 2ENUMERAL
(ap c.22Enum_2ESUC V'17n))))A(((ap c2Eprim__rec2EPRE c_2Enum_2EQ) =
c_2Enum_2EQ)A((VV 18n € ty_2Enum_2Enum.((ap c2Eprim__rec_2EPRE
(ap c2Earithmetic 2ENUMERAL V'18n)) = (ap c_2Earithmetic 2ENUMERAL
(ap c2Eprim__rec.2EPRE V'18n))))A((VV19n € ty_2Enum_2Enum.

(((ap c_2Earithmetic 2ENUMERAL V197) = c_2Enum_2E0)<(V19n = c_2Earithmetic. 2EZERO)))A
((VV20n € ty-2Enum_2Enum.((c.2Enum_2E0 = (ap c_2Earithmetic 2ENUMERAL
V20n))<(V20n = c_2Earithmetic 2EZERO)))A((YV21n € ty_2Enum_2Enum.
(VV22m € ty_2Enum_2Enum.(((ap c2Earithmetic 2ENUMERAL
V21n) = (ap c-2Earithmetic 2ENUMERAL V22m))<(V21n = V22m))))A
((VV23n € ty2Enum_2Enum.((p (ap (ap c-2Eprim__rec_2E_3C
V23n) c_2Enum_2EQ0))< False))A((VV24n € ty_2Enum_2Enum.

((p (ap (ap c2Eprim__rec 2E_3C c_2Enum _2EQ) (ap c_2Earithmetic 2ENUMERAL
V24n)))<(p (ap (ap c2Eprim__rec_2E_3C c_2Earithmetic_2EZERO)
V24n))))A((YV25n € ty_28num_2Enum.(YV26m € ty-2Enum_2Enum.

((p (ap (ap c-2Eprim__rec_2E_3C (ap c_2Earithmetic 2ENUMERAL
V25n)) (ap c_2Earithmetic 2ENUMERAL V26m)))<(p (ap (ap c-2Eprim__rec_2E_3C
V25n) V26m)))))A((YV27n € ty2Enum_2Enum.((p (ap (ap c_2Earithmetic_2E_3E
c_2Enum_2E0) V27n))< False))A((VV28n € ty_2Enum_2Enum.

((p (ap (ap c_2Earithmetic 2E_3E (ap c_2Earithmetic. 2ENUMERAL
V28n)) c.2Enum_2E0))<(p (ap (ap c-2Eprim__rec_2E_3C c_2Earithmetic.2EZERO)
V28n))))A((YV29n € ty_2Enum_2Enum.(YV30m € ty_2Enum_2Enum.

((p (ap (ap c-2Earithmetic_2E_3E (ap c_2EarithmeticZ2ENUMERAL
V29n)) (ap c_2Earithmetic 2ENUMERAL V30m)))<(p (ap (ap c-2Eprim__rec 2E_3C
V30m) V29n)))A((YV31n € ty 2Enum 2Enum.((p (ap (ap c2Earithmetic_2E_3C_3D
c_2Enum_2EQ) V31n))eTrue))A((VV32n € ty_2Enum_2Enum.

(Ao s L o~ O Aavtlhamtim O 2C 2D (v o~ O v+t~ OCNITHIMEDAL



Assume the following.

(YVOn € ty 2Enum_2Enum.(VYV1m € ty 2Enum_2Enum.(

((p (ap (ap c_2Earithmetic_2E_3C_3D c_2Earithmetic 2EZERO) V0n))<
True)A(((p (ap (ap c-2Earithmetic_2E_3C_3D (ap c_2Earithmetic_2EBIT1
VOn)) c2Earithmetic.2EZERO))< False) A(((p (ap (ap c2Earithmetic_2E_3C_3D

(ap c_2Earithmetic_2EBIT2 V0n)) c_2Earithmetic 2EZERO) )< False)A
(((p (ap (ap c2Earithmetic_2E_3C_3D (ap c_2Earithmetic 2EBIT1
VOn)) (ap c2Earithmetic 2EBIT1 V1m)))<(p (ap (ap c2Earithmetic_2E_3C_3D
Von) V1im)))A(((p (ap (ap c-2Earithmetic.2E_3C_3D (ap c_2Earithmetic_2EBIT1
VOn)) (ap c-2Earithmetic2EBIT2 V1m)))<(p (ap (ap c2Earithmetic 2E_3C_3D
Von) V1im))A(((p (ap (ap c_2Earithmetic 2E_3C_3D (ap c_2Earithmetic_2EBIT2
VOn)) (ap c_2Earithmetic 2EBIT1 V1m)))<(—(p (ap (ap c_2Earithmetic 2E_3C_3D
V1im) VOon))A((p (ap (ap c2Earithmetic 2E_3C_3D (ap c_2Earithmetic_2EBIT2
VOn)) (ap c-2Earithmetic 2EBIT2 V1m)))<(p (ap (ap c-2Earithmetic 2E_3C_3D
Von) Vim)))))
(79)
Assume the following.

VA 27a.nonempty A27a=(VV0xr € A27a.(VV1y €
A27a.((p (ap (ap (c2Ebool 2EIN A_27a) VO0x) (ap (ap (c_2Epred__set 2EINSERT
A_27a) V1y) (c2Epred_set 2EEMPTY A_27a))))<=(V0z = V1y))))
(80)
Assume the following.

VA_27a.nonempty A27a=(VV0x € A27a.(p (ap (c-2Epred__set 2EFINITE
A27a) (ap (ap (c-2Epred__set 2EINSERT A_27a) VO0x) (c_2Epred__set 2EEMPTY
A27a)))))
(81)
Assume the following.

VA 27a.nonempty A27a=(YV0x € (24-27%).((ap (c_2Epred_set 2EBIGUNION
A27a) (ap (ap (c2Epred_set 2EINSERT (24-27%)) V0x) (c_2Epred_set 2EEMPTY
(24-270)))) = V0z))
(52)
Assume the following.

(VVO0zx € ty_2Erealax_2Ereal.((ap (ap c_2Erealax_2Ereal__mul
(ap c2Ereal 2Ereal __of __num c_2Enum_2E0)) V0z) = (ap c2Ereal 2Ereal __of __num
c_2Enum_2E0)))
(83)
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Assume the following.

(VVOn € ty_2Enum_2Enum.(YV1m € ty_2Enum_2Enum.(
((p (ap (ap c2Ereal 2Ereal__te (ap c.2Ereal 2Ereal__of __num
VOon)) (ap c.2Ereal 2Ereal__of _num V1m)))<(p (ap (ap c2Earithmetic 2E_3C_3D
VOon) V1im)))A(((p (ap (ap c2Ereal 2Ereal__lte (ap c_2Erealax_2Ereal__neg
(ap c2Ereal 2Ereal__of __num VOn))) (ap c.2Ereal 2Ereal__of __num
Vim)))eTrue)A(((p (ap (ap c-2Ereal 2Ereal__Ite (ap c2Ereal 2Ereal__of __num

VOn)) (ap c_2Erealax_2Ereal__neg (ap c2Ereal 2Ereal__of __num

V1im))))<((VOn = c.2Enum_2E0)A(V1m = c_2Enum_2E0)))A((p (ap (ap
c_2Ereal 2Ereal__lIte (ap c_2Erealax 2Ereal__neg (ap ¢ 2Ereal 2Ereal__of__num
VOn))) (ap c-2Erealax_2Ereal__neg (ap c2Ereal_2Ereal__of__num
V1im))))<(p (ap (ap c-2Earithmetic2E_3C_3D V1m) V0n))))))))
(34)
Assume the following.

VA 27a.nonempty A 27a=(VVOf € (ty 2Erealax 2Ereal*-27?).
(VWle € A27a.((ap (ap (c2Ereal_sigma 2EREAL__SUM__IMAGE
A27a) VOf) (ap (ap (c-2Epred__set 2EINSERT A_27a) V'1e) (c_2Epred_set 2EEMPTY
A27a))) = (ap VOf Ve))))

(35)

Assume the following.
(VVOt € 2.((=(—(p VOt)))=(p VOL))) (86)

Assume the following,
(YVO0A € 2.((p VOA)=((~(p VOA))=False))) (87)

Assume the following.

(YVO0A € 2.(¥V1B € 2.(((~((p VOA)(p V1B)))= False)s

(((p VOA)=False)=((~(p V1B))=Falsc))))) (88)

Assume the following.
(W04 € 2.(W1B € 2((~((~(p VOA)V(p VIB)=False)es oo

((p VOA)=((—(p V1B))=False)))))
Assume the following.
(VV0A € 2.(((=(p VOA))=False)=(((p VOA)=False)=False))) (90)

Assume the following.

(VVOp € 2.(VV1g € 2.(VV2r € 2.(((p VOp)=(

(p V1g)e(p V2r)))e(((p VOp)V((p V1ig)V (

p V2r)V(=(p V1g) )A(((p V1V ((=(p V2r
((=(p V1g))V(=(p VOp))



Assume the following.

(VVOp € 2.(VV1g € 2.(VV2r € 2.(((p VOp)=(

(p V1ig)A(p V2r)))=(((p VOp)V((=(p V1g))V(=(p V2r)))A(((p V1g)V
(=(p VOp))A((p V2r)V(=(p V0p))))))))) o2)
92

Assume the following.

(VVOp € 2.(¥V1q € 2.(¥V2r € 2.(((p VOp)<=(
(p Vig)V(p V2r)))&(((p VOp)V(=(p V1g)))A(((p VOp)V(=(p V2r)))A

((p V1g)V((p V2r)V(=(p V0p)))))))))) 03)
Assume the following.

(VV0p € 2.(WW1g € 2.(¥V2r € 2.(((p VOp)
(p V1ig)=(p V2r)))=(((p VOp)V(p V1g))A(((p VOp)V
~(p V1g))V((p V2r)V(=(p V0p))))))))))

Assume the following.

(YVOp € 2.(WW1g € 2.(((p VOp)=(=(p V1g)))=(((p VOp)V

< (
(=(p V2r))A((C (94)

(b V1g)A(=(p V1g)V(~(p VOp))))) (95)
Assume the following.
(YVOp € 2.(VV1g € 2.((—((p VOp)=(p V1q)))=(p VOp)))) (96)

Assume the following.

(YVOp € 2.(VV1g € 2.((=((p VOp)=(p V1q)))=(=(p V1q)))))  (97)

Assume the following.

(VVOp € 2.(VV1g € 2.((=((p VOp)V(p V1q)))=(—(p VOp))))) (98)

Assume the following.

(VVOp € 2.(VV1g € 2.((=((p VOp)V(p V1q)))=(—(p V1g))))) (99)

Assume the following.

(VVOp € 2.((=(=(p VOp)))=(p VOp))) (100)
Theorem 1

VA_27a.nonempty A 27a=(NVOm € (ty_2Epair_2Eprod
(24-279) (ty_2Epair 2Eprod (22" (ty_2Erealax_2Ereal®""")))).
(VV1a € ty_2Fextreal 2Eextreal.((p (ap (c-2Emeasure_2Emeasure__space
A27a) VOm))=-((p (ap (ap (c.2Ebool 2EIN ty_2Fextreal 2Eextreal)
V1a) (ap (ap (c-2Elebesgue_2Epsfis A_27a) VOm) (A\V2z € A_27a.
(ap c_2Eextreal 2Eextreal__of __num c_2Enum_2EQ)))))=(V1a =
(ap c_2Eextreal 2Eextreal__of __num c_2Enum_2EQ))))))
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