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Definition 1 We define c.2Emin_2E_3D to be AA.\x € A y € A.inj_o (z =vy)
of type t=>t.

Definition 2 We define c_2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (\V0z € 2.V0z)) (A\V1x € 2.V
Definition 3 We define c_2Ebool 2E 21 to be NA_27a : t.(A\VOP € (24-27%) (ap (ap (c_2Emin_2E_3D (24-27
Definition 4 We define c_2Ebool_2EF to be (ap (c_2Ebool 2E_21 2) (AV Ot € 2.V 0t)).

Definition 5 We define c.22Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_-o (p P=p Q)
of type t.

Definition 6 We define c.2Ebool 2E_2F_5C to be (AV0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t € ¢

Definition 7 We define c 2Emin_2E_40 to be \A.AP € 24.if (32 € Ap (ap P x)) then (the (\z.x € AAp
of type t=>t.

Definition 8 We define c_2Ebool 2ECOND to be AA_27a : +.(AVOt € 2.(AV1tl € A 27a.(A\V2t2 € A 27a.(a
Let ty 2FEhreal 2Ehreal : v be given. Assume the following.

nonempty ty_2Ehreal 2Ehreal (1)
Let ty 2Epair 2Eprod : t=-1=- be given. Assume the following.

VAO.nonempty A0=VYAl.nonempty Al=nonempty (ty-2Epair 2Eprod
A0 A1)

(2)
Let ty 2Erealax_2Ereal : ¢ be given. Assume the following.
nonempty ty_2Erealax_2FEreal (3)
Let c2Erealax 2Ereal__REP__CLASS : . be given. Assume the following.

c2FErealax 2Ereal__REP__CLASS € ((2(ty,2E'pai'r,2Eprod ty_-2Ehreal_2FEhreal ty,2Eh7‘eal,2Ehreal))ty,ZE'reala:r

(4)



Definition 9 We define c_2Erealax_2Ereal__REP to be AV 0a € ty_2Erealax_2Ereal.(ap (c2Emin_2E_40 (ty

Let c.2Erealax_2Etreal_neg : ¢ be given. Assume the following.

c2Erealax_2Etreal_neg € ((ty-2Epair 2Eprod ty_2Ehreal 2Ehreal
ty,QEh'real,QEh'real)(ty*QE”“"*QEWOd ty_2Ehreal_2Ehreal ty,2Ehreal,2Ehreal))

(5)

Let c.2Erealax_2Etreal__eq : ¢ be given. Assume the following.

c2Erealax 2Etreal eq € ((z(ty,ZEpair,ZEprod ty_2Ehreal_2Ehreal tylEhreal,ZEhreal))(ty,QEpairjEprod ty_2Eh

(6)
Let c.2Erealax 2Ereal __ABS__CLASS : . be given. Assume the following.

2(ty,2Epair,2Eprod ty-2Ehreal _2Ehreal ty_-2Ehreal _2Ehn

(7)
Definition 10 We define c_2Erealax_2Ereal __ABS to be A\VOr € (ty_2Epair 2Eprod ty_2Ehreal 2Ehreal ty

c2Erealax 2Ereal__ABS_CLASS € (ty_2Erealax_2Ereal'

Definition 11 We define c_2Erealax_2Ereal__neg to be \VOT'1 € ty_2FErealax_2Ereal.(ap c_2Erealax_2Ereal
Let c2Erealar_2Etreal __add : v be given. Assume the following.

c2Erealax_2Etreal__add € (((ty-2Epair_2Eprod ty_2Ehreal 2Ehreal
ty,2Ehreal,2Ehreal) (ty_2Epair_2Eprod ty_2Ehreal _2Ehreal ty_2Ehreal_2Ehreal) ) (ty_2Epair_2Eprod ty_2Ehreal _2Eh:

(8)
Definition 12 We define c_2Erealax_2Ereal__add to be \V0T'1 € ty_2Erealax 2Ereal \V1T2 € ty_2Ereala

Definition 13 We define c_2Ereal _2Ereal__sub to be A\VO0x € ty_2FErealax 2Ereal A\V1y € ty_2Erealax 2E"
Let c2Enum 2EZFERO__REP : 1 be given. Assume the following.
c2Enum 2EZERO__REP € omega 9)
Let ty 2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2FEnum (10)
Let c2Enum 2EABS__num : ¢ be given. Assume the following.
c2Enum_2EABS_num € (ty-2Enum_2Enum°™") (11)
Definition 14 We define c_2Enum_2EQ to be (ap c.2Enum_2EABS_num c2Enum 2EZERO__REP).
Let c.2FEreal 2Ereal__of __num : ¢ be given. Assume the following.
c2Ereal 2Ereal _of _num € (ty 2Erealax_2Ereql™V-2Em m-2Enum) (19)

Let c.2FErealax_2Etreal __It : « be given. Assume the following.

c2Erealax 2Etreal_lt € ((2(ty,2Epair,2Eprod ty_2Ehreal_2Ehreal ty,QEhreal,ZEhreal))(ty,2Epair,2Eprod ty_2Eh
(13)



Definition 15 We define c_2Erealax_2Ereal__It to be AVOT'1 € ty 2Erealax 2Ereal A\V1T2 € ty 2Erealax-
Definition 16 We define c_2Ebool 2E_TE to be (A\V 0t € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0t) c_2Ebool_2E
Definition 17 We define c_2Ereal_2Ereal__Ite to be \V0x € ty_2Erealax 2Ereal A\V1y € ty_2FErealax 2Er
Definition 18 We define c_2Ereal 2Eabs to be A\V0x € ty_2Erealax_2Ereal.(ap (ap (ap (c-2Ebool 2ECONI
Let c2Epair 2ESN D : 1=1= be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=-c_ 2Epair 2ESN D
A927a A27b € (A727b(ty,2Epm'r,2E'prod A_27a A,27b))
(14)
Let c2Epair 2EF ST : 1=1= be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=c_2FEpair 2EFST
A927a A27b € (A727a(ty,2Ep(u'r,2Eprod A_27a A,27b))
(15)

Definition 19 We define c_2Epair 2EUNCURRY to be AA_27a : t.AA2Tb : L AA27c : L.AVOf € ((A27¢47

Let ty_2Emetric_2Emetric : 1=t be given. Assume the following.
YV AOQ.nonempty A0=nonempty (ty_2Emetric.2Emetric A0) (16)
Let c.2Emetric_2Emetric : .=t be given. Assume the following.

VA_27a.nonempty A27a=-c_2Emetric.2Emetric A27a € ((ty-2Emetric2Emetric
A727a)(tyiErealaziEreal(ty,2Epa,7/r,2Epmd A_27a A,27a,)))

(17)
Definition 20 We define c_2Emetric 2Emrl to be (ap (c-2Emetric2Emetric ty_2Erealax_2Ereal) (ap (c.
Let c2Epair 2EABS__prod : t=1=1 be given. Assume the following.

VA 2Ta.nonempty A_27a=YA_27b.nonempty A_27b=c_2FEpair 2EABS __prod

A27a A27b € ((ty-2Epair 2Eprod A27a A727b)((2A727b)A,27a))
(18)

Definition 21 We define c_2Epair 2E_2C to be NA_27a : t. AA27b : 1. AV Oz € A 27a.A\V1y € A27b.(ap (c-2

Let c.2Enets_ 2Ftendsto : 1=t be given. Assume the following.

VA_27a.nonempty A_27a=>c_2Enets 2Etendsto A_27a € (((24-270)A-27a)(ty-2Epair 2Eprod (ty-2Emetric 2En
(19)
Let c.2Emetric 2Edist : 1=t be given. Assume the following.

VA_27a.nonempty A_27a=c 2Emetric 2Edist A27a € ((ty_2Erealax_2FEreal(ty-2Fpair-2Eprod A-2Ta A-2T
(20)

Definition 22 We define c_2Ebool 2E_3F to be AA_27a : 1. (AVOP € (24-27).(ap VOP (ap (c_2Emin_2E_40



Let ty_2Ftopology_-2Etopology : 1=t be given. Assume the following.
VA0.nonempty A0=nonempty (ty-2Etopology_2FEtopology A0) (21)
Let c_2Etopology_2Etopology : 1=t be given. Assume the following.

VA 27a.nonempty A_27a=-c_2Etopology_2FEtopology A 27a € )
A_27a
((ty_2FEtopology_2Etopology A727a)(2(2 )))

Definition 23 We define c_2Emetric_2Emtop to be AA_27a : 1. AVOm € (ty_2Emetric_2Emetric A_27a).(ay
Let c2Enets 2Etends : t=-t=1 be given. Assume the following.

VA 2Ta.nonempty A_27a=VA_27b.nonempty A_27b=c_2FEnets_2Etends
A27a A27h € (((2(ty,2Epair,2Eprod (ty-2Etopology-2Etopology A_27a) ((2A*27b)A’27b)))A,27a)(A,27aA*27b))

(23)
Definition 24 We define c_2Elim_2Etends__real__real to be \VOf € (ty_2Erealax_2ErealV-2Frealor-2Erealy
Let c.2FErealax_2Etreal __inv : ¢ be given. Assume the following.

c2Erealax_2Etreal__inv € ((ty-2Epair 2Eprod ty_2Ehreal 2Ehreal
ty,2Eh7“eal,2Eh7“eal) (ty_2Epair_2Eprod ty_2Ehreal_2Ehreal ty_2Ehreal_2Ehreal) )

(24)
Definition 25 We define c 2Erealax_2Einv to be \VO0T'1 € ty_2Erealax_2Ereal.(ap c_2Erealax 2Ereal __ABS

Let c.2FErealax_2Etreal__mul : ¢ be given. Assume the following.

c2Erealax_ 2Etreal__mul € (((ty_2Epair_2Eprod ty 2Ehreal 2Ehreal
ty,QEhTCQZ,QEhTCQZ) (ty_2FEpair_2Eprod ty_-2Ehreal_2Ehreal ty_2Ehreal_2Ehreal) ) (ty_2Epair_2Eprod ty_2Ehreal _2Eh:

(25)

Definition 26 We define c_2Erealax_2Ereal__mul to be A\VOT1 € ty_2Erealax 2Ereal A\V1T2 € ty_2Ereala
Definition 27 We define c_2Ereal 2E_2F to be \VO0x € ty_2FErealax 2Ereal AV 1y € ty_2FErealax_2Ereal.(
Definition 28 We define c_2Elim_2Ediffl to be \VOf € (ty_2Erealax_2Ereal®v-2Erealar-2Erealy Nyqp ¢ ) ¢
Definition 29 We define c_2Elim_2Econtl to be \VOf € (ty_2Erealax_2Erealt¥-2Freataz-2Erealy \y1g ¢ ¢y
Definition 30 We define c_2Earithmetic_2EZERO to be c_2Enum_2EQ.
Let c2Enum 2EREP__num : ¢ be given. Assume the following.

c2Enum 2EREP_num € (omega'y-2Fnum-2Enum) (26)
Let c2Enum 2ESUC__REP : 1 be given. Assume the following.

c2Enum 2ESUC__REP € (omega®"9%) (27)



Definition 31 We define c2Enum_2ESUC to be A\VOm € ty_ 2Enum_2Enum.(ap c2Enum_2EABS__num

Let c.2Farithmetic2E 2B : 1 be given. Assume the following.

c2Earithmetic2E_2B € ((ty-2Enum_2Enumty-2Enum-2Enum)ty-2Enum-2Enum)
(28)

Definition 32 We define c_2Earithmetic_2EBIT1 to be A\VOn € ty_2Enum_2Enum.(ap (ap c2Earithmetic
Definition 33 We define c_2Earithmetic 2ENUMERAL to be A\VOx € ty_2Enum_2Enum.V0x.
Definition 34 We define c_2Ebool 2E_5C_2F to be (A\V0t1 € 2.(AV1¢2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €

Assume the following.
True (29)

Assume the following.

(VVOotl € 2.(VV1t2 € 2.(((p VOt1)=(p V1t2))=(((p

V1t2)=(p VOt1))=((p VOt = (p V12)))))) (30)

Assume the following.
(YVOt € 2.(False=(p VOt))) (31)

Assume the following.
(VVot € 2.((p VOr)V(=(p VOL)))) (32)

Assume the following.
VA_27a.nonempty A27a=(VV0t € 2.(VV1z € (33)

A27a.(p VOt))=(p VOL)))
Assume the following.

(YVOt € 2.(((Truen(p VOt))<=(p VOO))A((((p VOt)ATrue)<
(p VOO)A(((Falsen(p VOt))=False)A((((p VOt)AFalse)< False)A  (34)

t)
(((p VOO)A(p VOt))=(p V01)))))))

Assume the following.

(VVOt € 2.(((True=(p VOt))=(p VO)A((((p VOt)=True)<
True)A((False=(p VOt))True) A((((p VOt)=(p VOt))=True)A((  (35)
(p VOt)=False)=(=(p V01))))))))

Assume the following.

((VVOt € 2.((=(=(p VOt)))=(p VO)))A(((-True)< False) A

((mFalse)=True))) (36)



Assume the following.

VA 27a.nonempty A 27a=(VV0x € A27a.(V0x = V0z)&
True))

Assume the following.

VA 27a.nonempty A 27a=(VV0x € A27a.(VV1y €
A27a.(VOz = V1y)e(V1y = VOx))))

Assume the following.

(YVOt € 2.(((True=(p VOt))(p VOO))A((((p VOt ) &True)<
(p VOOIN(((Falses(p VOt))<(—(p VOO))A(((p VOt)=False)=(—=(  (39)

pV01))))))

Assume the following.

VA 27a.nonempty A27a=(VV0tl € A27a.(VV1t2 €
A27a.(((ap (ap (ap (c-2Ebool_2ECOND A_27a) c_2Ebool 2ET) V0t1)
V1t2) = VOt1)A((ap (ap (ap (c_2Ebool 2ECOND A_27a) c_2Ebool 2EF)
VOtl) V1e2) = V1t2))))
(40)
Assume the following.

(VVOf € (ty2Erealax_2Erealty-2Erealaz-2Ereal) (gy/1y() ¢
ty_2Erealar_2Ereal.(VV 220 € ty_2Erealax_2Ereal.((p (
ap (ap (ap c_2Elim_2Etends__real__real VOf) V1y0) V220))<(VV3e €
ty_2Erealaz_2Ereal.((p (ap (ap c2Erealax_2Ereal__It (ap c.2Ereal 2Ereal__of __num

c_2Enum_2E0)) V3e))=(3V4d € ty_2Erealax 2Ereal.((p (ap

(ap c_2Erealax_2Ereal__It (ap c2Ereal 2Ereal__of __num c_2Enum_2EOQ))

VA4d)A(VVbx € ty_2Erealax_2Ereal .(((p (ap (ap c2Erealax_2Ereal __It

(ap c2Ereal 2Ereal__of __num c_2Enum_2EQ)) (ap c_2Ereal 2Eabs
(ap (ap c_2Ereal 2Ereal__sub V5z) V220))))A(p (ap (ap c_2Erealax_2Ereal__It
(ap c_2Ereal 2Eabs (ap (ap c_2Ereal 2Ereal__sub V5z) V220))) V4d)))=
(p (ap (ap c2Erealax 2Ereal__It (ap c_2Ereal 2Eabs (ap (ap c_2Ereal 2Ereal__sub
(ap VOF V5)) V150)) V3e)))))))
(41)
Assume the following.

(VVOf € (ty_2Erealax_2ErealtV-2Erealaz-2Ereal) (gy/1] ¢
ty_2Erealar_2Ereal.(VV2x € ty_2Erealax_2Ereal .(((p (
ap (ap (ap c_2Elim_2Etends_real__real VOf) V1I) V2x))A(-(V1l =
(ap c2Ereal 2Ereal__of __num c_2Enum_2E0))))=(p (ap (ap (ap c_2Elim_2Etends__real__real
(A\V3z € ty 2Erealax_2Ereal.(ap c_2Erealax 2Einv (ap VOf V3z))))
(ap c2Erealax_2Einv V'11)) V2z))))))
(12)



Assume the following.

(YVOf € (ty-2Erealax 2Erealtv-2Erealaz-2Erealy (yy/1g ¢
(ty-2Erealar 2Erealtv-2Erealaz-2Ereal) (V920 € ty 2Erealax_2Ereal.
(VV3l € ty2Erealax_2Ereal.(((p (ap (ap (ap c2Elim_2Etends__real__real

(A\Vdx € ty 2Erealax 2Ereal.(ap (ap c-2Ereal 2Ereal__sub (

ap VOf Vix)) (ap V1g V4x)))) (ap c2Ereal 2Ereal__of__num c_2Enum_2EQ))
V220))A(p (ap (ap (ap c2Elim_2Etends__real__real V1g) V3l) V220)))=
(p (ap (ap (ap c_2Elim_2Etends__real__real V0 f) V3l) V2z0)))))))
(13)
Assume the following.

(YVOf € (ty-2Erealax 2Erealv-2Erealaz-2Ereal) (yy/1] ¢
ty2Erealax_2Ereal .(VV2x € ty_2Erealax_2Ereal.((p (ap (44)
(ap (ap c2Elim_2Ediffl VOf) V1I) V2x))=(p (ap (ap c2Elim_2Econtl

VOf) V2x))))))

Assume the following.

(YVOf € (ty-2Erealax_2Erealtv-2Erealaz-2Erealy (yy/ 14 ¢
ty_2Erealax_2Ereal.((p (ap (ap c-2Elim_2Econtl VOf) Viz))<(p (45)
(ap (ap (ap c_2Elim_2Etends__real__real VOf) (ap VOf V1z)) V1x)))))

Assume the following.

(YVOf € (ty-2Erealax 2Erealtv-2Erealaz-2Erealy (yy/{] ¢
ty_2Erealaxr_2Ereal.(NV 2z € ty_2Erealaz_2Ereal.((p (ap
(ap (ap c_2Elim_2Ediffl VOf) V1I) V2x))<(3V3g € (ty_2Erealax_2ErealtV-2Prealaz-2Ereal)
((VV4z € ty_2Erealax_2Ereal.((ap (ap c-2Ereal 2Ereal__sub
(ap VOf V4z)) (ap VOf V2x)) = (ap (ap c2Erealax_2Ereal__mul (ap V3g
V4z)) (ap (ap c2Ereal 2Ereal__sub V4z) V2x))))A((p (ap (ap c_2Elim_2Econtl
V3g) V2u)A((ap V3g V2r) = VD))
(46)
Assume the following.

(VVOf € (ty2Erealax_2ErealtV-2Erealaz-2Ereal) (yy/1g ¢
(ty_2Erealax 2Erealtv-2Erealaz-2Ereal) (¢ 94 ¢ ty 2Erealar_2Ereal.
(((p (ap (ap c-2Elim_2Econtl VOf) V2z))A(p (ap (ap c2Elim_2Econtl
V1g) (ap VOf V2z))))=(p (ap (ap c_2Elim_2Econt! (A\V 3z € ty_2Erealax_2Ereal.

(ap Vg (ap VOf V3z)))) V2z))))))
(47)



Assume the following.

(YVOf € (ty-2Erealax_2Erealtv-2Erealaz-2Erealy (yy/1g ¢
(ty-2Erealax 2Erealtv-2Frealaz-2Ereal) (V9 ¢ ty 2Erealax_2Ereal.
(VV3d € ty_2Erealar_2Ereal.(((p (ap (ap c-2Erealax_2Ereal__It
(ap c2Ereal 2Ereal__of -_num c_2Enum_2E0)) V3d))A((VV4z €
ty 2Erealax_2Ereal.((p (ap (ap c_2Ereal 2Ereal__lte (ap c_2Ereal 2Eabs
(ap (ap c_2Ereal 2Ereal__sub V4z) V2z))) V3d))=((ap V1g (ap VOf
Vidz)) = V42)))A(VV5z € ty_2Erealax_2Ereal.((p (ap (ap c_2Ereal 2Ereal__lte
(ap c_2Ereal 2Eabs (ap (ap c_2Ereal_2Ereal__sub V5z) V2z))) V3d))=
(p (ap (ap c2Elim_2Econtl VOf) V5z))))))=(3V6e € ty_2FErealax_2Ereal.
((p (ap (ap c_2Erealax_2Ereal__It (ap c.2Ereal 2Ereal_of__num
c_2Enum_2E0)) V6e))A(VV Ty € ty_2Erealax 2Ereal.((p (ap
(ap c_2Ereal 2Ereal__lte (ap c_2Ereal 2Eabs (ap (ap c_2Ereal 2Ereal__sub
V1y) (ap VOf V2x)))) V6e))=(3V8z € ty_2Erealax_2Ereal.(

(p (ap (ap c-2Ereal 2Ereal__lte (ap c_2Ereal 2Eabs (ap (ap c_-2Ereal 2Ereal__sub
V8z) V2z))) V3d))A((ap VOf V8z) = VTy))))))))))))

(43)
Assume the following.

(YVOf € (ty2Erealax_2ErealtV-2Frealaz-2Ereal) (yy/14 ¢
(ty-2Erealax 2Erealtv-2Frealaz-2Ereal) (V2 ¢ ty 2Erealax_2Ereal.
(VV3d € ty_2Erealax_2Ereal.(((p (ap (ap c-2Erealax_2Ereal__It
(ap c2Ereal 2Ereal __of __num c_2Enum_2E0)) V3d))A((VV4z €
ty 2Erealaz_2Ereal.((p (ap (ap c_2Ereal 2Ereal__lte (ap c_2Ereal 2Eabs
(ap (ap c_2Ereal 2Ereal__sub V4z) V2z))) V3d))=((ap V1g (ap VOf
Viz)) = V4z2)))A(VV5z € ty_2Erealax_2Ereal.((p (ap (ap c-2Ereal 2Ereal__lte
(ap c_2Ereal 2Eabs (ap (ap c_2Ereal 2Ereal_sub V5z) V2z))) V3d))=
(p (ap (ap c-2Elim_2Econtl VOf) V5z))))))=(p (ap (ap c_2Elim_2Econtl
Vig) (ap VOf V22))))))))

(49)
Assume the following.
(VVO0x € ty_2Erealax_2Ereal.(—(p (ap (ap c2Erealax_2Ereal__It (50)
VO0z) V0x))))
Assume the following.
(VV 0z € ty_2Erealax 2Ereal . (VV 1y € ty_2Erealax_2Ereal.
(VV2z € ty_2Erealar_2Ereal.(((p (ap (ap c-2Erealax_2Ereal__It (51)

V0zx) V1y))A(p (ap (ap c2Erealax_2Ereal__It V1y) V2z)))=(p (ap
(ap c2Erealax_2Ereal__It V0x) V22))))))

Assume the following.

(VVO0x € ty_2Erealax_2Ereal. (VV1y € ty_2Erealax_2Ereal.
((ap (ap c-2Erealax_2Ereal__mul V0zx) V1y) = (ap (ap c_2Erealax_2Ereal__mul
V1y) V0z))))
(52)



Assume the following.

(VVOzx € ty_2Erealax 2Ereal. (VV1y € ty_2Erealax_2Ereal.
(VV2z € ty_2Erealax_2Ereal.((ap (ap c-2Erealax_2Ereal__mul
VO0x) (ap (ap c2Erealax_2Ereal__mul V1y) V2z)) = (ap (ap c_2Erealax_2Ereal__mul
(ap (ap c_2Erealax_2Ereal__mul V0zx) V1y)) V2z)))))
(53)
Assume the following.

(VVOz € ty-2Erealax_2Ereal.((ap (ap c2Erealax_2Ereal__mul
(ap c2Ereal_2Ereal__of __num (ap c_2Earithmetic 2ENUMERAL ( (54)
ap c_2Earithmetic_2EBIT1 c_2Earithmetic.2EZERO)))) V0z) = V0z))

Assume the following.

(VVO0x € ty_2Erealax 2Ereal .(~(V0x = (ap c2Ereal 2Ereal __of__num
c_2Enum_2E0)))=-((ap (ap c-2Erealax_2Ereal__mul (ap c-2Erealax_2Einv
V0z)) VOz) = (ap c2Ereal 2Ereal _of __num (ap c_2Earithmetic. 2ENUMERAL

(ap c_2Earithmetic 2EBIT1 c_2Earithmetic.2EZERO))))))
(55)
Assume the following.

(VVO0z € ty_2Erealax_2Ereal.((ap (ap c_2Erealax_2Ereal__mul
VO0x) (ap c.2Ereal 2Ereal__of __num c_2Enum_2EQ)) = (ap c.2Ereal 2Ereal__of __num
c_2Enum_2E0)))
(56)
Assume the following.

(VV 0z € ty_2Erealax 2Ereal . (VV 1y € ty 2Erealax_2Ereal.
((p (ap (ap c2Erealax_2Ereal__It V0z) V1y))=(p (ap (ap c_2Ereal 2Ereal__lte
V0z) V1y)))))
(57)
Assume the following.

(VV0z € ty_2Erealax_2Ereal.((ap (ap c_2Ereal_2Ereal__sub

VO0zx) VOz) = (ap c2Ereal 2Ereal __of __num c_2Enum_2E0))) (58)

Assume the following.

(YV 0z € ty_2Erealax 2Ereal . (VV 1y € ty 2Erealax_2Ereal.
(((ap (ap c-2Ereal 2Ereal_sub V0x) V1y) = (ap c-2Ereal 2Ereal__of __num
c_2Enum_2E0))<=(VO0z = V1y))))

(59)
Assume the following.
(VVO0x € ty_2Erealax_2Ereal.(VV 1y € ty_2Erealax_2Ereal.
((=(V1y = (ap c2Ereal 2Ereal__of__num c2Enum_2E0)))=((ap ( (60)

ap c_2Erealax_2Ereal__mul (ap (ap c_2Ereal 2E_2F V0x) V1y)) V1y) =
V0z))))



Assume the following.

(VVO0zx € ty_2Erealax 2Ereal.(VV 1y € ty_ 2Erealax_2Ereal.
(((p (ap (ap c2Erealax_2Ereal_It (ap c:2FEreal 2Ereal__of __num

c2Enum_2E0)) VO0z))A(p (ap (ap c2Erealax_2Ereal__It (ap c2Ereal 2Ereal__of __num

c_2Enum_2E0)) V1y)))=(3V2z € ty_2Erealaz_2Ereal.((p (

ap (ap c_2Erealax_2Ereal__It (ap c2Ereal 2Ereal__of __num c_2Enum_2E0))
V22))A((p (ap (ap c2Erealax_2Ereal__It V2z) V0x))A(p (ap (ap c-2Erealax_2Ereal__It
V22) Vi)
(61)
Assume the following.

(VVO0x € ty 2Erealax_2Ereal.((ap (ap c_2Ereal 2Ereal__sub
(ap c2Ereal 2Ereal __of __num c_2Enum_2E0)) V0z) = (ap c_2Erealax_2Ereal__neg
Voz)))
(62)
Assume the following.

(VVO0x € ty_2Erealax_2Ereal.((ap (ap c_2Ereal 2Ereal__sub

VO0z) (ap c2Ereal 2Ereal__of __num c_2Enum_2E0)) = V0z)) (63)

Assume the following.

(VVO0x € ty_2Erealax_2Ereal. (VV1y € ty_2Erealax_2Ereal.
(((=(VOz = (ap c2Ereal 2Ereal __of _num c_2Enum_2E0)))A(—~(V1y =
(ap c2Ereal 2Ereal _of __num c_2Enum_2E0))))=((ap c_-2Erealax_2Einv

(ap (ap c-2Erealax_2Ereal__mul V0x) V1y)) = (ap (ap c-2Erealax_2Ereal__mul
(ap c_2Erealax_2Einv V0z)) (ap c_2Erealax_2Einv V1y))))))
(64)
Assume the following.

(VVO0x € ty_2Erealax_2Ereal.(((ap c.2Ereal 2Eabs V0x) =
(ap c2Ereal_2Ereal__of —_num c2Enum_2E0))<(V0x = (ap c-2Ereal 2Ereal__of __num
c_2Enum_2E0))))
(65)
Assume the following.

((ap c_2Ereal 2Eabs (ap c2Ereal 2Ereal _of __num c_2Enum_2EQ)) =

(ap c2Ereal_2Ereal__of __num c_2Enum_2E0)) (66)

Assume the following.

(VV 0z € ty_2Erealax 2Ereal.((ap c2Ereal 2Eabs (ap c_2Erealax_2Ereal__neg
VO0zx)) = (ap c-2Ereal 2Eabs V0z)))
(67)
Assume the following.
(VVO0z € ty_2Erealax_2Ereal .((—(V0x = (ap c2Ereal 2Ereal__of__num
c2Enum_2E0)))<(p (ap (ap c_2Erealax_2Ereal__It (ap c.2Ereal 2Ereal__of __num

c_2Enum_2E0)) (ap c-2Ereal 2Eabs V0z)))))
(68)
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Assume the following.
(VVOt € 2.((—(—(p VOt)))=(p VOL))) (69)

Assume the following.
(VVO0A € 2.((p VOA)=((—(p VOA))=False))) (70)

Assume the following,.

(VV0A € 2.(WV1B € 2.(((=((p VOA)V(p V1B)))=False)

((p VOA)= False)=((~(p V1B))=Falsc))))) (71)
Assume the following.
(VV0A € 2.(WVV1B € 2.(((—((—=(p VOA))V(p V1B)))=False)= (72)

((p VOA)=((=(p V1B))=False)))))
Assume the following.
(VV0A € 2.(((—(p VOA))=False)=(((p VOA)=False)=False))) (73)

Assume the following.

(VVOp € 2.(VV1q € 2.(
(p Vig)e(p V2r)))e(((p VOp)V((p V1g)V(p V2
p V2r))V(=(p V1g))))A(((p V1g)V(
(=(p V1g))v(

J
5}

=
=
==

Assume the following.
(VVOp € 2.(VV1g € 2.((=((p VOp)=(p V1q)))=(p VOp)))) (75)

Assume the following.
(VWop € 2.(vV1g € 2.((=((p VOp)=(p V1q)))=(=(p V1q)))))  (76)

Theorem 1

(VVOf € (ty_2Erealax_2Erealty-2Erealaz-2Erealy (yy/14 ¢
(ty_2Erealax 2Erealtv-2Frealaz-2Ereal) (¢\/9] ¢ ty 2 Erealax_2Ereal.
(VV3zx € ty_2Erealax_2Ereal.(NV4d € ty_2Erealax_2Ereal.

(((p (ap (ap c_2Erealax_2Ereal__It (ap c_2Ereal 2Ereal__of __num
c_2Enum_2E0)) V4d))A((VV5z € ty_2Erealax_2Ereal.((p (
ap (ap c_2Ereal_2Ereal__lte (ap c_2Ereal 2Eabs (ap (ap c_2Ereal 2Ereal__sub
V52) V3x))) V4d))=((ap V1g (ap VOf V5z2)) = V52)))A((VV62z €
ty 2Erealax_2Ereal.((p (ap (ap c2Ereal 2Ereal__Ite (ap c_2Ereal 2Eabs
(ap (ap c2Ereal 2Ereal_sub V6z) V3x))) V4d))=(p (ap (ap c2Elim_2Econtl
VOf) V62)))A((p (ap (ap (ap c2Elim_2Ediffl VOf) V2I) V3z))A(—
(V21 = (ap c2Ereal_2Ereal__of __.num c_2Enum_2E0)))))))=(p (ap
(ap (ap c2Elim_2Ediffl V1g) (ap c_2Erealax_2Einv V21)) (ap VOf

V3x))))))

11



