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Definition 1 We define c 2Emin_2E_40 to be AAAP € 24.if (32 € Ap (ap P x)) then (the (\z.x € AAp
of type t=>t.

Definition 2 We define c.22Emin_2E_3D to be AA.\x € A y € A.inj_o (z =vy)
of type t=>t.

Definition 3 We define c_2Ebool 2E_3F to be NA 27a : 1.(AVOP € (24-27).(ap VOP (ap (c_2Emin_2E 40 2

Definition 4 We define c 2Emin_2E_3D_3D_3E to be AP € 2.0\Q € 2.inj_o (p P=p Q)
of type ¢.

Definition 5 We define c 2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (A\V0x € 2.V0z)) (\V1z € 2.V
Definition 6 We define c_2Ebool 2E_21 to be AA_27a : t.(A\VOP € (24-27%).(ap (ap (c.2Emin_2E_3D (24-27
Definition 7 We define c_2Ebool 2E_5C_2F to be (AVO0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t € ¢
Definition 8 We define c_2Ebool 2EF to be (ap (c_2Ebool 2E_21 2) (AV 0t € 2.V 0t)).
Definition 9 We define c.2Ebool 2E_2F_5C to be (AV0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t € ¢
Definition 10 We define c 2Ebool 2ECOND to be AA_27a : t.(AVOt € 2.(AV1tl € A 27a.(A\V2t2 € A 27a.(
Let ty 2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2Enum (1)

Let ty 2FElist_2FElist : 1= be given. Assume the following.

VAO0.nonempty A0=nonempty (ty-2Elist_2Elist A0) (2)
Let ¢c2Elist 2ELENGTH : 1= be given. Assume the following.

VA 27a.nonempty A27a=c2Elist 2ELENGTH A_27a € (ty_2Enum_2Enum/(ty-2Elist-2Elist A-27a))
(3)



Let ¢ 2Flist 2EDROP : 1= be given. Assume the following.

VA 27a.nonempty A_27a=c2Elist 2EDROP A 27a € (((ty-2Elist 2Elist
A727a)(ty,2Elist,2Elist A,27a))ty,2E'num,2Enum)

(4)
Let ¢ 2Elist 2ECONS : 1= be given. Assume the following.

VA 27a.nonempty A_27a=>c2Elist 2ECONS A27a € (((ty-2Elist 2Elist
A727a)(ty,2Elist,2Elist A,27a))A,27a)

(5)
Let c2Flist 2ENIL : 1= be given. Assume the following.

VA_27a.nonempty A27a=c2Elist 2ENIL A 27a € (ty2Elist 2Elist
A_27a)

Let ty 2Fllist 2Ellist : t=>1 be given. Assume the following.
VA0.nonempty A0=nonempty (ty_2Ellist_2Ellist AQ) (7)
Let c2Fllist 2E fromList : 1= be given. Assume the following,.

VA 2Ta.nonempty A27a=c2FEllist 2F fromList A 27a € (( (8)
ty2Ellist 2Ellist A_27q)(tv-2Elist-2Elist A_27a))

Let c2Enum 2EZERO__REP : 1 be given. Assume the following.
c2Enum 2EZERO__REP € omega 9)
Let c2Enum 2EABS__num : ¢ be given. Assume the following.
c2Enum 2EABS__num € (ty-2Enum_2Enum’™9%) (10)
Definition 11 We define c_2Enum_2EOQ to be (ap c.2Enum_2EABS_num ¢ 2Enum 2EZERO__REP).
Definition 12 We define c_2Earithmetic 2EZERO to be c_2Enum _2EQ.
Let c2Enum 2EREP__num : ¢ be given. Assume the following.
c2Enum_2EREP_num € (omegat¥-2Enum-2Enum) (11)
Let c2Enum 2ESUC__REP : 1 be given. Assume the following.
c2Enum 2ESUC__REP € (omega®™9%) (12)

Definition 13 We define c2Enum_2ESUC to be AVOm € ty_ 2Enum_2Enum.(ap c2Enum_2EABS__num

Let c.2FEarithmetic2E_2B : + be given. Assume the following.

c2Earithmetic 2E 2B € ((ty_2Enum_2Enum!y-2Enum-2Enum)ty 2Enum-2Enum)
(13)



Definition 14 We define c_2Earithmetic_2EBIT1 to be A\VOn € ty_2Enum_2Enum.(ap (ap c2Earithmetic
Definition 15 We define c_2Earithmetic 2ENUMERAL to be A\V 0z € ty_2Enum_2Enum.V0x.
Let c.2Earithmetic2E 2D : ¢ be given. Assume the following.

c2Earithmetic 2E 2D € ((ty_2Enum 2 EnumtY-2Enum-2Enum)ty 2Enum 2Enum )
(14)
Let ty_2FEoption_2FEoption : 1=t be given. Assume the following.

VA0.nonempty A0=nonempty (ty_2Foption_2FEoption AQ) (15)
Let c.2FEllist 2FEllist_rep : t=-t be given. Assume the following.

VA 27a.nonempty A 27a=c 2Fllist 2Fllist_rep A27a €
(((ty,QEoptzon,ZEoptzon A727a)ty,2Enum,2Enum)(ty,QEllist,QE'llist A,27a))
(16)
Let ty_2Fone_2Fone : 1 be given. Assume the following.

nonempty ty_2FEone_2FEone (17)
Let ty 2Esum_2FEsum : t=>1=>¢ be given. Assume the following.

VAO.nonempty A0=VAl.nonempty Al=nonempty (ty-2Esum_2FEsum
A0 A1)
(18)
Let c2Esum 2EABS__sum : 1=t=t be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=c 2Esum_2FEABS__sum

A27a A27b € ((ty2Esum_2Esum A-27a A_27p)((*2™)"7)%)
(19)

Definition 16 We define c 2Esum_2EINL to be AA_27a : t. XA 27b : t.A\V0e € A 27a.(ap (c.2Esum _2EABS

Let c2Eoption 2Eoption__ABS : 1=t be given. Assume the following.

VA 2Ta.nonempty A_27a=-c2Eoption_2Eoption__ABS A 2Ta €

((ty,2E0ption,2E0ption A727a)(ty,2Esum,2Esum A_27a ty,2Eone,2Eone)) (20)

Definition 17 We define c 2Eoption_ 2ESOME to be AA_27a : 1.A\V 0z € A_27a.(ap (c2Eoption_2Eoption__

Let c2Ellist 2Ellist__abs : 1= be given. Assume the following.

YA 27a.nonempty A_27a=c 2FEllist 2FEllist__abs A_27a €

ty-2Ellist 2Ellist A_27a)((tv-2Eoption 2Eoption A-27ay»-2nwm=znumyy - (21)
((ty ) )

Definition 18 We define c_2Ellist 2ELCONS to be AA_27a : t.AVOh € A_27a.\V 1t € (ty_2Fllist 2FEllist A.

Definition 19 We define c_2Eone_2Eone to be (ap (c_2Emin_2E_40 ty_2Fone_2FEone) (A\V0x € ty_2FEone_2



Definition 20 We define c_2Ebool 2E_TE to be (A\V 0t € 2.(ap (ap c-2Emin_2E_3D_3D_3E V0t) c_2Ebool_2E
Definition 21 We define c_2Esum_2EINR to be NA_27a : t. NA_27b : 1. AV 0e € A 27b.(ap (c2Esum_2EABS
Definition 22 We define c 2Eoption_2ENONE to be AA_27a : t.(ap (c2Eoption_2Eoption__ABS A_27a) (c
Definition 23 We define c_2Ellist_2ELNIL to be NA_27a : ¢.(ap (c-2Ellist_2Ellist__abs A_-27a) (AVOn € ty.
Let ¢ 2Ellist 2ELDROP : 1= be given. Assume the following.

VA_27a.nonempty A_27a=c2FEllist 2ELDROP A_27a € (((ty-2Eoption_2Foption
(ty,QEllZSt,QE”’LSt A727a))(ty,QEllist,QEllist A,27a))ty,2Enum,2Enum)

Let c.2Earithmetic2EEV EN : ¢ be given. Assume the following. 2
c2Barithmetic 2EEVEN ¢ (2ty-2Fnum-2Enum) (23)

Let c2FEarithmetic2EODD : ¢ be given. Assume the following.
c2Earithmetic2EODD ¢ (2tv-2Enum-2Enum) (24)

Definition 24 We define c_2Eprim__rec_2E_3C to be A\VOm € ty_2Enum_2Enum.\V1n € ty_2Enum_2FEnu
Definition 25 We define c_2Earithmetic_2E_3E to be A\VOm € ty 2Enum _2Enum AV 1n € ty 2Enum_2En
Definition 26 We define c_2Earithmetic_2E_3E_3D to be \VOm € ty 2Enum_2Enum. AV 1n € ty_2Enum_2
Definition 27 We define c2Eprim__rec_2EPRE to be A\VOm € ty_2Enum_2Enum.(ap (ap (ap (c_2Ebool 2F
Let c.2Farithmetic2EEXP : 1 be given. Assume the following.

c2Earithmetic 2EEX P € ((ty-2Enum_2EnumtY-2Enum-2Enum)ty_2Enum-2Enum)
Let c.2Farithmetic2E 2A : ¢« be given. Assume the following,. >

c2Earithmetic 2E_2A € ((ty-2Enum_2EnumtY-2Fnum-2Enum)ty_2Enum-2Enum)
(26)

Definition 28 We define c_2Enumeral 2EiZ to be A\VO0x € ty_ 2Enum_2Enum.V0zx.

Definition 29 We define c 2Earithmetic_2EBIT2 to be A\VOn € ty_2Enum_2Enum.(ap (ap c.2Earithmetic
Definition 30 We define c_2Earithmetic_2E_3C_3D to be AVOm € ty_2Enum_2Enum. AV 1n € ty 2Enum_2
Assume the following.

(VVOm € ty-2Enum_2Enum.((VOm = c22Enum_2E0)v(IV1n €

ty-2Enum_2Enum.(VOm = (ap c.2Enum_2ESUC V'1n))))) 27)



Assume the following.

(VVOn € ty2Enum_2Enum.(NVV1m € ty_2Enum_2Enum.(
(p (ap (ap c-2Earithmetic2E_3C_3D (ap c2Enum_2ESUC VO0n)) (ap

c2Enum_2ESUC V1m)))<(p (ap (ap c-2Earithmetic2E_3C_3D VOn) (28)
Vim)))))
Assume the following.
(VVOn € ty 2Enum_2Enum.(p (ap (ap c2Earithmetic_2E_3C_3D (29)
c_2Enum_2E0) VOn)))
Assume the following.
(VVOn € ty-2Enum_2Enum.(—(p (ap (ap c_2Earithmetic.2E_3C_3D (30)

(ap c.22Enum_2ESUC VOn)) c_2Enum_2E0))))
Assume the following.

(VVOm € ty2Enum_2Enum.((ap (ap c.2Earithmetic.2E 2D (
ap c_2Enum_2ESUC V0m)) (ap c2Earithmetic 2ENUMERAL (ap c_2Earithmetic 2EBIT1
c_2Earithmetic.2EZERO))) = VOm))
(31)
Assume the following.

(YVOm € ty_2Enum_2Enum.(VV1n € ty 2Enum_2Enum.(

((ap (ap c2Earithmetic2E 2A c_2Enum_2EQ) VOm) = c_.2Enum_2EQ)A
(((ap (ap c2Earithmetic2E_2A VO0m) c.2Enum_2E0) = c_2Enum_2E0)A
(((ap (ap c2Earithmetic2E 2A (ap c_2Earithmetic. 2ENUMERAL
(ap c_2Earithmetic_2EBIT1 c_2Earithmetic 2EZERO))) VOm) = VOm)A
(((ap (ap c2Earithmetic2E 2A VOm) (ap c_2Earithmetic 2ENUMERAL
(ap c_2Earithmetic_2EBIT1 c_2Earithmetic 2EZERO))) = VOm)A(
((ap (ap c2Earithmetic.2E_2A (ap c.2Enum_2ESUC VOm)) V1in) = (ap
(ap c2Earithmetic2E_2B (ap (ap c2Earithmetic2E_2A VOm) V1n))
Vin))A((ap (ap c2Earithmetic2E_2A VOm) (ap c22Enum_2ESUC V1n)) =
(ap (ap c2FEarithmetic2E 2B VOm) (ap (ap c2Earithmetic.2E 2A

VOom) Vin))))))))))
(32)
Assume the following.
(YVOm € ty 2Enum_2Enum.(YV1n € ty 2Enum_2Enum.(
YV2p € ty 2Enum_2Enum.(((p (ap (ap c_2Earithmetic 2E_3C_3D (33)

VOom) V1n))A(p (ap (ap c-2Earithmetic2E_3C_3D V1n) V2p)))=(p (
ap (ap c-2Earithmetic 2E_3C_3D VOm) V2p))))))

Assume the following.

(VVOm € ty 2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(
YV2p € ty 2Enum_2Enum.((p (ap (ap c_2Earithmetic 2E_3C_3D
(ap (ap c2Earithmetic2E 2B VOm) V1n)) (ap (ap c2Earithmetic 2E_2B
Vom) V2p)))<(p (ap (ap c2Earithmetic 2E_3C_3D Vin) V2p))))))
(34)



Assume the following.

(YVOm € ty_2Enum_2Enum.(YV1n € ty_ 2Enum_2Enum.(
(=(p (ap (ap c-2Earithmetic2E_3C_3D VOm) V1n)))<(p (ap (ap c_2Earithmetic2E_3C_3D
(ap c.2Enum_2ESUC V'1n)) VOm)))))
(35)
Assume the following.

(VVOn € ty_2Enum_2Enum.((ap c.22Enum_2ESUC VOn) = (ap (ap
c2Earithmetic2E 2B (ap c_2Earithmetic 2ENUMERAL (ap c_2Earithmetic 2EBIT1
c_2Earithmetic_2EZEROQ))) V0n)))

(36)

Assume the following.
True (37)

Assume the following.
(VVOtl € 2.(VV1t2 € 2.(((p VOtl)=(p V1t2))=(((p (38)

V1t2)=(p V0tl))=((p VOtl)=(p V1t2))))))

Assume the following.
(VVOt € 2.(False=(p V0t))) (39)

Assume the following,.
VA_27a.nonempty A27a=(VVO0t € 2.((VV1x € (40)

A27a.(p VOt))<(p VOL)))
Assume the following.

(VV Ot € 2.(((Truen(p VOt))=(p VO)A((((p VO)ATrue)<
(p VOO)A(((Falsen(p VOt))=False)A((((p VOt)AFalse)< False)A  (41)

t)
(((p VO)A(p VOt)) &= (p VO01)))))))

Assume the following.

((VVOt € 2.((=(=(p VOr))=(p VOO)))A(((-True)=False) A

((=False)=True))) (42)
Assume the following.
VA_27a.nonempty A 27a=(VV0x € A27a.(V0x = V0z)&
True)) (43)
Assume the following.
VA 27a.nonempty A 27a=(VV0x € A27a.(VV1y € (44)

A27a.(VOx = Viy)e(Viy = V0x))))



Assume the following.

(YVOt € 2.(((Trues(p VOt))=(p VOO))A(((p VOt ) &True)<
(p VO)A(((Falses(p VOt))=(—(p VOO))A(((p VOt)=False)<(—=( (45)
p V0t)))))))
Assume the following.
(VVOt € 2.(((p VOt)=False)=((p VOt)<False))) (46)

Assume the following.

(VVOtl € 2.(VV1t2 € 2.(VV2t3 € 2.(((p VOt1)=
((p V12)=(p V2t3)))=(((p VOI)A(p V112))=(p V213))))))

Assume the following.

VA_27a.nonempty A_27a=(VYVOP € 2.(VV1Q € 2.

(VV2x € A27a.(VV3x 27T € A27a.(VV4y € A 27a.
(VV5y 27 € A27a.((((p VOP)=(p VIQ))A(((p V1Q)=(V2zx = V3z_27))A
((=(p V1Q))=(V4y = V5y_27))))=((ap (ap (ap (c-2Ebool_2ECOND A_27a)
VOP) V2z) Viy) = (ap (ap (ap (c2Ebool 2ECOND A_27a) V1Q) V3z_27)

Vi 27))
(1)
Assume the following.

VA 27a.nonempty A27a=((VV0tl € A27a.(VV1t2 €
A27a.((ap (ap (ap (c-2Ebool 2ECOND A_27a) c_2Ebool 2ET) V0t1)
V1t2) = VOt1)))A(VV2tl € A27a.(VV3t2 € A27a.((ap
(ap (ap (c-2Ebool 2ECOND A_27a) c_2Ebool 2EF) V2t1) V3t2) = V3t2))))
(19)
Assume the following.

VA 27a.nonempty A27a=(((ap (c2Elist 2ELENGTH A_27a)
(c2Elist 2ENIL A 27a)) = c.2Enum_2E0)A(VVOh € A 27a.(
VV1t € (ty-2Elist 2Elist A27a).((ap (c2Elist 2ELENGTH
A27a) (ap (ap (c-2Elist 2ECONS A_27a) VOh) V1t)) = (ap c22Enum_2ESUC
(ap (c2Elist 2ELENGTH A_27a) V1t))))))
(50)
Assume the following.

VA 27a.nonempty A_27a=(VVOP € (2(ty-2Blist 2Elist A27a))
(((p (ap VOP (c2Elist 2ENIL A27a)))AN(YV1t € (ty-2Elist 2Elist
A27a).((p (ap VOP V1t))=(VV2h € A27a.(p (ap VOP (ap (ap (
¢2Elist 2ECONS A_27a) V2h) V1t)))))))=(VV3l € (ty-2Elist 2Elist
A_27a).(p (ap VOP V3I)))))
(51)



Assume the following.

VA 27a.nonempty A27a=(VVO0n € ty_2Enum_2Enum.(
(ap (ap (c-2Elist 2EDROP A 27a) VOn) (c2Elist 2ENIL A 27a)) =
(c2Elist 2ENIL A 27a)))
(52)
Assume the following.

VA_27a.nonempty A27a=(VVOn € ty_2Enum_2Enum.(
VWilx € A27a.(VV2zxs € (ty-2Elist 2Elist A27a).(

(p (ap (ap c-2Eprim__rec_2E_3C c_2Enum_2EQ0) VOn))=-((ap (ap (c2Elist 2EDROP
A_27a) VOn) (ap (ap (c2Elist 2ECONS A 27a) V1zx) V2xs)) = (ap (ap
(c.2Elist 2EDROP A 27a) (ap (ap c2Earithmetic2E_2D VOn) (ap
c_2Earithmetic.2ENUMERAL (ap c_2Earithmetic2EBIT1 c_2Earithmetic.2EZERO))))

V225)))))
(53)
Assume the following.

VA_27a.nonempty A_27a=(VVOIl € (ty_2Elist_2Elist
A.27a).((ap (ap (c.2Elist 2EDROP A_27a) c_2Enum_2E0) VOI) = V0l))
(54)
Assume the following.

VA 27a.nonempty A 27a=(VVOhl € A 27a.(VV 1tl €
(ty2Ellist 2Ellist A27a).(YV2h2 € A_27a.(VV3t2 €
(ty2Ellist 2Ellist A27a).(((ap (ap (c_2Ellist_2ELCONS A_27a) (55)
VOR1) V1t1) = (ap (ap (c2Ellist 2ELCONS A_27a) V2h2) V3t2))<((
VOhl = V2h2)A(V1tl = V3t2)))))))

Assume the following.

YA_27a.nonempty A27a=(((ap (c2Ellist_2E fromList A27a)
(c.2Elist 2ENTL A_27a)) = (c_2Ellist 2ELNIL A_27a))A(VVOh €
A 27a.(VV1t € (ty 2Elist 2Elist A 27a).((ap (c.2Ellist 2E fromList
A27a) (ap (ap (c2Elist 2ECONS A_27a) VOh) V1t)) = (ap (ap (c-2Ellist22ELCONS
A_27a) VOh) (ap (c2Ellist 2E fromList A_27a) V1t))))))
(56)
Assume the following.

VA 2Ta.nonempty A27a=YA_27b.nonempty A_27b=V A 27c.
nonempty A_27c¢=((VVO0Il € (ty-2Ellist 2Ellist A_27a).(
(ap (ap (c-2Ellist 2ELDROP A_27a) c_2Enum_2E0) V0Il) = (ap (c_2Eoption 2ESOME
(ty2Ellist 2Ellist A27a)) VOI))A((VV1n € ty_2Enum_2Enum.
((ap (ap (c2Ellist 2ELDROP A_27b) (ap c2Enum_2ESUC V1n)) (c_2Ellist_2ELNIL
A_27b)) = (c_2Eoption 2ENONE (ty_2Ellist 2Ellist A_27b))))A
(VV2n € ty 2Enum_2Enum.(VV3h € A27c.(VV 4t €
(ty2Ellist 2Ellist A27¢).((ap (ap (c-2Ellist 2ELDROP A_27c)
(ap c2Enum_2ESUC V2n)) (ap (ap (c-2Ellist_2ELCONS A_27¢) V3h)
V4t)) = (ap (ap (¢2Ellist 2ELDROP A 27c) V2n) V4t)))))))
(57)



Assume the following.

((VVOn € ty_2Enum_2Enum.((ap (ap c.2Earithmetic 2E 2B
c_2Enum_2EQ) VOn) = VOon))A((VV1n € ty 2Enum_2Enum.((ap
(ap c2Earithmetic2E 2B V1n) c.2Enum_2E0) = V1n))A((VV2n €
ty_2Enum_2Enum.(NYV3m € ty_2Enum_2Enum.((ap (ap c.2Earithmetic.2E 2B
(ap c-2Earithmetic2ENUMERAL V2n)) (ap c-2Earithmetic 2ENUMERAL
V3m)) = (ap c2Earithmetic 2ENUMERAL (ap c_2Enumeral 2EiZ (ap
(ap c2Earithmetic2E_2B V2n) V3m))))))A((VV4n € ty_2Enum_2Enum.
((ap (ap c2Earithmetic.2E 2A c_2Enum_2EQ) V4n) = c_2Enum_2EQ))A
((VV5n € ty 2Enum_2Enum.((ap (ap c2Earithmetic 2E 2A
Vbn) c.2Enum_2E0) = c_2Enum_2E0))A((VV6n € ty_2Enum_2Enum.
(VVTm € ty_2Enum_2Enum.((ap (ap c2Earithmetic2E_2A (
ap c_2Earithmetic 2ENUMERAL V6n)) (ap c_2EarithmeticZ 2ENUMERAL
Vim)) = (ap c2Earithmetic 2ENUMERAL (ap (ap c_2FEarithmetic 2E 2A
Vén) Vim)))WA((YV8n € ty_2Enum_2Enum.((ap (ap c2Earithmetic2E_2D
c2Enum_2E0) V8n) = c.2Enum_2E0))A((YVIn € ty_2Enum_2Enum.
((ap (ap c2Earithmetic.2E_2D V9n) c2Enum_2E0) = VIn))A((VV10n €
ty 2Enum_2Enum.(YV11lm € ty 2Enum_2Enum.((ap (ap c2Earithmetic2E_2D
(ap c2Earithmetic2ENUMERAL V'10n)) (ap c_2EarithmeticC2ENUMERAL
V11m)) = (ap c_2Earithmetic 2ENUMERAL (ap (ap c2Earithmetic2E_2D
V10n) V11m))A((VV12n € ty-2Enum_2Enum.((ap (ap c2Earithmetic 2EEX P
c_2Enum_2EQ) (ap c-2Earithmetic 2ENUMERAL (ap c_2Earithmetic_2EBIT1
V12n))) = c2Enum_2E0))A((VV13n € ty_2Enum_2Enum.((ap
(ap c2Earithmetic 2EEX P c_2Enum_2E0) (ap c_2Earithmetic 2ENUMERAL
(ap c2Earithmetic_2EBIT2 V13n))) = c.2Enum_2E0))A((VV14n €
ty 2Enum_2Enum.((ap (ap c2Earithmetic2EEX P V14n) c2Enum_2EQ) =
(ap c2Earithmetic2ENUMERAL (ap c_2Earithmetic_2EBIT1 c_2Earithmetic_.2EZEROQ))))A
((VV15n € ty-2Enum_2Enum.(VV16m € ty_2Enum_2Enum.
((ap (ap c2Earithmetic2EEX P (ap c_2Earithmetic 2ENUMERAL V'15n))
(ap c_2EarithmeticZ2ENUMERAL V'16m)) = (ap c_2Earithmetic 2ENUMERAL
(ap (ap c2Earithmetic2EEX P V15n) V16m)))))A(((ap c22Enum_2ESUC
c2Enum_2E0) = (ap c_2Earithmetic 2ENUMERAL (ap c_2Earithmetic_2EBIT1
c_2Earithmetic2EZERO)))A((VV17Tn € ty_2Enum_2Enum.(

(ap c22Enum_2ESUC (ap c_2EarithmeticZ 2ENUMERAL V17n)) = (ap c-2Earithmetic 2ENUMERAL
(ap c.22Enum_2ESUC V'17n))))A(((ap c2Eprim__rec2EPRE c_2Enum_2EQ) =
c_2Enum_2EQ)A((VV 18n € ty_2Enum_2Enum.((ap c2Eprim__rec_2EPRE
(ap c2Earithmetic 2ENUMERAL V'18n)) = (ap c_2Earithmetic 2ENUMERAL
(ap c2Eprim__rec.2EPRE V'18n))))A((VV19n € ty_2Enum_2Enum.

(((ap c_2Earithmetic 2ENUMERAL V197) = c_2Enum_2E0)<(V19n = c_2Earithmetic. 2EZERO)))A
((VV20n € ty-2Enum_2Enum.((c.2Enum_2E0 = (ap c_2Earithmetic 2ENUMERAL
V20n))<(V20n = c_2Earithmetic 2EZERO)))A((YV21n € ty_2Enum_2Enum.
(VV22m € ty_2Enum_2Enum.(((ap c2Earithmetic 2ENUMERAL
V21n) = (ap c-2Earithmetic 2ENUMERAL V22m))<(V21n = V22m))))A
((VV23n € ty2Enum_2Enum.((p (ap (ap c-2Eprim__rec_2E_3C
V23n) c_2Enum_2EQ0))< False))A((VV24n € ty_2Enum_2Enum.

((p (ap (ap c2Eprim__rec 2E_3C c_2Enum _2EQ) (ap c_2Earithmetic 2ENUMERAL
V24n)))<(p (ap (ap c2Eprim__rec_2E_3C c_2Earithmetic_2EZERO)
V24n)))A((YV25n € ty_-Enum_2Enum.(YV26m € ty-2Enum_2Enum.

((p (ap (ap c-2Eprim__rec_2E_3C (ap c_2Earithmetic 2ENUMERAL
V25n)) (ap c_2Earithmetic 2ENUMERAL V26m)))<(p (ap (ap c-2Eprim__rec_2E_3C
V25n) V26m)))))A((YV27n € ty2Enum_2Enum.((p (ap (ap c_2Earithmetic_2E_3E
c_2Enum_2E0) V27n))< False))A((VV28n € ty_2Enum_2Enum.

((p (ap (ap c_2Earithmetic 2E_3E (ap c_2Earithmetic. 2ENUMERAL
V28n)) c.2Enum_2E0))<(p (ap (ap c-2Eprim__rec_2E_3C c_2Earithmetic.2EZERO)
V28n))))A((YV29n € ty_2Enum_2Enum.(YV30m € ty_2Enum_2Enum.

((p (ap (ap c-2Earithmetic_2E_3E (ap c_2EarithmeticZ2ENUMERAL
V29n)) (ap c_2Earithmetic 2ENUMERAL V30m)))<(p (ap (ap c-2Eprim__rec 2E_3C
V30m) V29n)))A((YV31n € ty 2Enum 2Enum.((p (ap (ap c2Earithmetic_2E_3C_3D
c_2Enum_2EQ) V31n))eTrue))A((VV32n € ty_2Enum_2Enum.
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Assume the following.

(YVOn € ty 2Enum_2Enum.(VYV1m € ty 2Enum_2Enum.(

((p (ap (ap c_2Earithmetic_2E_3C_3D c_2Earithmetic 2EZERO) V0n))<
True)A(((p (ap (ap c-2Earithmetic_2E_3C_3D (ap c_2Earithmetic_2EBIT1
VOn)) c2Earithmetic.2EZERO))< False) A(((p (ap (ap c2Earithmetic_2E_3C_3D

(ap c_2Earithmetic_2EBIT2 V0n)) c_2Earithmetic 2EZERO) )< False)A
(((p (ap (ap c2Earithmetic_2E_3C_3D (ap c_2Earithmetic 2EBIT1
VOn)) (ap c2Earithmetic 2EBIT1 V1m)))<(p (ap (ap c2Earithmetic_2E_3C_3D
Von) V1im)))A(((p (ap (ap c-2Earithmetic.2E_3C_3D (ap c_2Earithmetic_2EBIT1
VOn)) (ap c-2Earithmetic2EBIT2 V1m)))<(p (ap (ap c2Earithmetic 2E_3C_3D
Von) V1im))A(((p (ap (ap c_2Earithmetic 2E_3C_3D (ap c_2Earithmetic_2EBIT2
VOn)) (ap c_2Earithmetic 2EBIT1 V1m)))<(—(p (ap (ap c_2Earithmetic 2E_3C_3D
V1im) VOon))A((p (ap (ap c2Earithmetic 2E_3C_3D (ap c_2Earithmetic_2EBIT2
VOn)) (ap c_2Earithmetic 2EBIT2 V1m)))<(p (ap (ap c2Earithmetic_2E_3C_3D
Von) Vim)))))
(59)
Assume the following.

VA 27a.nonempty A27a=(VV0x € A27a.(VV1y €
A27a.(((ap (c-2Eoption_2ESOME A_27a) VO0z) = (ap (c-2Eoption 2ESOME
A27a) V1y))e(Vor = Viy))))
(60)
Assume the following.

(VVOn € ty-2Enum_2Enum.(p (ap (ap c2Eprim__rec_2E_3C c_2Enum_2EQ)
(ap c.22Enum_2ESUC V0n))))
(61)

Theorem 1

VA_27a.nonempty A 27a=(VVO0ls € (ty_2Elist 2Elist
A27a).(VV1in € ty_2Enum_2Enum.((ap (ap (c2Ellist 2ELDROP
A27a) V1n) (ap (c2Ellist 2E fromList A27a) VOls)) = (ap (ap (ap
(c-2Ebool 2ECOND (ty_2Eoption_2Eoption (ty2Ellist_2Ellist
A_27a))) (ap (ap c_2Earithmetic 2E_3C_3D V'1n) (ap (c2Elist 2ELENGTH
A_27a) VO0Is))) (ap (c-2Eoption_2ESOME (ty_2FEllist 2Ellist A_27a))
(ap (c2Ellist 2E fromList A27a) (ap (ap (c2Elist 2EDROP A_27a)
Vin) VO0is)))) (c_2Eoption_2ENONE (ty_2Ellist 2Ellist A27a))))))
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