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Definition 1 We define c.22Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_-o (p P=p Q)
of type ¢.

Definition 2 We define c.22Emin_2E_3D to be AA.\x € A \y € A.inj_o (z =vy)
of type t=>t.

Definition 3 We define c 2Ebool 2ET to be (ap (ap (c_2Emin 2E_3D (22)) (\V0z € 2.V0z)) (A\V1x € 2.V
Definition 4 We define c_2Ebool 2E 21 to be N\A_27a : t.(A\VOP € (24-27%) (ap (ap (c_2Emin_2E_3D (24-27
Definition 5 We define c_2Ebool_2EF to be (ap (c_2Ebool 2E_21 2) (AVOt € 2.V 0t)).
Definition 6 We define cC2Ebool_2EBOUNDED to be (AVOv € 2.c_2Ebool 2ET).
Let c2Enum 2EZERO__REP : 1 be given. Assume the following.
c2Enum 2EZERO__REP € omega (1)
Let ty 2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2Enum (2)
Let c2Enum 2EABS__num : ¢ be given. Assume the following.
c2Enum_2EABS_num € (ty-2Enum_2Enum°™") (3)
Definition 7 We define cC2Enum_2EQ to be (ap c2Enum_2EABS__num c2Enum 2EZERO__REP).
Definition 8 We define c_2Earithmetic_ 2EZERO to be c_2Enum_2EQ.
Let c2Enum 2EREP__num : ¢ be given. Assume the following.
c2Enum 2EREP_num € (omega'y-2Fnum-2Enum) (4)
Let c2Enum 2ESUC__REP : 1 be given. Assume the following.

c2Enum 2ESUC__REP € (omega®"9%) (5)



Definition 9 We define c.22Enum_2ESUC to be AVOm € ty_2Enum_2Enum.(ap c2Enum 2EABS__num

Let c2FEarithmetic2E 2B : 1 be given. Assume the following.

c.2Earithmetic 2E 2B € ((ty_2Enum_2Enumty-2Enum-2Enum )ty 2Enum_2Enum)
(6)
Definition 10 We define c 2Earithmetic_2EBIT1 to be A\VOn € ty 2Enum_2Enum.(ap (ap c.2Earithmetic

Definition 11 We define c_2Earithmetic 2ENUMERAL to be A\VOx € ty_2Enum_2Enum.V0x.
Let c.2Earithmetic2E 2D : ¢ be given. Assume the following.

c2Earithmetic 2E 2D € ((ty_2Enum_2EnumtY-2Enum-2Enum)ty 2Enum _2Enum )

(7)

Let ty 2FEoption_2FEoption : 1=t be given. Assume the following.
VA0.nonempty A0=nonempty (ty_2Foption_2FEoption AQ) (8)
Let ty_2Fllist 2FEllist : 1= be given. Assume the following.
VAO.nonempty A0=nonempty (ty_2Ellist 2Ellist A0) 9)
Let ¢ 2FEllist 2Ellist_rep : t=-t be given. Assume the following.

VA 27a.nonempty A 27a=c 2Fllist 2Fllist_rep A27a €
(((ty,QEOptZOTl,QEOptZOTL A727a})ty,2Enum,2Enum)(ty,2Ellist,2E'llist A,27a))
(10)
Let ty_2Fone_2Fone : ¢ be given. Assume the following.

nonempty ty_2FEone_2FEone (11)

Definition 12 We define c_2Ebool 2E_2F 5C to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €
Let ty_2Esum_2FEsum : t=>1t=>¢ be given. Assume the following.

VAO.nonempty A0=VAl.nonempty Al=nonempty (ty-2Esum_2FEsum
A0 A1)
(12)
Let c2Esum 2EABS__sum : 1=>1=>1 be given. Assume the following.

VA 2Ta.nonempty A 27a=VA_27b.nonempty A_27b=c 2Esum_2FEABS__sum

A27a A27b € ((ty2Esum 2Esum A-27a A_27p)(*2™)"7)%)
(13)

Definition 13 We define c_2Esum_2EINL to be N\A_27a : t.NA_27b : 1.AV0e € A 27a.(ap (c2Esum_2EABS
Let c_2FEoption_2FEoption__ABS : 1= be given. Assume the following.

YA 2Ta.nonempty A_27a=-c_2Eoption_2Eoption__ABS A 2Ta €

((ty,2E0pti0n,2E0ption A727a)(ty,2Esum,2Esum A_27a ty,ZE'one,2Eone)) (14)



Definition 14 We define c_2Eoption_2ESOME to be AA_27a : 1t.AV 0z € A_27a.(ap (c-2Eoption_2Eoption__

Definition 15 We define c 2Emin_2E_40 to be A\A.AP € 24.if (3z € A.p (ap P z)) then (the (\z.xz € AN
of type 1=>t.

Definition 16 We define c_2Ebool 2ECOND to be NA_27a : t.(AVOt € 2.(AV1tl € A 27a.(A\V2t2 € A27a.(
Let c2Ellist 2Ellist__abs : 1= be given. Assume the following.

YA 27a.nonempty A_27a=c2Fllist 2FEllist__abs A_27a €
((ty,2EllZSt,2EllZSt A727a)((ty,ZEoption,QEoption A,27a)ty*2E"um*2E"“m))

(15)

Definition 17 We define c_2Ellist 2ELCONS to be AA_27a : t.AVOh € A_27a.\V 1t € (ty_2Fllist 2FEllist A.
Definition 18 We define c_2Eone_2Eone to be (ap (c_2Emin_2E_40 ty_2FEone_2FEone) (A\V0x € ty_2FEone_2
Definition 19 We define c_2Ebool 2E_TE to be (AVOt € 2.(ap (ap c_2Emin_2E_3D_3D_3E V0t) c_2Ebool 2E
Definition 20 We define c_2Esum_2EINR to be AA_27a : t.NA_27b : 1. AV 0e € A 27b.(ap (c-2Esum_2EABS
Definition 21 We define c_2Eoption_2ENONE to be AA_27a : t.(ap (c-2Eoption_2FEoption__ABS A_27a) (c
Definition 22 We define c_2Ellist_2ELNIL to be A\A_27a : t.(ap (c2Ellist 2Ellist__abs A27a) (A\V0On € ty.

Let ty_2FEpair_2Eprod : t1=>t=>t be given. Assume the following.

YV AO.nonempty A0=YAl.nonempty Al=nonempty (ty_2Epair 2Eprod
A0 A1)
(16)

Definition 23 We define c_2Ecombin_2EK to be A\A_27a : t.AA_27b : 1. (AVO0z € A27a.(A\V1y € A27b.V0zx
Definition 24 We define c_2Ecombin_2Eo to be NA_27a : 1.AA27b : LAA2Tc : LAVOSf € (A2767-27) AV 1,
Let c2Epair 2ESN D : 1=-1=>1 be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=c_2FEpair 2ESN D
A927a A27b € (A727b(ty,2Epair,2Eprod A_27a A,27b))
(17)
Let c2Epair 2EF ST : 1=1=1 be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=c_2FEpair 2EFST
A927a A27b € (A727a(ty,2EpaiT;2Eprod A_27a A,27b))
(18)

Definition 25 We define c_2Epair 2EUNCURRY to be AA_27a : t.AA2Tb : L. AA27c : L. AVOf € ((A27¢47



Let c 2FEoption 2EOPTION __BIND : 1=-1=>1 be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=c_2Foption 2EOPTION __BIN D
A92Ta A2Th € ( ( (ty,QEoption,ZEoption A727a) ((ty_2Eoption_2Eoption A_27a)4-27%) ) (ty_2FEoption_2Eoption A_27

(19)
Let c2Earithmetic2EFUN POW : 1= be given. Assume the following.
YA 27a.nonempty A_27a=c_2FEarithmetic 2EFUN POW A_27a € (20)
A,27a)

(((A727aA,27a)ty,QEnum,QEnum) (A27a

)
Let c2Eoption 2EOPTION __M AP : 1=1=-1 be given. Assume the following.

VA 2Ta.nonempty A_27a=YA_27b.nonempty A_27b=c_2Foption 2EOPTION__M AP
A27a A27b € (((ty_2Eoption_2Eoption A_27b)(ty-2Eoption2Eoption A*27a))(A*27bA727a))
(21)

Definition 26 We define c 2Ellist 2ELUNFOLD to be AA_27a : 0. AA_27b : 1. A\VOf € ((ty_2Eoption_2FEoptio
Let ¢ 2Fllist 2ELGENLIST : 1= be given. Assume the following.

VA_27a.nonempty A 27a=c 2Ellist 2ELGENLIST A 27a € ((
(ty,2Ell’LSt,2E”ZSt A727a) (ty-2Eoption_2Eoption ty_2Enum_2Enum) ) (A,27aty*2E"“m*2E"”m))

(22)
Definition 27 We define c_2Ebool 2E_3F to be AA_27a : 1. (AVOP € (24-27).(ap VOP (ap (c_2Emin_2E_40
Definition 28 We define c_2Ebool 2E_5C_2F to be (AVO0t1 € 2.(A\V1¢2 € 2.(ap (c_2Ebool 2E_21 2) (A\V2¢ €
Let c2Eoption 2Eoption._ CASE : 1=>1=>1 be given. Assume the following.

VA 2Ta.nonempty A27a=YA_27b.nonempty A_27b=c_2Foption_2FEoption__CASE
A27a A2Tb € (((A727b(A,27bA*27”))A,27b)(ty,QE’option,ZEoption A,27a)>
(23)
Let c2Epair 2EABS __prod : 1=>1=>1 be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=c_2FEpair 2EABS __prod

A27a A27b € ((ty_2Epair 2Eprod A 27a A,27b)((2A,z7b)A,2m))
(24)

Definition 29 We define c_2Epair 2E_2C to be NA_27a : t. AA27b : 1. AV Oz € A27a.\V1y € A27b.(ap (c-2
Definition 30 We define c_2Epair_2Epair__CASE to be AA_27a : t. \A27b : t.AA27c : 1. AV Op € (ty-2Epair.
Definition 31 We define c_2Eprim__rec_2E_3C to be A\VOm € ty_2Enum_2Enum.\V1n € ty_ 2Enum_2Enu

Assume the following.

(VVOm € ty_2Enum_2Enum.((ap (ap c2Earithmetic 2E 2B VO0m)

c_2Enum_2EQ) = VOm)) (25)



Assume the following.

(YVOm € ty 2Enum_2Enum.(VV1n € ty_ 2Enum_2Enum.(
(ap (ap c2Earithmetic2E 2B VOm) V1n) = (ap (ap c.2Earithmetic.2E 2B
Vin) VOm))))

(26)

Assume the following.
(YVOm € ty2Enum_2Enum.((VOm = c_2Enum_2E0)V(IV1n € (27)

ty_ 2Enum_2Enum.(VOm = (ap c.2Enum_2ESUC V'1n)))))

Assume the following.
True (28)

Assume the following.
(VVO0t1 € 2.(VV 12 € 2.(((p VOt1)=(p V1£2))=(((p (29)

V1e2)=(p VOt1))=((p V0tl)&(p V1t2))))))

Assume the following.
(VVOt € 2.(False=(p V0t))) (30)

Assume the following.
(VVOt € 2.((~(=(p VOr))=(p VOO)))A(((-True)=False) A (31)

((mFalse)=True)))

Assume the following.

VA_27a.nonempty A 27a=(VV0x € A27a.(V0x = V0z)& (32)
True))

Assume the following.

VA 27a.nonempty A27a=(VV0x € A27a.(VV1y € (33)

A27a.(VOz = V1y)e(V1y = VOx))))
Assume the following.

(YVOt € 2.(((True=(p VOt))(p VOO))A(((p VOt )&True)<
(p VOOIA(((Falses(p VOt))<(—(p VOO)))A(((p VOt)=False)=(—-( (34)

pV01))))))

Assume the following.

(VWOt1 € 2.(VV 112 € 2.(VV2t3 € 2.(((p VOt1)=
((p V1t2)=(p V2t3)))=(((p VOtL)A(p V1t2))=(p V2t3))))))



Assume the following.

VA_27a.nonempty A27a=(VVOP € 2.(VV1Q € 2.

(VV2x € A27a.(VV3x 27T € A27a.(VV4y € A 27a.
(VWhy27 € A27a.(((p VOP)=(p V1Q)A(((p V1Q)=(V2z = V3z27))A
((=(p V1Q))=(V4y = V5y-27))))=((ap (ap (ap (c_2Ebool 2ECOND A_27a)
VOP) V2z) V4y) = (ap (ap (ap (c-2Ebool 2ECOND A_27a) V1Q) V3x_27)

Vy 21)))
(36)
Assume the following.

VA 27a.nonempty A27a=((VVO0tl € A27a.(VV1t2 €
A27a.((ap (ap (ap (c-2Ebool 2ECOND A_27a) c_2Ebool 2ET) V0t1)
V1t2) = VOt1)))A(YV 21 € A27a.(VV3t2 € A 27a.((ap
(ap (ap (c-2Ebool 2ECOND A_27a) c_2Ebool 2EF) V2t1) V3t2) = V3t2))))

(37)
Assume the following.
(VVOv € 2.((p (ap c2Ebool_2EBOUNDED V0v))<True)) (38)
Assume the following.
VA_27a.nonempty A_27a=(VVOh € A27a.(VV1t €
(ty2Ellist 2Ellist A27a).((=((ap (ap (c2Ellist_2ELCONS A_27a) (39)

VOh) V1t) = (c_2Ellist2ELNIL A_27a)))A(—((c-2Ellist_2ELNIL
A_27a) = (ap (ap (c-2Ellist2ELCONS A_27a) VOh) V'1t))))))

Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(

YVOf € ((ty-2Eoption_2FEoption (ty_2Epair 2Eprod A 27a
A_27b))A-270) (YV 1z € A27a.((ap (ap (c_2Ellist 2ELUNFOLD
A27b A27a) VOf) Viz) = (ap (ap (ap (c-2Foption_2Eoption__C ASE
(ty-2Epair 2Eprod A27a A27b) (ty-2Ellist 2Ellist A_27b)) (
ap VOf Viz)) (c2Ellist2ELNIL A_27b)) (A\V2v € (ty_2Epair_2Eprod
A27a A27b).(ap (ap (c-2Epair_2Epair__CASE (ty_2FEllist 2Ellist
A_27b) A27a A_27b) V2v) (A\V3ul € A27a.(A\V4v2 € A_27b.(ap
(ap (c-2Ellist_2ELCONS A_27b) V4v2) (ap (ap (c-2Ellist_2ELUNFOLD
A27b A 27a) VOf) V3ul))))))))))

(40)



Assume the following.

VA _27a.nonempty A 27a=((VVOf € (A_27qty-2Enum-2Enum)
((ap (ap (c2Elist 2ELGENLIST A-27a) VOf) (c_2Eoption.2ENONE
ty 2Enum_2Enum)) = (ap (ap (c2Ellist 2ELUNFOLD A_27a ty_2Enum_2Enum)
(AV1n € ty 2Enum_2Enum.(ap (c_2Eoption 2ESOME (ty_2Epair_2Eprod
ty 2Enum_2Enum A_27a)) (ap (ap (c-2Epair 2E_2C ty_2Enum_2Enum
A27a) (ap (ap c2Earithmetic2E 2B V1n) (ap c_2Earithmetic. 2ENUMERAL
(ap c2Earithmetic_2EBIT1 c_2Earithmetic 2EZERO)))) (ap VOf
V1n))))) c2Enum_2E0)))A(VV2f € (A27qty-2Enum-2Enum)
(VV3lim € ty2Enum_2Enum.((ap (ap (c2Ellist 2ELGENLIST
A27a) V2f) (ap (c_2Eoption 2ESOME ty_2Enum_2Enum) V3lim)) = (
ap (ap (c2Ellist 2ELUNFOLD A 27a ty 2Enum_2Enum) (A\V4n € ty 2Enum_2Enum.
(ap (ap (ap (c_2Ebool 2ECOND (ty_2FEoption_2FEoption (ty_2Epair_2Eprod
ty2Enum_2Enum A-27a))) (ap (ap c2Eprim__rec_2E_3C V4n) V3lim))
(ap (c2Eoption 2ESOME (ty_2Epair 2Eprod ty-2Enum_2Enum A_2Ta))

(ap (ap (c-2Epair-2E_2C ty_2Enum_2Enum A_27a) (ap (ap c2Earithmetic 2E 2B
V4n) (ap c2Earithmetic 2ENUMERAL (ap c_2Earithmetic 2EBIT1
c_2Earithmetic_2EZEROQ)))) (ap V2f V4n)))) (c_2Eoption_2ENONE

(ty-2Epair 2Eprod ty_2Enum_2Enum A_27a))))) c.22Enum_2E0)))))
(41)
Assume the following.

(VVOn € ty_2Enum_2Enum.(—((ap c22Enum_2ESUC V0n) = c_2Enum_2EQ)))
(42)
Assume the following.

VA_27a.nonempty A_27a=(VV0opt € (ty-2Foption_2Eoption
A_27a).((VOopt = (c_2Eoption_2ENONE A_27a))V(IV1z € A 27a. (43)
(V0opt = (ap (c-2Eoption 2ESOME A_27a) V1x)))))

Assume the following.

VA_27a.nonempty A27a=VA_27b.nonempty A_27b=(
(YVOv € A27b.(VV1f € (A2764-27%) ((ap (ap (ap (c2Eoption_2Eoption._ CASE
A_27a A_27b) (c_2Eoption2ENONE A_27a)) VOv) V1f) = VOv)))A(VV 2z €
A27a.(VV3v € A27b.(VV4f € (A2764-27%) ((ap (ap
(ap (c2FEoption_2FEoption._CASE A 27a A_27b) (ap (c_2Eoption_2ESOME
A27a) V2z)) V3vu) VAf) = (ap V4Af V21))))))
(44)
Assume the following.

VA 2Ta.nonempty A27a=(VV0x € A27a.(VV1y €
A27a.(((ap (c-2Eoption 2ESOME A_27a) V0x) = (ap (c-2Eoption_2ESOME
A27a) V1y))e(Vor = Viy))))
(45)
Assume the following.

VA_27a.nonempty A27a=(VYV0x € A_27a.(—((c_2Eoption_2ENONE

A27a) = (ap (c-2Eoption 2ESOME A 27a) V0z)))) (46)



Assume the following.

VA 2Ta.nonempty A_27a=YA_27b.nonempty A_27b=VA 27c.
nonempty A 27¢c=(VV0x € A27b.(VV1y € A27c.(NV2f €
((A27a4-27¢)A-2T) ((ap (ap (c_2Epair_2Epair__CASE A_27a A_27b
A27¢) (ap (ap (c2Epair 2E 2C A_27b A 27¢c) VOx) V1y)) V2f) = (ap
(ap V2f VOz) V1y)))))

(47)
Assume the following.

(VVOn € ty-2Enum_2Enum.(—(p (ap (ap c-2Eprim__rec_2E_3C (48)
VOn) c.2Enum_2E0))))

Assume the following.

(VVOn € ty_2Enum_2Enum.(p (ap (ap c2Eprim__rec_2E_3C c_2Enum_2EQ)
(ap c.22Enum_2ESUC V0n))))
(49)

Theorem 1

VA _27a.nonempty A27a=(VYVOf € (A_27qty-2Enum-2Enum)
(VV1n € (ty-2Eoption_2Eoption ty_2Enum_2Enum).((((ap
(ap (c2Ellist 2ELGENLIST A 27a) VOf) V1n) = (c_2Ellist_2ELNIL
A_27a))=(V1in = (ap (c2Eoption 2ESOME ty_2Enum_2Enum) c_2Enum_2EQ)))A
(((c2Ellist_2ELNIL A_27a) = (ap (ap (c2Ellist 2ELGENLIST A_27a)
VOf) Vin))e(Vin = (ap (c2Eoption 2ESOME ty_2Enum_2Enum) c_2Enum_2E0))))))



