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Definition 1 We define c.2Emin_2E_3D to be AA.\x € A y € A.inj_o (z =vy)
of type t=>t.

Definition 2 We define c_2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (\VO0z € 2.V0z)) (A\V1x € 2.V
Let ty 2Enum_2Enum : ¢ be given. Assume the following.

nonempty ty_2Enum_2Enum (1)
Let c.2Farithmetic2E 2D : . be given. Assume the following.

c2Earithmetic2E_2D € ((ty-2Enum_ 2 EnumtY-2Enum-2Enum)ty 2Enum-_2Enum )
(2)
Definition 3 We define c_2Ebool 2E 21 to be N\A_27a : t.(A\VOP € (24-27%) (ap (ap (c_2Emin_2E_3D (24-27

Definition 4 We define c_2Ebool 2EF to be (ap (c_2Ebool 2E_21 2) (AV 0t € 2.V 0t)).

Definition 5 We define c.22Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_-o (p P=p Q)
of type ¢.

Definition 6 We define c.2Ebool 2E_2F_5C to be (AV0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t € ¢

Definition 7 We define c.2Emin_2E_40 to be \A.XP € 24.if (3z € A.p (ap P x)) then (the (\z.x € ANp
of type t=>t.

Definition 8 We define c_.2Ebool 2ECOND to be AA_27a : t.(AVOt € 2.(A\V1tl € A_27a.(AV2t2 € A 27a.(a
Let c2Enum 2EZERO__REP : . be given. Assume the following.

c2Enum 2EZERO__REP € omega (3)
Let c2Enum 2EABS__num : ¢ be given. Assume the following.

c2Enum_2EABS__num € (ty-2Enum_2Enum°™") (4)



Definition 9 We define c 2Enum_2EQ to be (ap c2Enum_2EABS_num ¢ 2Enum 2EZERO__REP).
Definition 10 We define c_2Earithmetic_2EZERO to be c_2Enum_2EOQ.
Let c2Enum 2EREP__num : ¢ be given. Assume the following.
c2Enum 2EREP_num € (omegaty-2Fnum-2Enum) (5)
Let c2Enum 2ESUC__REP : 1 be given. Assume the following.
c2Enum 2ESUC_REP € (omega®™9%) (6)

Definition 11 We define c 2Enum_2ESUC to be \VOm € ty 2Enum_2Enum.(ap c2Enum_2EABS__num

Let c2FEarithmetic2E 2B : 1 be given. Assume the following.

c.2Earithmetic2E 2B € ((ty_2Enum_2Enumty-2Enum-2Enum )ty 2Enum_2Enum)

(7)
Definition 12 We define c 2Earithmetic_2EBIT1 to be A\VOn € ty_2Enum_2Enum.(ap (ap c_2Earithmetic
Definition 13 We define c_2Earithmetic 2ENUMERAL to be A\VOx € ty_2Enum_2Enum.V0x.
Let ty_2Fone_2Fone : 1 be given. Assume the following.
nonempty ty_2Eone_2FEone (8)
Let ty_2Esum_2FEsum : t=>t=>t be given. Assume the following.

VAO.nonempty A0=VAl.nonempty Al=nonempty (ty_2Esum_2FEsum
A0 A1)
(9)

Let c2Esum 2EABS__sum : 1=>1=-1 be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=c 2Esum 2EABS__sum

A27a A27b € ((ty-2Esum_2Esum A27a A,27b)(((2A727b)A727a)2))
(10)

Definition 14 We define c_2Esum_2EINL to be NA_27a : 1. NA_27b : 1. AV0e € A 27a.(ap (c2Esum_2EABS
Let ty_ 2FEoption_2FEoption : 1=t be given. Assume the following.

VAO.nonempty A0=nonempty (ty-2FEoption_2FEoption A0) (11)
Let c2Eoption 2Eoption__ABS : 1=t be given. Assume the following.

VA 2T7a.nonempty A_27a=-c2FEoption_2Eoption__ABS A_27a €

((ty,QEoptzononptzon A727a) (ty2Esum_2Esum A_27a ty_2FEone_2FEone) ) (1 2)

Definition 15 We define c 2Eoption_ 2ESOME to be AA_27a : 1. AV 0z € A 27a.(ap (c2Eoption_2Eoption__



Definition 16 We define c 2Ebool 2E_3F to be AA_27a : . (AVOP € (24-27%).(ap VOP (ap (c.2Emin_2E_40
Definition 17 We define c_2Eone_2Eone to be (ap (c_2Emin_2E_40 ty_2Fone_2FEone) (A\V0x € ty_2Fone_2
Definition 18 We define c_2Ebool 2E_TE to be (A\VOt € 2.(ap (ap c_2Emin_2E_3D_3D_3E V0t) c_2Ebool 2E
Definition 19 We define c_2Esum_2EINR to be AA_27a : t. \A_27b : 1. AV 0e € A27b.(ap (c2Esum_2EABS
Definition 20 We define c2Eoption_2ENONE to be AA_27a : t.(ap (c-2Eoption_2Eoption__ABS A_27a) (c

Definition 21 We define c 2Ebool 2E 5C_2F to be (A\V0t1 € 2.(A\V'1t2 € 2.(ap (c_2Ebool 2E_ 21 2) (AV2t €

Definition 22 We define c_2Ellist 2Elrep__ok to be AA_27a : ¢.(AV0a0 € ((ty_2Foption_2Eoption A,27a)ty’
Let ty 2Fllist 2Ellist : t=>1 be given. Assume the following.

VAO.nonempty A0=nonempty (ty-2FEllist 2Ellist A0) (13)
Let c2Ellist 2Ellist__rep : 1= be given. Assume the following.

VA 2Ta.nonempty A 27a=c2Ellist 2Ellist_rep A27a €
(((ty,ZEoption,QEoption A727a)ty,2Enum,2Enum)(ty,ZEllist,QEllist A,27a))
(14)
Let c2FEllist 2Ellist__abs : 1= be given. Assume the following.

VA 27a.nonempty A_27a=-c 2Ellist 2Ellist__abs A 27a € (15)
((ty2Ellist 2Ellist A_27a)((ty-2Eoption-2Eoption A*27a)ty*2Emm72Emm))
Definition 23 We define c_2Ellist_2ELHD to be AA_27a : t.A\VOll € (ty2Ellist 2Ellist A27a).(ap (ap (c-2
Let c_2FEoption_2FEoption__CASE : t=-t=>t be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=c_2Foption_2FEoption__CASE
A927a A2Th € (((A727b(A,27bA*27“’))A,27b)(ty,ZEoption,ZEoption A,27a))
(16)

Definition 24 We define c 2Ellist 2ELTL to be AA_27a : ¢ AV Ol € (ty 2Ellist 2Ellist A27a).(ap (ap (ap
Definition 25 We define c_2Ellist 2ELCONS to be AA_27a : t.AVOh € A_27a.\V 1t € (ty_2Fllist 2FEllist A.
Definition 26 We define c_2Ellist_2ELNIL to be NA_27a : v.(ap (c2Ellist 2Ellist__abs A27a) (A\V0On € ty.
Let c2FEoption 2ETHE : 1= be given. Assume the following.
VA 27a.nonempty A 27a=c2FEoption 2ETHE A 27a € (AQ?a“yzE”p“OZQ?D”“‘m A27a))
17

Assume the following.
True (18)



Assume the following.

(VV0t1 € 2.(9V1t2 € 2.(((p VOr1)=(p V1£2)=(((p

V12)=(p VOL1)=((p VOrL)e(p V1t2))))) (19)

Assume the following.
(VVOt € 2.(False=(p V0t))) (20)

Assume the following.
(VVot € 2.((p VOr)V(=(p VOL)))) (21)

Assume the following.
VA 27a.nonempty A27a=(VYVO0t € 2.((IV1x € (22)

A27a.(p VOt))=(p VOL)))
Assume the following.

(YVOt € 2.(((Truen(p VOt))<=(p VOO))A((((p VOE)ATrue)<
(p VOO)A(((Falsen(p VOt))=False)A((((p VOt)AFalse)< False)A  (23)

(((p VOOA(p VOE))&(p V01)))))))

Assume the following.

(VVOt € 2.(((TrueVv(p VOt))eTrue) AN((((p VOt)VTrue)=True)A
(((FalseV(p VOt))e(p VO))A((((p VOt)VFalse)=(p VOt)A(((p VOt)v

(p VOt))&=(p VO0L)))))))
(24)
Assume the following.

(YVOt € 2.(((True=(p VOt))=(p VOO)A((((p VOt)=True)<
True)A(((False=(p VOt))eTrue) A((((p VOt)=(p VOt))=True)A(( (25)
(p VOt)= False)=(=(p V01))))))))

Assume the following,.

((VVOt € 2.((=(—(p VOt)))=(p VO)) )A(((—True)<False) A

((mFalse)=True))) (26)

Assume the following.
VA 27a.nonempty A27a=(VV0x € A27a.(VOx = V0x)) (27)

Assume the following.
VA_27a.nonempty A 27a=(VV0x € A27a.(V0x = V0z)& (28)

True))



Assume the following.

VA 27a.nonempty A 27a=(VV0zx € A27a.(VV1y €
A27a.(VOz = V1y)e(V1y = VOx))))

Assume the following.

(YVOt € 2.(((Trues(p VOt))=(p VOr))
(p VOO)A(((Falses(p VOt))<=(—(p VOt)))

p V01)))))))

((((p VOt)yoTrue)s

A
A(((p VOt)=False)<(—(

Assume the following.

(VWO0A € 2.(WW1B € 2.(vV2C € 2.(((p VOA)V(
(p VIB)A(p V20)))&(((p VOA)V(p VIB))A((p VOA)V(p V2C)))))))

Assume the following.

(VWO0A € 2.(VV1B € 2.(vV2C € 2.((((p V1B)A
(p V2C)V(p VOA))=(((p VIB)V(p VOA)A((p V2C)V(p V0A)))))))

Assume the following.

(VW01 € 2.(VV1t2 € 2.(VV2t3 € 2.(((p VOt1)=
((p V1t2)=(p V2t3)))=(((p VOLL)A(p V1t2))=(p V2t3))))))

Assume the following.

(VWWO0z € 2.(VW 1z 27 € 2.(VV2y € 2.(VV3y_27 €
2.((((p Voz)e(p V1z27))A((p V1z27)=((p V2y)&(p V3y-27))))=
(((p VOz)=(p V2y))=((p V12 2T)=(p V3y-27))))))))

Assume the following.

(VVOz € 2.(VV1y € 2.(VV2z € 2.(VV3w €
2.((((p Voz)=(p V1y))A((p V22)=(p V3w)))=(((p VOz)A(p V2z))=
((p V1iy)A(p V3w))))))))

Assume the following.

(VVOz € 2.(VV1y € 2.(VV2z € 2.(VV3w €
2.((((p VOz)=(p V1y))A((p V22)=(p V3w)))=(((p VOz)V(p V22))=
((p Viy)v(p V3w))))))))

Assume the following.

VA 27a.nonempty A27a=(YVOP € (24-277).(VV1Q €
(24-279) ((VV2z € A27a.((p (ap VOP V22))=(p (ap V1Q V22))))=
((3V3x € A27a.(p (ap VOP V3zx)))=(IV4x € A27a.(p (
ap V1Q V4dx)))))))
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(30)

(33)

(34)

(35)

(36)

(37)



Assume the following.

VA 27a.nonempty A27a=(YVOP € (24-27%).(VV1a €
A27a.((3V2zx € A27a.((V22 = V1a)A(p (ap VOP V2z))))<=(p ( (38)
ap VOP V1a)))))

Assume the following.

VA 27a.nonempty A27a=((VV0a € (ty_2Ellist_2Ellist
A 27a).((ap (c2Ellist 2Ellist__abs A_27a) (ap (c2Ellist 2Ellist__rep
A27a) V0a)) = V0a))A(VV1r € ((ty-2Eoption 2Eoption A_27q)-2Enum-2Enum),
((p (ap (c2Ellist_2Elrep__ok A_27a) V1r))<((ap (c-2Ellist_2Ellist__rep
A_27a) (ap (c2Ellist 2Ellist__abs A27a) V1r)) = V1r))))
(39)
Assume the following.

VA 27a.nonempty A_27a=(VV0h € A27a.(VV1t €
(ty2Ellist 2Ellist A27a).(((ap (c2Ellist2ELHD A_27a) (ap
(ap (c_2Ellist 2ELCONS A_27a) VOh) V1t)) = (ap (c-2Eoption_2ESOME
A_27a) VOR))A((ap (c2Ellist_2ELTL A_27a) (ap (ap (c-2Ellist_2ELCONS
A_27a) VOh) V1t)) = (ap (c-2Eoption_2ESOME (ty_2Ellist 2FEllist
A270)) V1H))))
(40)
Assume the following.

VYA_27a.nonempty A27a=(VV Ol € (ty-2Ellist 2Ellist
A-27a).(VOL = (c_2Ellist2ELNIL A_27a))V(3V1h € A_27a.
(IV2t € (ty 2Ellist 2Ellist A 27a).(VOl = (ap (ap (c2Ellist_ 2ELCONS
A_27a) V1h) V2t))))))

(41)
Assume the following.
VA 27a.nonempty A_27a=(VVOh € A27a.(VV1t €
(ty2Ellist 2Ellist A27a).((=((ap (ap (c2Ellist_2ELCONS A_27a) (42)

VOh) V1t) = (c_2Ellist2ELNIL A_27a)))A(—((c-2Ellist_2ELNIL
A_27a) = (ap (ap (c-2Ellist2ELCONS A_27a) VOh) V'1t))))))

Assume the following.

VA 27a.nonempty A 27a=-(VVOhl € A 27a.(VV1tl €
(ty_2Ellist 2Ellist A27a).(YV2h2 € A_27a.(YV3t2 €
(ty2Ellist 2Ellist A27a).(((ap (ap (c2Ellist_2ELCONS A_27a) (43)
VOh1) V1tl) = (ap (ap (c2Ellist 2ELCONS A_27a) V2h2) V3t2)) s ((
VOhl = V2h2)A(V1tl = V3t2)))))))



Assume the following.

VA 27a.nonempty A27a=(VVOIl € (ty-2Ellist_2Ellist
A27a).((((ap (c2Ellist_2ELHD A_27a) V0Il) = (c_2Eoption 2ENONE
A_27a))<=(V0Il = (c_2Ellist_2ELNIL A_27a)))A(((c-2Eoption_.2ENONE

A_27a) = (ap (c2Ellist_2ELHD A_27a) V0Il))<(V0Il = (c_2Ellist_2ELNIL
4270)))
(44)
Assume the following.

VA_27a.nonempty A_27a=(VVOIl1 € (ty2Fllist 2Ellist
A_27a).(VV1l2 € (ty-2Ellist 2Ellist A27a).(VOl1 =
Vlll2)<:>(E|V2R c ((2(ty,2Ellist,2Ellist A,27a))(ty,2Ellist,2Ellist A,27a)).
((p (ap (ap V2R VOII1) V1I2))A(VYV3II3 € (ty-2Ellist 2Ellist
A27a).(VV4il4 € (ty-2Ellist 2Ellist A27a).((p (ap (ap
V2R V3I3) VAll4))=(((V3U3 = (c_2Ellist 2ELNIL A_27a))A(VAll4 =  (45)
(c_2Ellist 2ELNIL A_27a)))V(IV5h € A_27a.(IV6t1 €
(ty_2Ellist 2Ellist A 27a).(3VTt2 € (ty 2Ellist 2Ellist
A_27a).(V3II3 = (ap (ap (c-2Ellist2ELCONS A_27a) V5h) V6t1))A
((V4li4 = (ap (ap (c-2Ellist22ELCONS A_27a) V5h) V7t2))A(p (ap (

ap V2R V6t1) V7t2))))))))))))))))

Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=>(
(YVOv € A27b.(VV1f € (A2764-27%) ((ap (ap (ap (c2Eoption_2Eoption__CASE
A27a A27b) (c2Eoption_2ENONE A_27a)) VOv) V1f) = VOu)))A(VV 2z €
A27a.(YV3v € A27b.(VV4f € (A2764-27%) ((ap (ap
(ap (c2Foption_2FEoption__CASE A_27a A_27b) (ap (c_2Eoption_2ESOME
A_27a) V2z)) V3vu) VAf) = (ap V4 V2x))))))
(46)
Assume the following.

VA 27a.nonempty A27a=(VV0x € A27a.(VV1y €
A27a.(((ap (c-2Eoption 2ESOME A_27a) V0x) = (ap (c-2Eoption_2ESOME
A27a) V1y))e(Vor = Viy))))

(47)

Assume the following.
VA 27a.nonempty A-27a=(VV0x € A27a.(—((c_2Eoption_2ENONE (48)

A_27a) = (ap (c2Eoption 2ESOME A_27a) V0z))))

Assume the following.

VA 27a.nonempty A 27a=(VO0x € A27a.((ap (c2FEoption 2ETHE (49)
A_27a) (ap (c_2Eoption 2ESOME A_27a) VO0zx)) = V0z))

Assume the following.

(VVOt € 2.((=(—(p VOt)))=(p VOL))) (50)



Assume the following.
(VV0A € 2.((p VOA)=((—(p VOA))=False))) (51)
Assume the following.

(VV0A € 2.(WVV1B € 2.(((—((p VOA)V(p V1B)))=False)&

((p VOA)=False)=((—(p V1B))=False))))) (52)
Assume the following.
(VV0A € 2.(WV1B € 2.(((=((=(p VOA))V(p V1B)))=False)= (53)

((p VOA)=((~(p V1B))=False)))))
Assume the following.
(VV0A € 2.(((—(p VOA))=Fualse)=(((p VOA)=False)=False)))  (54)

Assume the following.

(VVOp € 2.(¥V1q € 2.(¥V2r € 2.(
(p Vig)e(p V2r)))e(((p Vop)V(lp V1g)V(p V2
p V2r))V(=(p V1g))A(((p V1g)V((=(p V2r))
((=(p V1g))v(=(p VOp) ))))

Assume the following.

(VVOp € 2.(VV1g € 2.(VV2r € 2.(((p VOp)=(
(p V1igA(p V2r)))=(((p VOp)V((=(p qu))V(ﬂ)(p V2T)))))A(((p Vig)Vv

Assume the following.

(VVOp € 2.(VV1qg € 2.(WV2r € 2.(((p VOp)=(
(p Vig)V(p V2r)))=(((p VOp)V(=(p V1g)))A(((p VOp)V(=(p V2r)))A

((p V1ig)V((p V2r)V(=(p V0p)))))))))) o)
Assume the following.

(VWOp € 2.(VV1q € 2.(VV2r € 2.(((p VOp)=(
(p V1g)=(p V2r)))=(((p VOop)V(p V1g)A(((p VOp)V(=(p V2r))A(  (58)
—(p V1g))V((p V2r)V(=(p VOp))))))))))

Assume the following.

(YVOp € 2.(VV1g € 2.(((p VOp)=(=(p V1g)))=(((p VOp)V

(b VIg)A((=(p VIg)V(~(p VOP))))) (59)
Assume the following.
(YVOp € 2.(vV1g € 2.((—((p VOp)=(p V1q)))=(p VOp)))) (60)

8



Assume the following.

(VVOp € 2.(vV1g € 2.((~((p VOp)=(p V1q)))=(=(p V1q)))))  (61)
Assume the following.

(VVOp € 2.(vW1g € 2.((=((p VOp)V(p V1q)))=(~(p V0p)))))  (62)
Assume the following.

(WWop € 2.(VV1g € 2.((=((p VOp)V(p V1g)))=(=(p V1g)))))  (63)

Assume the following.

(VVOp € 2.((=(=(p VOp)))=(p VOp))) (64)
Theorem 1

VA_27a.nonempty A 27a=(VVO0Ill1 € (ty2Ellist 2Ellist
A27a).(YV 12 € (ty2Ellist 2Ellist A-27a).((VOUl =
VlllQ)@(ﬂVQR c ((Q(tijllist,QEllist A,27a))(tylEllistJEllist A,27a)).

((p (ap (ap V2R VOU1) V1U2))AN(VV 33 € (ty_2Fllist 2Ellist
A27a).(VV 44 € (ty2Ellist 2Ellist A27a).((p (ap (ap
V2R V3UI3) V4ll4))=(((V3U3 = (c_2Ellist 2ELNIL A_27a))A(V4ll4 =
(c_2Ellist 2ELNIL A_27a)))V(((ap (c_2Ellist 2ELHD A_27a) V3II3) =
(ap (c-2Ellist_2ELHD A_27a) V4il4))A(p (ap (ap V2R (ap (c2Eoption 2ETHE
(ty_2Ellist 2Ellist A27a)) (ap (c_2Ellist 2ELTL A_27a) V' 3113)))

(ap (c2Eoption 2ETHE (ty_2Ellist 2Ellist A27a)) (ap (c2Ellist 2ELTL

A27a) V4lI4))))))))))))))

T~~~



