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Definition 1 We define c.2Emin_2E_3D to be AA.\x € A \y € A.inj_o (z = y)
of type t=>t.

Definition 2 We define c 2Ebool 2ET to be (ap (ap (c_2Emin 2E_3D (22)) (A\V 0z € 2.V0z)) (\V1z € 2.V
Let c2Enum 2EZFERO__REP : 1 be given. Assume the following.
c2Enum 2EZERO__REP € omega (1)
Let ty 2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2Enum (2)
Let c2Enum 2EABS__num : ¢ be given. Assume the following.
c2Enum 2EABS__num € (ty_2Enum_2Enum”™%) (3)
Definition 3 We define c2Enum_2EQ to be (ap c2Enum_2EABS_num ¢ 2Enum 2EZERO__REP).
Let ty_2Foption_2FEoption : 1=t be given. Assume the following.
VAO.nonempty A0=nonempty (ty_2FEoption_2FEoption A0) (4)
Let ty_2Fllist 2FEllist : 1= be given. Assume the following.
YV AO.nonempty A0=nonempty (ty_2Ellist 2Ellist A0) (5)
Let ¢ 2FEllist 2FEllist_rep : t=-t be given. Assume the following.

VA 27a.nonempty A 27a=c 2Fllist 2Fllist_rep A27a €
(((ty,QEOptZOTl,QEOptZOTL A727a)ty,2Enum,2Enum)(ty,2Ellist,2E'llist A,27a))

(6)
Definition 4 We define c_22Ebool 2E_21 to be AA_27a : t.(A\VOP € (24-27%).(ap (ap (c.2Emin_2E_3D (24-27

Definition 5 We define c_2Ellist 2ELHD to be AA_27a : +. AV Ol € (ty_2FEllist 2Ellist A_27a).(ap (ap (c 2



Let ¢ 2FEllist 2ELNTH : 1=t be given. Assume the following.

VA 27a.nonempty A 27a=c 2Ellist 2ELNTH A 27a € (((ty_2Eoption_2FEoption
A727a) (ty-2Ellist_2Ellist A,27a))ty,2Enum,2Enum)

(7)
Definition 6 We define c_2Earithmetic.2EZERO to be c_2Enum_2EOQ.

Let c2Enum 2EREP_num : ¢ be given. Assume the following.
c2Enum 2EREP_num € (omega'v-2Enum-2Enum) (8)

Let c2Enum 2ESUC__REP : 1 be given. Assume the following,.
c2Enum 2ESUC__REP € (omega®™9%) 9)

Definition 7 We define c2Enum_2ESUC to be AVOm € ty_2Enum_2Enum.(ap c2Enum 2EABS __num |

Let c_2Farithmetic2E 2B : 1 be given. Assume the following.

c2Earithmetic 2E_2B € ((ty-2Enum_2Enumty-2Enum-2Enum)ty-2Enum-2Enum)
(10)

Definition 8 We define c_2Earithmetic 2EBIT1 to be A\VOn € ty_ 2Enum_2Enum.(ap (ap c2Earithmetic_
Definition 9 We define c_2Earithmetic 2ENUMERAL to be A\VOx € ty_2Enum_2Enum.V0x.
Let ¢ 2FEllist 2FEllist__abs : 1= be given. Assume the following.

YA 27a.nonempty A27a=c 2FEllist 2FEllist__abs A_27a €

((ty,2Ellzst,2Ellzst A727a)((ty,2Eoption,2Eoption A,27a)ty*2E”“m*2E"“m)) (11)
Let ty_2Fone_2Fone : ¢ be given. Assume the following.
nonempty ty_2Eone_2FEone (12)

Definition 10 We define c 2Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_o (p P=p Q)
of type t.

Definition 11 We define c 2Ebool 2E_2F 5C to be (A\V0t1 € 2.(A\V'1t2 € 2.(ap (c_2Ebool 2E_ 21 2) (AV2t €
Let ty 2Esum_2Esum : t=-1=-1 be given. Assume the following.

VAO.nonempty A0=VAl.nonempty Al=nonempty (ty-2Esum_2FEsum
A0 A1)
(13)
Let c2Esum 2EABS__sum : 1=t=t be given. Assume the following.

VA 27a.nonempty A 27a=VA_27b.nonempty A_27b=c_ 2Esum _2FEABS__sum

A27a A27b € ((ty2Esum_2Esum A-27a A_27p)((*2™)"7)%)
(14)



Definition 12 We define c.2Esum_2EINL to be A\A_27a : 1t.NA_27b : 1. AV0e € A 27a.(ap (c2Esum_2EABS

Let c2Eoption_2Eoption__ABS : 1=t be given. Assume the following.

VA 27a.nonempty A_27a=-c_2Eoption_2Eoption__ABS A 2Ta € (15)
((ty,2E0pti0n,2E0ption A727a)(ty,2Esum,2Esum A_27a ty,ZE'one,2Eone))
Definition 13 We define c 2Eoption_ 2ESOME to be AA_27a : 1. AV 0z € A_27a.(ap (c2Eoption_2Eoption__

Definition 14 We define c 2Emin_2E_40 to be A\A.AP € 24.if (3z € A.p (ap P z)) then (the (\z.z € AN
of type t=>t.

Definition 15 We define c_2Eone_2Eone to be (ap (c_2Emin_2E_40 ty_2Fone_2Eone) (A\V0x € ty_2Fone_2
Definition 16 We define c_2Ebool 2EF to be (ap (c_2Ebool_2E_21 2) (AV0t € 2.V 0t)).

Definition 17 We define c_2Ebool 2E_7E to be (AVOt € 2.(ap (ap c_2Emin_2E_3D_3D_3E V0t) c_2Ebool 2E
Definition 18 We define c.2Esum_2EINR to be NA_27a : t.NA_27b : 1. AV 0e € A27b.(ap (c2Esum_2EABS
Definition 19 We define c_2Eoption_2ENONE to be AA_27a : v.(ap (c-2Eoption_2Foption__ABS A_27a) (¢
Let c2Eoption_2Eoption._ CASE : 1=1=-1 be given. Assume the following.

VA 27a.nonempty A 27a=VA_27b.nonempty A_27b=-c_2Foption_2FEoption__ CASE
A927a A27b € (((A727b(A,27bA*27“))A,27b)(ty,2Eoption,2Eoption A,27a))
(16)

Definition 20 We define c_2Ellist_2ELTL to be AA_27a : 1. A\VOIll € (ty-2Ellist 2Ellist A-27a).(ap (ap (ap
Let c.2Earithmetic2EFUN POW : 1= be given. Assume the following.

VA 27a.nonempty A_27a=c2FEarithmetic2EFUN POW A_27a €

(((A727aA,27a)ty,2Enum,2Enum) (A_27a4-272) ) (17)

Let ¢ 2Ellist 2ELDROP : 1= be given. Assume the following.

VA 27a.nonempty A 27a=c 2Ellist 2ELDROP A_27a € (((ty_2Eoption_2Eoption
(ty,QEZZZSt,QE”ZSt A727a))(ty,QEllist,ZEllist A,27a))ty,2Enum,2Enum)
(18)

Definition 21 We define c 2Ebool 2E_3F to be AA_27a : . (AVOP € (24-27%).(ap VOP (ap (c.2Emin_2E_40
Definition 22 We define c_2Ebool 2E_5C_2F to be (A\V0t1 € 2.(AV1¢2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €
Let c2Eoption 2EOPTION __M AP : 1=1=>1 be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=c_2FEoption 2EOPTION__M AP
A27a A27b € (((ty-2Eoption_2Eoption A_27b)(ty-2Eoption-2Eoption A-2Ta))(A-276"-7%))
(19)



Let c.2FEoption 2EOPTION __JOIN : 1= be given. Assume the following.

VA 27a.nonempty A_27a=-c_2Eoption 2EOPTION__JOIN A27a €
((ty,ZEoptiononption A,27CL) (ty_2FEoption_2Eoption (ty_2Eoption_2FEoption A,27a)))
(20)
Let c.2FEoption 2EOPTION__BIND : 1=1=> be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=c_2Foption 2EOPTION __BIND
A27a A27b € ( ( (ty,QEoption,QEoption A727(I) ((ty-2Eoption_2Eoption 14,2711)“"*271J ) ) (ty_2FEoption_2Foption A_27]
(21)
Assume the following.

VA 27a.nonempty A27a=((VVOf € (A27a4-27%).(VV1x €
A 27a.((ap (ap (ap (c2Earithmetic2EFUNPOW A_27a) VOf) c.2Enum_2EQ)
Viz) = V12))A(VV2f € (A27a”-27%).(YV3n € ty_ 2Enum_2Enum.
(VWiz € A27a.((ap (ap (ap (c2Earithmetic2EFUNPOW A_27a)
V2f) (ap c22Enum_2ESUC V3n)) Vdx) = (ap (ap (ap (c-2Earithmetic 2EFUNPOW
A27a) V2f) V3n) (ap V2f Vizx)))))))

(22)

Assume the following.
True (23)

Assume the following.
VA 27a.nonempty A27a=(VV 0t € 2.((VV1x € (24)

A27a.(p VOt))=(p VOL)))

Assume the following.

VA 27a.nonempty A27a=(VV0x € A27a.(VO0zx = VOz)& (25)
True))

Assume the following.

VA 27a.nonempty A27a=(VV0x € A27a.(VV1y € (26)

A27a.(VOx = Viy)e(Viy = V0x))))
Assume the following.

VA 27a.nonempty A27a=((VVO0Il € (ty2Ellist 2Ellist

A27a).((ap (ap (c2Ellist 2ELNTH A_27a) c_2Enum_2EQ) VOIl) =

(ap (c2Elist 2ELHD A_27a) VOU)))A(YV1n € ty2Enum_2Enum.

(VV 21l € (ty-2Ellist 2Ellist A27a).((ap (ap (c.2Ellist 2ELNTH

A27a) (ap c2Enum_2ESUC V1n)) V2Iil) = (ap (c.2Eoption 2EOPTION __JOIN

A_27a) (ap (ap (c2Eoption 2EOPTION__M AP (ty-2Ellist 2FEllist

A_27a) (ty2FEoption_ 2Eoption A_27a)) (ap (c2Ellist 2ELNTH A_27a)
Vin)) (ap (c2Ellist_2ELTL A_27a) V211)))))))

(27)



Assume the following.

VA 27a.nonempty A27a=(VV0n € ty_2Enum_2Enum.(
YV1il € (ty 2Ellist 2Ellist A 27a).((ap (ap (c2Ellist 2ELDROP
A27a) VOn) V1) = (ap (ap (ap (c2Earithmetic 2EFUNPOW (ty-2Eoption_2FEoption
(ty2Ellist 2Ellist A27a))) (A\V2m € (ty-2Eoption_2Eoption
(ty2Ellist_2Ellist A27a)).(ap (ap (c2Eoption 2EOPTION __BIND
(ty2Ellist 2Ellist A27a) (ty-2Ellist 2Ellist A_27a)) V2m)
(c2Ellist 2ELTL A_27a)))) VOn) (ap (c.2Eoption 2ESOME (ty_2Eilist 2Ellist
A 27a)) V1)))))
(28)
Assume the following.

(VVOP € (2ty-2Enum-2Enum) (((p (ap VOP c_2Enum_2EQ))A
(VV1in € ty2Enum_2Enum.((p (ap VOP V1n))=(p (ap VOP (ap c.2Enum_2ESUC
Vin))))))=(NV2n € ty_2Enum_2Enum.(p (ap VOP V2n)))))
(29)
Assume the following.

VA_27a.nonempty A_27a=(VV0opt € (ty_2FEoption_2Eoption
A_27a).((VOopt = (c_2Eoption_2ENONE A_27a))V(IV1z € A 27a. (30)
(V0opt = (ap (c-2Eoption_2ESOME A_27a) V1x)))))

Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(

(YVOf € (A2764-270) (VW 1z € A27a.((ap (ap (c.2Eoption 2EOPTION __M AP
A27a A27b) VOf) (ap (c2Eoption 2ESOME A_27a) V1z)) = (ap (c_2Eoption 2ESOME
A27b) (ap VOFf V12)))ANYV2f € (A2764-27%) . ((ap (ap (c2Eoption 2EOPTION__M AP
A27a A27b) V2f) (c_2Eoption_2ENONE A_27qa)) = (c_2Eoption_2ENONE

A270))
(31)
Assume the following.

VA 27a.nonempty A27a=(((ap (c.2Eoption 2EOPTION __JOIN
A_27a) (c_2Eoption_2ENONE (ty_2Eoption_2Eoption A27a))) = (
c_2Eoption2ENONE A_27a))A(VV 0z € (ty-2Eoption_2Eoption
A27a).((ap (c2Eoption 2EOPTION __JOIN A_27a) (ap (c_2Eoption 2ESOME
(ty_2FEoption_2FEoption A_27a)) V0x)) = VO0z)))
(32)
Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(

(YVOf € ((ty2Eoption 2Eoption A_27a)-2™).((ap (ap (
c2Eoption 2EOPTION__BIND A 27a A_27b) (c_2Eoption 2ENONE A _27b))
VOf) = (c_2Eoption 2ENONE A_27a)))A(VV1x € A27b.(VV2f €
((ty2Eoption_2Eoption A_27a)*-*™).((ap (ap (c.2Eoption 2EOPTION__BIND
A27a A27b) (ap (c2Eoption 2ESOME A_27b) V1z)) V2f) = (ap V2f V1x)))))

(33)



Theorem 1

VA 27a.nonempty A 27a=(VVOn € ty_2Enum_2Enum.(
VYV € (ty2Ellist 2Ellist A_27a).((ap (ap (c_2Ellist 2ELNTH
A_27a) VOn) V1) = (ap (ap (c2Eoption.2EOPTION __BIND A_27a (ty-2Ellist 2Ellist
A27a)) (ap (ap (c2Bllist 2ELDROP A_27a) VOn) V1)) (c_2Ellist 2ELHD
A27a)))))



