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Definition 1 We define c 2Emin_2E_3D to be AA.Xx € A y € A.inj_o (x =vy)
of type t=>t.

Definition 2 We define c 2Ebool 2ET to be (ap (ap (c_2Emin 2E_3D (22)) (\V 0z € 2.V0z)) (\V1z € 2.V

Definition 3 We define c_2Ecombin_2EK to be AA_27a : t. \A27b : 1.(AVO0z € A27a.(\V1y € A_27b.V0x))

Definition 4 We define ¢ 2Ecombin_2ES {0 be AA_27a : t \AA2Tb : LAA2Tc : L.AVOSf € ((A27cA-2T0)4 T

Definition 5 We define c_2Ecombin 2El to be AA_27a : 1.(ap (ap (c_2Ecombin 2ES A 27a (A 27a”-27) A_

Definition 6 We define c 2Emin_2E_3D_3D_3E to be AP € 2.0\Q € 2.inj_o (p P=p Q)
of type .

Definition 7 We define c_2Ebool 2E 21 to be N\A_27a : t.(A\VOP € (24-27%) (ap (ap (c_2Emin_2E_3D (24-27
Definition 8 We define c_2Ebool _2E_2F_5C to be (A\V0t1 € 2.(AV'1t2 € 2.(ap (c-2Ebool _2E_21 2) (AV2t € ¢
Let ty_2FEpair 2Eprod : t1=>1=t be given. Assume the following.

VA0.nonempty A0=VAl.nonempty Al=nonempty (ty-2Epair_2Eprod
A0 A1)

(1)

Let c2Epair 2EABS __prod : t=t=t be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=c_2Epair 2EABS__prod
A27a A27b € ((ty_2Epair 2Eprod A2Ta A727b)((2A727b)A,27a))
(2)

Definition 9 We define c_2Epair 2E_2C to be A\A27a : t.NA27b : 1. A\V0x € A27a.\V1y € A_27b.(ap (c2F

Definition 10 We define c 2Ebool 2EIN to be AA 27a : 1. (A\VO0z € A 27a.(A\V1f € (24-27%).(ap V1f VOx)



Definition 11 We define c 2Epred__set 2ESUBSET to be AA_27a : t.AV0s € (24-277) AV 1t € (24-27%).(ap (

Definition 12 We define c_2Emeasure_2Esubset__class to be AA_27a : t.AVOsp € (24-27%) AV 1sts € (22"

Definition 13 We define c 2Emin_2E_40 to be N\A.AP € 24.if (3z € A.p (ap P z)) then (the (\z.z € AN
of type t=>t.

Definition 14 We define c 2Ebool 2E_3F to be AA 27a : 1. (AVOP € (24-27%).(ap VOP (ap (c_2Emin_2E_40
Let c2Epred__set 2EGSPEC : 1=1= be given. Assume the following.

VA 27a.nonempty A 27a=VA_27b.nonempty A_27b=c 2Epred__set 2EGSPEC
A927a A27b € ((2A727a)((ty,QEpair,QEp'rod A_27a 2)A’27b)>

(3)
Definition 15 We define c 2Epred__set 2EBIGUNION to be AA_27a : 1. A\VOP € (2(

2A,27a)

).(ap (c2Epred__:

Let ty 2Enum_2Enum : ¢ be given. Assume the following.

nonempty ty_2Enum_2Enum (4)
Definition 16 We define c_2Epred__set 2EUNIV to be AA_27a : 1.(A\V0x € A_27a.c_2Ebool 2ET).
Definition 17 We define c 2Epred__set 2EINJ to be AA_27a : t.AA27b : LAVOS € (A27b*-27") AV 1s € (24
Definition 18 We define c _2Epred__set_2Ecountable to be AA_27a : 1.AV0s € (24-27%).(ap (c_2Ebool 2E_3F
Let c.2Emeasure 2Esubsets : 1= be given. Assume the following.

VA_27a.nonempty A_27a=c_2Emeasure_2Esubsets A 27a € (
(2(2’4’27“))(ty,2Epai'r,2Ep’rod (24-27a) (2<2A727Q)))) ( )

Let c.22Emeasure_2Espace : 1=1 be given. Assume the following.

) 27 2A_27a
VA_27a.nonempty A_27a=c_2Emeasure_2Espace A27a € ((24-27a)(ty-2Epair2Eprod (27-7%) 2 ))))

(6)
Definition 19 We define c_2Ebool 2E_5C_2F to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c2Ebool 2E_21 2) (AV2t €

Definition 20 We define c _2Epred__set 2EUNION to be AA_27a : 1. AV 0s € (24-27) \V 1t € (24-27%).(ap (c
Definition 21 We define c_2Ebool 2EF to be (ap (c2Ebool_2E_21 2) (AVO0t € 2.V 0t)).

Definition 22 We define c_2Ebool 2E_TE to be (A\VOt € 2.(ap (ap c_2Emin_2E_3D_3D_3E V0t) c_2Ebool 2E
Definition 23 We define c 2Epred__set 2EDIFF to be AA_27a : 1t.AV0s € (24-279) AV 1t € (24-27%) (ap (c_2.

Definition 24 We define c_2Epred__set 2EEMPTY to be AA_27a : ¢.(A\VO0x € A_27a.c_2Ebool_2EF).

Definition 25 We define c_2Emeasure_2Ealgebra to be A\A_27a : 1.A\V0a € (ty_2Epair 2Eprod (24-27%) (23



Definition 26 We define c 2Emeasure_2Esigma__algebra to be A\A_27a : 1.AV0a € (ty_2Epair 2Eprod (24-2

Definition 27 We define c_2Epred__set 2EIMAGE to be AA_27a : t.AA27b : LAVOS € (A27b"-2") \V1s €

Definition 28 We define c 2Epred__set 2EFUNSET to be AA_27a : t.AXA_27b : 1t \VOP € (24-27%) AV1Q € (

Definition 29 We define c_2Epred__set 2EPREIMAGE to be AA_27a : t.AA27b: L.AVOf € (A276-2T%) AV

Assume the following.
True

Assume the following.

(VVOLL € 2.(VV1t2 € 2.(((p VOt1)=(p V1£2))=(((p
V12)=(p VOt1))=((p VOt1)(p V1t2))))))

Assume the following.
(VVOt € 2.(False=(p V0t)))
Assume the following.
(VVot € 2.((p VOr)V(=(p VOL))))
Assume the following.

VA_27a.nonempty A_27a=(VVO0t € 2.((VV1x €
A27a.(p VOt))=(p VOL)))

Assume the following.

(VVO0tl € 2.(VV1t2 € 2.(WV2t3 € 2.(((p VOt1)A
((p VI£2)A(p V2t3)))=(((p VOLL)A(p V1£2))A(p V2t3))))))

Assume the following.

(VVOt € 2.(((p VOt)=False)=(—(p V0t))))
Assume the following.

(VVot € 2.((—(p VOt))=((p VOt)=False)))
Assume the following.

(YVOt € 2.(((Truen(p VOt))<=(p VOO))A((((p VOt)ATrue)<
(p VOO)A(((Falsen(p VOt))=False)A((((p VOt)AFalse)< False)A
(((p VOO)A(p VO)) & (p V01)))))))

Assume the following.

(VVOt € 2.(((TrueV(p VOt))eTrue)AN((((p VOt)VTrue)=True)A

(7)

(15)

(((FalseV(p VOt))(p VOEO)A((((p VOt)VFalse)=(p VO)A(((p VOt)V

(p VOI))&(p V01)))))))

(16)



Assume the following.

(YVOt € 2.(((True=(p VOt))=(p VOO)A((((p VOt)=True)<
True)A(((False=(p VOt))=True) A((((p VOt)=(p VOt))=True)A((
(p VOt)=False)=(=(p V01))))))))

Assume the following.

((VVOt € 2.((=(—(p VOt)))=(p VO)))A(((—True)<False) A
((=False)=True)))

Assume the following.

VA_27a.nonempty A27a=(VV0x € A27a.(V0z = VOz)&
True))

Assume the following.

VA 27a.nonempty A27a=NVV0zx € A27a.(VV1y €
A27a.(VOx = Viy)e(Viy = V0x))))

Assume the following.

(VVO0t € 2.(((Trues(p VOt))<(p Vo)) A(((p VOt)=True)s
(p VOO)A(((Falses(p VOt))e(—(p VO)A(((p VOt)< False)<(—(

p V0i)))))))

Assume the following.

VA_27a.nonempty A27a=(VVOP € (24-27%).((~(VV 1z €
A27a.(p (ap VOP Vx))))=(3V22 € A27a.(—(p (ap VOP V22))))))

Assume the following.

VA 27a.nonempty A 27a=(VVOP € 2.(VV1Q € (
24-270) (((p VOP)A(VV 2z € A2Ta.(p (ap V1Q V2z))))=(VV3z €
A27a.((p VOP)A(p (ap V1Q V3z)))))))

Assume the following.

VA_27a.nonempty A27a=(VVOP € 2.(VV1Q € (
24-27a) (((p VOP)V(3V2z € A27a.(p (ap V1Q V22))))=(3V3x €
A27a.((p VOP)V(p (ap V1Q V3x)))))))

Assume the following.

VA 27a.nonempty A27a=(YVOP € (24-277).(VV1Q €
2.((3V2zx e A27a.((p (ap VOP V2z))A(p V1Q)))=((IV3z €
A27a.(p (ap VOP V3z)))A(p V1Q)))))

(18)

(19)

(20)

(22)

(24)

(25)



Assume the following.

VA 27a.nonempty A27a=(VVOP € 2.(vV1Q € (
24-27) ((¥V2z € A2Ta.((p VOP)V(p (ap V1Q V22))))&((p (26)
VOP)V(VV3z € A27a.(p (ap V1Q V3x)))))))

Assume the following.

(VV0A € 2.(vW1B € 2.(vW2C € 2.(((p VOA)V(

(0 VIB)V(p V2C)))&(((p VOAN(p VIB)V(p V2O))) D)
Assume the following.
(VW0A € 2.(¥V1B € 2.(((p VOA(p V1B))=((p V1B)V 28)

(p V0A)))))

Assume the following.

(VV0A € 2.(WV1B € 2.(((=((p VOA)A(p V1B)))<=((—(
p VOA)V(=(p V1B))))A((=((p VOA)V(p V1B)))=((=(p VOA)A(=(p V1<B);)))))
29
Assume the following.

(VVOtL € 2.(VV1t2 € 2.(VV2t3 € 2.(((p VOt1)=

(0 V1E2)=(p V23))((p VOAG V1) =(p V23))) 0

Assume the following.

(VWW0z € 2.(VW 1z 27 € 2.(VV2y € 2.(VV3y_27 €
2.((((p VOz)=(p V12 27))A((p V12 27)=((p V2y)=(p V3y-27))))= (31)
(((p VOz)=(p V2y))=((p V12 27T)=(p V3y.27))))))))

Assume the following.

VA_27a.nonempty A27a=VA_27b.nonempty A_27b=(
YVOP € ((24-27)4-270) (VW 1x € A27a.(3V2y €

A27b.(p (ap (ap VOP Viz) Voy)))=(3V3S € (A2mpiia) 52
VWVix € A27a.(p (ap (ap VOP Vdx) (ap V3f V4x)))))))
Assume the following.
VA 27a.nonempty A27a=(VYV0x € A27a.((ap (c_2Ecombin_2El (33)

A27a) VOz) = V0x))
Assume the following.

VA_27a.nonempty A27a=(VV0x € (24-272).(VV1y €
22" ((ap (c2Emeasure_2Espace A27a) (ap (ap (c_2Epair2E_2C

(2A-27a) (2(2“*27“))) Vox) V1y)) = VO0z)))
(34)



Assume the following.

VA _27a.nonempty A 27a=(VV0z € (24-279).(VV1y €
(2(214727@)).((&1) (c.2Emeasure 2Esubsets A27a) (ap (ap (c2Epair_2E_2C
(2427) (2277)) VOx) Vi) = V1))

(35)
Assume the following.

VA 27a.nonempty A_27a=(VYVO0p € (ty_2Epair_2Eprod
(24-27a) (22"7™))) ((p (ap (c_2Emeasure_2Esigma__algebra
A_27a) VOp))<((p (ap (ap (c-2Emeasure_2Esubset__class A-27a)

(ap (c2Emeasure 2Espace A27a) V0Op)) (ap (c-2Emeasure_2Esubsets
A27a) VOp)))A((p (ap (ap (c_2Ebool 2EIN (24-27%)) (c_2Epred_set 2EEMPTY
A_27a)) (ap (c2Emeasure 2Esubsets A_27a) VOp)))A((VV1s €
(24-27%) ((p (ap (ap (c2Ebool 2EIN (24-27%)) V'1s) (ap (c.2Emeasure_2Esubsets
A27a) VOp)))=(p (ap (ap (c.2Ebool 2EIN (24-27%)) (ap (ap (c_2Epred__set 2EDIFF
A27a) (ap (c22Emeasure_2Espace A27a) VOp)) V1s)) (ap (c-2Emeasure_2Esubsets
A27a) VOp))))AYV 2 € (2" 7))(((p (ap (c2Epred__set_2Ecountable
(24-272)) V2¢))A(p (ap (ap (c_2Epred__set 2ESUBSET (24-274))

V2¢) (ap (c-2Emeasure 2Esubsets A_27a) VOp))))=(p (ap (ap (c_2Ebool 2EIN
(24-270)) (ap (c_2Epred__set 2EBIGUNION A_27a) V2¢)) (ap (c.2Emeasure 2Esubsets
4.27a) Vo))

(36)
Assume the following.

VA 27a.nonempty A-27a=VA_27b.nonempty A_27b=(
YV 0a € (ty_2Epair 2Eprod (24-272) (22" 7)) (vV1b €
(ty2Epair 2Eprod (24-27) (22"7™))) (vV2f € (A27pA-2Ta).

(((p (ap (c2Emeasure_2Esigma__algebra A_27a) V0a))A((p (ap (
c_2Emeasure_2Esigma__algebra A_27b) V'1b))A((p (ap (ap (c-2Ebool_2EIN
(A2764-270)) V2f) (ap (ap (c2Epred__set 2EFUNSET A_27a A_27b)

(ap (c2Emeasure 2Espace A27a) V0a)) (ap (c.22Emeasure_2Espace
A_27b) V1b))))A(YV3s € (24-27%).((p (ap (ap (c-2Ebool 2EIN
(24-27)) V3s) (ap (c2Emeasure 2Esubsets A_27b) V1b)))=(p (
ap (ap (c2Ebool 2EIN (24-27%)) (ap (ap (c_2Epred__set 2EPREIMAGE
A27a A27b) V2f) V3s)) (ap (c-2Emeasure_2Esubsets A27a) V0a))))))))=
(WW4c € (2" 7™)) . (((p (ap (c2Epred__set_2Ecountable
(24-272)) V4c))A(p (ap (ap (c2Epred_set 2ESUBSET (24-272))

V4c) (ap (ap (c-2Epred__set 2EIMAGE (24-27%) (24-272)) (ap (
c_2Epred_set 2EPREIMAGE A 27a A 27b) V2f)) (ap (c.2Emeasure_2FEsubsets
A27b) V1b)))))=(p (ap (ap (c_2Ebool 2EIN (24-27%)) (ap (c_2Epred__set 2EBIGUNION
A27a) Vi4e)) (ap (ap (c2Epred__set 2EIMAGE (24-270) (24-272))

(ap (c_2Epred__set 2EPREIMAGE A 27a A_27b) V2f)) (ap (c-2Emeasure_2Esubsets

A27b) V10))))))))))
(37)



Assume the following.

VA 27a.nonempty A27a=(VV0s € (24-27%).(VV 1t €
(24-270) (((p (ap (ap (c_2Epred__set 2ESUBSET A_27a) V0s) V1t))A
(p (ap (ap (c2Epred__set 2ESUBSET A_27a) V1t) V0s)))=(V0s = V1t))))
(38)
Assume the following.

VA 27a.nonempty A27a=(VV0s € (24-272).(VV 1t €
(24-27a) (VW22 € A27a.((p (ap (ap (c_2Ebool 2EIN A_27a)
V2z) (ap (ap (c2Epred__set 2EDIFF A_27a) V0s) V1t)))<((p (ap ( (39)
ap (c_2Ebool 2EIN A_27a) V2z) V0s))A(—(p (ap (ap (c_2Ebool 2EIN
A.270) V2r) VID)))))

Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YV 0y € A27b.(VV1s € (24-279).(YV2f € (A27bA-272),
((p (ap (ap (c-2Ebool 2EIN A_27b) VO0y) (ap (ap (c_2Epred__set_2EIMAGE
A27a A27b) V2f) V1s)))=(3V3x € A27a.(VOy = (ap V2f V3zx))A
(p (ap (ap (c2Ebool 2EIN A_27a) V3z) V1s))))))))
(40)
Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YVOf € (A27p4-279) (VV 1P € (24-27).(YV2Q €
(24-27) ((p (ap (ap (c_2Ebool 2EIN (A_2764-272)) VOf) (ap (ap
(c-2Epred__set 2EFUNSET A_27a A27b) V1P) V2Q)))=(VV3zx €
A27a.((p (ap (ap (c-2Ebool 2EIN A_27a) V3xz) V1P))=(p (ap (ap (c-2Ebool 2EIN
A.270) (ap VO V32)) V2Q))))))
(41)
Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YVOf € (A27b4-279) (VV1s € (24-270) . (VV 2z €
A27a.((p (ap (ap (c.2Ebool 2EIN A_27a) V2zx) (ap (ap (c2Epred__set_2EPREIMAGE
A27a A27b) VOf) V1s)))<(p (ap (ap (c2Ebool_2EIN A_27b) (ap VOf
V22)) V1s))))
(42)
Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=(
YVOf € (A2764-27%) ((ap (ap (c2Epred__set 2EPREIMAGE
A 27a A27b) VOf) (c_2Epred_set 2EEMPTY A_27b)) = (c_2Epred__set 2EEMPTY
A_27a)))
(43)



Assume the following.

YA_27a.nonempty A27a=VA_27b.nonempty A_27b=(
YVOf € (A27p4-279) (VV1s € (24-270) (VV 2t €
(24-27%).((ap (ap (c2Epred__set 2EPREIMAGE A_27a A_27b) VOf)

(ap (ap (c-2Epred__set 2EDIFF A_27b) V'1s) V2t)) = (ap (ap (c-2Epred__set_2EDIFF

P
A27a) (ap (ap (c-2Epred__set 2EPREIMAGE A_27a A_27b) VOf) V1s))
(ap (ap (c-2Epred__set 2EPREIMAGE A_27a A_27b) VOf) V2t))))))

(44)

Assume the following.
(VVOE € 2.((=(=(p VOE)))(p VOL))) (45)

Assume the following.
(YV0A € 2.((p VOA)=((~(p VOA))=False))) (46)

Assume the following.

(YV0A € 2.(YV1B € 2.(((~((p VOA)V(p V1B)))= False)e

((p VOA)= False)=((—(p V1B))=False))))) (47)

Assume the following.
(VV0A € 2.(WV1B € 2.(((=((—(p VOA))V(p V1B)))=False)= (48)

((p VOA)=((=(p V1B))=False)))))
Assume the following.
(VVO0A € 2.(((=(p VOA))=False)=(((p VOA)=False)=False))) (49)

Assume the following.

(VVOp € 2.(VV1g € 2.(VV2r € 2.(((p VOp)=(
(p Vig)e(p V27‘)))<:>(((((p VOp)\/E( (
V

p V1g)V(p V2r)))A(((p VOp)V((—(
p V2r)V(=(p V1g) DA(((p V1V ((=(p V2r))V(=(p VOp))))A((p V2r)V
((=(p V1g)V(=(p VOp))))))))))

Assume the following.

(YVOp € 2.(VV1g € 2.(WV2r € 2.(((p VOp)<(
(p VigIn(p V2r)))e(((p VOp)V((=(p Vl(J))V(ﬁ;p V27“)))))A(((p Vig)Vv

Assume the following.

(VVOp € 2.(VV1g € 2.(VV2r € 2.(((p VOp)=(
(p Vig)V(p V2r)))e(((p VOp)V(-(p V1g)))A(((p VOp
((p V1ig)V((p V2r)V(=(p VO0p))))))))))



Assume the following.

(VWOp € 2.(vW1q € 2.(vW2r € 2.(((p VOp)<(
(p V1g)=(p V2r)))=(((p VOop)V(p V1g)A(((p VOp)V(=(p V2r))A(  (53)
—(p V1g))V((p V2r)V(=(p V0p))))))))))

Assume the following.

(YVOp € 2.(WV1g € 2.(((p VOp)&(—(p V1g)))=(((p VOp)V

(b V1) A(=(p V1g)V(~(p VOP))))) &)
Assume the following.
(VWOp € 2.(VV1g € 2.((=((p VOp)=(p V1g)))=(p VOp)))) (55)

Assume the following.

(YVOp € 2.(VV1g € 2.((=((p VOp)=(p V1q)))=(=(p V1g)))))  (56)

Assume the following.

(VVOp € 2.(WV1g € 2.((=((p VOp)V(p V1q)))=(—(p VOp))))) (57)

Assume the following.

(YVOp € 2.(VV1g € 2.((~((p VOp)V(p V1q)))=(=(p V1g))))) (58)

Assume the following.

(VV0p € 2.((=(=(p VOp)))=(p VOp))) (59)
Theorem 1

VA 27a.nonempty A27a=VA2Tb.nonempty A_27b=(
YV 0a € (ty_2Epair 2Eprod (24-277) (22"7™))) (vW1b €
(ty2Epair 2Eprod (24-27) (22" 7™))) (vW2f € (A27pA-27e),

(((p (ap (c_2Emeasure_2Esigma__algebra A_27a) V0a))A((p (ap (
c_2Emeasure_2Esigma__algebra A_27b) V'1b))A((p (ap (ap (c_2Ebool 2EIN
(A2764-270)) V2f) (ap (ap (c2Epred_set 2EFUNSET A_27a A_27b)

(ap (c.22Emeasure_2Espace A27a) V0a)) (ap (c-2Emeasure_2Espace
A27b) V1b))))A(VV3s € (24-27).((p (ap (ap (c-2Ebool 2EIN
(24-27%)) V35s) (ap (c2Emeasure2Esubsets A_27b) V1b)))=(p (
ap (ap (c_2Ebool 2EIN (24-27%)) (ap (ap (c_2Epred__set 2EPREIMAGE
A27a A27b) V2f) V3s)) (ap (c-2Emeasure_2Esubsets A27a) V0a))))))))=
(p (ap (c2Emeasure_2Esigma__algebra A_27a) (ap (ap (c-2Epair_2E_2C
(24-27a) (22"))) (ap (c.2Emeasure_2Espace A_27a) V0a))

(ap (ap (c_2Epred__set 2EIMAGE (24-27%) (24-27%)) (ap (c_2Epred__set 2EPREIMAGE
A27a A27b) V2f)) (ap (c2Emeasure_2Esubsets A_27b) V'1b)))))))))



