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Definition 1 We define c2Emin_2E_3D to be \A Az € A )y € A.inj_o (x = y)
of type t=-t.

Definition 2 We define c 2Ebool 2ET to be (ap (ap (c.2Emin 2E_3D (22)) (A\V 0z € 2.V0z)) (\V1z € 2.V
Definition 3 We define c_2Ebool 2E 21 to be N\A_27a : t.(A\VOP € (24-27%) (ap (ap (c_2Emin_2E_3D (24-27
Definition 4 We define c_2Ebool 2EF to be (ap (c_2Ebool 2E_21 2) (AV 0t € 2.V 0t)).

Definition 5 We define c 2Emin_2E_3D_3D_3E to be AP € 2.0\Q € 2.inj_o (p P=p Q)
of type t.

Definition 6 We define c_2Ebool 2E_2F 5C to be (AVO0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t € ¢

Definition 7 We define c 2Emin_2E_40 to be NAAP € 24.if (32 € Ap (ap P x)) then (the (\z.x € AAp
of type t=>t.

Definition 8 We define c.2Ebool_2ECOND to be AA_27a : t.(AVOt € 2.(A\V1tl € A_27a.(AV2t2 € A 27a.(a
Let ty_2Flist 2Elist : 1= be given. Assume the following.

YV AOQ.nonempty A0=nonempty (ty-2Elist 2Elist A0) (1)
Let ¢ 2Elist 2ENIL : 1= be given. Assume the following.

VA 27a.nonempty A 27a=c 2Elist 2ENIL A 27a € (ty 2Elist 2Elist
A_27a)

(2)
Let ¢ 2Elist 2ECONS : 1= be given. Assume the following.

VA 27a.nonempty A 27a=c 2Elist 2ECONS A 27a € (((ty-2Elist 2Elist
A727a)(ty,2Elist,2Elist A,27a))A,27a)

(3)
Definition 9 We define c_2Emergesort_2Esort3 to be AA_27a : L AVOR € (24279 " Y \V1z € A27a\V



Definition 10 We define c_2Ebool 2E_5C_2F to be (AVO0t1 € 2.(A\V1¢2 € 2.(ap (c_2Ebool 2E_21 2) (A\V2¢ €

Definition 11 We define c_2Erelation_2Etotal to be AA_27a : L \VOR € ((24-270)""*"") (ap (c_2Ebool 2E _2:
Definition 12 We define c_2Ebool 2E_TE to be (A\V 0t € 2.(ap (ap c-2Emin_2E_3D_3D_3E V0t) c_2Ebool_2E
Let c.2Esorting 2ESORTED : 1= be given. Assume the following.

VA 27a.nonempty A_27a=-c_ 2Esorting 2ESORTED A_27a € ((
o(ty_2Blist 2Blist A,27a))((2A*27“)A’27a)) (4)

Assume the following.
True (5)

Assume the following.

(VVOLL € 2.9V 142 € 2.(((p VOrl)=(p V1£2)=(((p .
V1t2)=(p VOt1)=((p VOt ) (p V1t2)))))) (6)

Assume the following.
(VVOt € 2.(False=(p VOt))) (7)

Assume the following.
(VVot € 2.((p VOr)V(=(p VO1)))) (8)

Assume the following.

(YVOt € 2.(((Truen(p VOt))=(p VOO)A((((p VOt)ATrue)<
(p VOO)A(((Falsen(p VOt))=False)AN((((p VOt)AFalse)=False)A  (9)

(((p VO)A(p VO))&=(p V01)))))))

Assume the following.

(VVOt € 2.(((True=(p VOt))=(p VOt))A(((p VOt)=>True)s
True)A(((False=(p VOt))=True) AN((((p VOt)=(p VOt))=True)A((  (10)
(p VOt)=False)=(~(p V0t))))))))

Assume the following.

((VVOt € 2.((=(=(p VOt)))=(p VO)))A(((—True)<False) A\ (11)
((mFalse)=True)))

Assume the following.

VA 27a.nonempty A 27a=(VV0x € A27a.(VV1y €
A27a.(VOz = V1y)e(V1y = VOx))))



Assume the following.

(YVOt € 2.(((Trues(p VOt))<(p VOr))
(p VOO)A(((Falses(p VOt))<=(—(p VOt)))

p V01)))))))

((((p VOt)y&True)s
(((p VOt)eFalse)=(—( (13)

A
A
Assume the following.

VA 27a.nonempty A 27a=(VV0tl € A27a.(VV1t2 €
A27a.(((ap (ap (ap (c.2Ebool 2ECOND A_27a) c_2Ebool 2ET) V0t1)
V1t2) = VOt1)A((ap (ap (ap (c-2Ebool 2ECOND A_27a) c_2Ebool 2EF)
VOtl) V1t2) = V1t2))))

Assume the following.

(VVOtL € 2.(VV1t2 € 2.(VV2t3 € 2.(((p VOt1)=
((p V12)=(p V2t3)))=(((p VOIL)A(p V1t2))=(p V2t3))))))

Assume the following.

(VV0z € 2.(vV 1227 € 2.(YV2y € 2.(YV3y2T €
2.((((p VOz)=(p V1iz27)A((p V1z27)=((p V2y)<=(p V3y-27))))= (16)
(((p VOz)=(p V2y))=((p V12 27T)=(p V3y-27))))))))

Assume the following.
(YVOt € 2.((=(—=(p VO1)))=(p VOL))) (17)

Assume the following.
(VV0A € 2.((p VOA)=((—(p VOA))=False))) (18)

Assume the following.

(VV0A € 2.(WV1B € 2.(((=((p VOA)V(p V1B)))=False)&
(((p VOA)=False)=((—(p V1B))=False)))))

Assume the following.
(VVO0A € 2.(((—(p VOA))=False)=(((p VOA)=False)=False))) (20)

Assume the following.
(VVop € 2.(VV1q € 2.((=((p VOp)=(p V1q)))=(p VOp)))) (21)

Assume the following.

(YVOp € 2.(VV1g € 2.((=((p VOp)=(p V19)))=(=(p V1q)))))  (22)



Assume the following.

VA_27a.nonempty A27a=((VVOR € ((24-272)A-27a),
((p (ap (ap (c2Esorting2ESORTED A_27a) VOR) (c2Elist 2ENIL
A27a)))=True))AN(VVlz € A27a.(VV2R € ((24-272)A-27a),

((p (ap (ap (c2Esorting 2ESORTED A_27a) V2R) (ap (ap (¢-2Elist 2ECONS
A27a) V1z) (c2Elist 2ENIL A 27a))))=True)))A(VV3y €
A27a.(VVix € A27a.(VVbrst € (ty-2Elist 2Elist
A27a).(VV6R € ((24-274)A-27) ((p (ap (ap (c2Esorting 2ESORTED
A_27a) V6R) (ap (ap (c-2Elist 2ECONS A27a) V4z) (ap (ap (c2Elist 2ECONS
A27a) V3y) Vbrst))))<((p (ap (ap V6R V4dx) V3y))A(p (ap (ap (c2Esorting 2ESORTED
A_27a) V6R) (ap (ap (c-2Elist 2ECONS A_27a) V3y) Vbrst)))))))))))

(23)

Theorem 1

VA _27a.nonempty A_27a=(YVOR € ((24-272)A-27a),
(VWilx € A27a.(VV2y € A27a.(VV3z € A27a.(
(p (ap (c_2Erelation_2Etotal A 27a) VOR))=-(p (ap (ap (c_2Esorting 2ESORTED
A_27a) VOR) (ap (ap (ap (ap (c_2Emergesort_2Esort3 A_27a) VOR) Vlx)

V2y) V32))))))))



