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Definition 1 We define c2Emin_2E_3D to be \A Az € A )y € A.inj_o (x = y)
of type t=-t.

Definition 2 We define c 2Ebool 2ET to be (ap (ap (c_2Emin 2E_3D (22)) (A\V0x € 2.V0z)) (\V1z € 2.V
Definition 3 We define c_2Ebool 2E_21 to be AA_27a : t.(AVOP € (24-27%) (ap (ap (c_2Emin_2E_3D (24-27
Definition 4 We define c_2Ebool_2EF to be (ap (c_2Ebool 2E_21 2) (AV Ot € 2.V 0t)).

Definition 5 We define c2Emin_2E_3D_3D_3E to be AP € 2.0Q € 2.inj_o (p P=p Q)
of type ¢.

Definition 6 We define c_2Ebool 2E_7E to be (A\V 0t € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0t) c_2Ebool 2EF
Let ty 2Erealax_2FEreal : ¢ be given. Assume the following.

nonempty ty_2Erealar_2Ereal (1)
Let ty_2FEpair_2Eprod : t-=>t=>t be given. Assume the following.

VAO.nonempty A0=VAl.nonempty Al=nonempty (ty-2Epair 2Eprod
A0 A1)
(2)

Let ty_ 2Emetric.2Emetric : t1=>1 be given. Assume the following.
VAO0.nonempty A0=nonempty (ty_2Emetric.2Emetric A0) (3)
Let c.2Emetric 2Edist : 1=t be given. Assume the following.
VA 27a.nonempty A_27a=c_2Emetric2Edist A27a € ((ty_2Erealax_2Ereal(ty-2Fpair-2Eprod A2Ta A2
Let c.2Emetric2EB : 1= be given. Assume the following. W

VA_2Ta.nonempty A-2Ta=c2Emetric2EB A_27a € (((24-270)(ty-2Bpair-2Bprod A-2Ta ty-2Brealaz-2Ereal))

(5)



Definition 7 We define c_2Ebool _2E_2F_5C to be (A\V0t1 € 2.(AV'1t2 € 2.(ap (c-2Ebool _2E_21 2) (AV2t € :
Let c.2Epair 2EABS__prod : t=t=-1 be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=c_2FEpair 2EABS __prod
2 A_27a
A 27a A27b € ((ty-2Epair 2Eprod A 27a A,27b)((2A7 A )
(6)

Definition 8 We define c_2Epair 2E_2C to be A\A_27a : t.NA27b : 1. A\V0x € A27a.\V1y € A_27b.(ap (c2F

Let ty 2Fhreal 2Ehreal : ¢ be given. Assume the following.
nonempty ty_2Ehreal 2FEhreal (7)
Let c2Erealax 2Ereal__REP__CLASS : . be given. Assume the following.

c2Erealax_ 2Ereal__REP__ CLASS € ((Q(ty,2Epair,2Eprod ty_-2FEhreal_2FEhreal ty,QEhreal,QEhreal))ty,2E'reala:r

(8)

Definition 9 We define c.2Emin_2E_40 to be \A.XP € 24.if (3z € A.p (ap P x)) then (the (\z.x € ANp
of type t=-t.

Definition 10 We define c_2Erealax_2Ereal__REP to be AV 0a € ty_2FErealaxz_2Ereal.(ap (c_.2Emin_2E_40 (¢

Let c.2FErealax_2Etreal__It : « be given. Assume the following.
c.2Erealax 2Etreal__lt € ((2(ty-2Epair-2Bprod ty_2Ehreal 2Ehreal ty-2Ehreal 2Ehreal))(ty-2Epair 2Eprod ty-2Eh
(9)
Definition 11 We define c_2Erealax_2Ereal__It to be AVOT'1 € ty_2Erealax 2Ereal A\V1T2 € ty 2Erealax-
Let c2Enum 2EZFERO__REP : 1 be given. Assume the following.

c2Enum 2EZERO__REP € omega (10)
Let ty 2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2Enum (11)
Let c2Enum 2EABS__num : ¢ be given. Assume the following.
c2Enum_2EABS_num € (ty-2Enum_2Enum®™") (12)

Definition 12 We define cC2Enum_2EQ to be (ap c.2Enum_2EABS_num c2Enum 2EZERO__REP).

Let c.2FEreal 2Ereal__of __num : ¢ be given. Assume the following.
c2Freal 2Ereal _of_num € (ty_2Erealax_2EreqltV-2Erum-2Enumy — (13)

Definition 13 We define c 2Ebool 2E 3F to be AA_27a : 1. (AVOP € (24-27).(ap VOP (ap (c_2Emin_2E_40



Let ty_2Ftopology_-2Etopology : 1=t be given. Assume the following.
VAO.nonempty AO=nonempty (ty-2Etopology-2Etopology A0) (14)
Let c_2Etopology_2FEtopology : 1= be given. Assume the following.

VA_27a.nonempty A_27a=c_2FEtopology_2Etopology A 27a € (15)
A_27a
((ty-2Etopology-2Etopology 14,27a)(2<2 )))
Definition 14 We define c_2Emetric_2Emtop to be AA_27a : 1. \VOm € (ty-2Emetric2Emetric A_27a).(aj
Let c2Enets 2Etends : t=-t=>1 be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=-c_2FEnets_2Etends
A92Ta A27Th € (((2(ty,2Epai7;2Ep7'od (ty-2Etopology-2Etopology A_27a) ((2A*27b)A727b)))A,27a)(A,27aA*27b))

(16)
Definition 15 We define c 2Ebool 2EIN to be NA_27a : 1.(AVO0x € A 27a.(A\V1f € (24-27%).(ap V1f VOz))
Definition 16 We define c 2Epred__set 2ESUBSET to be AA_27a : t.AV0s € (24-272) AV 1t € (24-27%).(ap (
Let c.2FEtopology 2Fopen__in : 1=t be given. Assume the following.

VA 27a.nonempty A_27a=c_2FEtopology_2Fopen__in A27a €

((2(2’4*27“))(ty,2Etopology,QEtopology A,27a)) (17)
Let c_2FEtopology_2Eneigh : 1=t be given. Assume the following.
VA_27a.nonempty A_27a=-c_2Etopology 2Eneigh A 2Ta € ((
2(ty,2Epair,2Eprod (24-27a) A,27a))(ty,2Etopology,QEtopology A,27a)) (18)
Assume the following.
True (19)
Assume the following.
(VV0t1 € 2.(VV1#2 € 2.(((p VOt)=(p V1t2))=(((p (20)

V1t2)=(p VO0tl))=((p VOtl)=(p V1t2))))))
Assume the following.

(YVOt € 2.(((Truen(p VOt))<=(p VOO)A((((p VOt)ATrue)<
(p VOO)A(((Falsen(p VOt))=False)A((((p VOt)AFalse)< False)A  (21)

t)
((p VOOA(p VOL)=(p VD))

Assume the following.

(VVO0t € 2.(((True=(p VOt))=(p VOt))A(((p VOt)=>True)s
True)A(((False=(p VOt))=True) AN((((p VOt)=(p VOt))=True)A((  (22)
(p VOt)=False)=(=(p V01))))))))



Assume the following.

(YVOt € 2.(((Trues(p VOt))<(p VOr))
(p VOO)A(((Falses(p VOt))<=(—(p VOt)))

p V01)))))))

A(((p VOt)eTrue)<
A(((p VOt)=False)=(—=( (23)

Assume the following.

VA_27a.nonempty A27a=(VV0m € (ty-2Emetric.2Emetric
A27a).(VWWlx € A27a.(VV2y € A27a.((ap (ap (c2Emetric2Edist
A27a) VOm) (ap (ap (c_2Epair 2E.2C A 27a A_27a) V1z) V2y)) = (ap
(ap (c2Emetric2Edist A_27a) VOm) (ap (ap (c_2Epair2E.2C A_27a
A.27a) V2y) V1x))))

(24)
Assume the following.

VA 27a.nonempty A 27a=(YV0S27 € (24-270) (YV1m €
(ty-2Emetric.2Emetric A27a).((p (ap (ap (c-2Etopology-2FEopen__in
A_27a) (ap (c.2Emetric 2Emtop A_27a) V1m)) V0S_27))=(VV 2z €
A27a.((p (ap V0S_27 V2x))=(3V3e € ty_2Erealax_2Ereal.

((p (ap (ap c2Erealax_2Ereal__It (ap c2Ereal 2Ereal__of __num
c_2Enum_2E0)) V3e))A(VV4dy € A27a.((p (ap (ap c2Erealax_2Ereal__It
(ap (ap (c.2Emetric.2Edist A_27a) V1m) (ap (ap (c2Epair-2E_2C
A27a A 27a) V2x) Vdy))) V3e))=(p (ap V0S27 V4y)))))))))))

(25)
Assume the following.

VA 27a.nonempty A27a=(YV0m € (ty_-2Emetric.2Emetric
A27a).(VWlx € A27a.(VV2e € ty 2Erealax_2Ereal.

((ap (ap (c2Emetric2EB A-27a) VOm) (ap (ap (c2Epair.2E_2C A_27a
ty-2Erealaz_2Ereal) V1z) V2e)) = (AV3y € A27a.(ap (ap c_2Erealax_2Ereal__It
(ap (ap (c-2Emetric.2Edist A27a) VOm) (ap (ap (c_2Epair2E_2C

A27a A27a) V1z) V3y))) V2e))))))
(26)
Assume the following.

VA_27a.nonempty A27a=(VV0m € (ty_2Emetric.2Emetric
A27a).(VV1ix € A27a.(VV2e € ty_2Erealax_2Ereal.
((p (ap (ap c_2Erealax_2Ereal__It (ap c_2Ereal 2Ereal__of __num
c_2Enum_2E0)) V2e))=(p (ap (ap (c-2Etopology_2Eneigh A27a) (
ap (c_2Emetric 2Emtop A_27a) VOm)) (ap (ap (c_2Epair 2E_2C (24-27¢)
A27a) (ap (ap (c2Emetric2EB A 27a) VOm) (ap (ap (c_2Epair_2E_2C
A27a ty 2Erealax_2Ereal) V1x) V2e))) Vlix)))))))
(27)



Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(
VYV 0s € (A27a?-27%).(VV 1l € A 27a.(VV 2top €
(ty_2Etopology_2Etopology A_27a).(YV3g € ((24-270)A-27b),
((p (ap (ap (ap (c2Enets_2Etends A27a A_27b) V0s) V1) (ap (ap (
c_2Epair 2E_2C (ty_2Etopology_2Etopology A 27a) ((24-270)A-27b))
V2top) V3g)))<(VVAN € (24-27).((p (ap (ap (c2Etopology 2Eneigh
A_27a) V2top) (ap (ap (c_2Epair 2E_2C (24-272) A 27a) VAN) V1l)))=
(FVin € A27b.((p (ap (ap V3g Vin) Vin))ANV6m € A27b.
(o ap Vg Vom) Vo)) =(p ap VAN (an VOr VEmMDII)
28
Assume the following.

VA 27a.nonempty A27a=(YVOP € (24-277).(VV1z €
A27a.((p (ap (ap (c_2Ebool 2EIN A_27a) V1x) VOP))=(p (ap VOP Vix)))))
(29)

Assume the following.

VA_27a.nonempty A_27a=(VV0top € (ty_2Etopology_2Etopology
A27a).(VVIN € (24-27%) (VV22 € A27a.((p (ap (ap
(c-2Etopology-2Eneigh A27a) VO0top) (ap (ap (c2Epair2E_2C (
24-27a) A 27a) VIN) V2x)))=(3V3P € (24-27%).((p (ap (ap
(c-2Etopology 2Eopen__in A_27a) V0top) V3P))A((p (ap (ap (c_2Epred__set 2ESUBSET
A27a) V3P) VIN))A(p (ap V3P V2x)))))))))

(30)

Theorem 1

VA_27a.nonempty A 27a=YA_27b.nonempty A_27b=(

YV 0d € (ty2Emetric2Emetric A27a).(VV1g € ((24-270)4-270),
(VV2x € (A27a*-270) (VV320 € A27a.((p (ap (ap (ap
(c.2Enets_2FEtends A27a A27b) V2x) V3x0) (ap (ap (c2Epair_2E_2C
(ty_2FEtopology_2Etopology A_27a) ((24-27)4-270)) (ap (c_2Emetric_2Emtop
A27a) VO0d)) Vg)))=(VVie € ty 2Erealax_2Ereal.((p (ap
(ap c_2Erealax_2Ereal__It (ap c2Ereal 2Ereal__of __num c_2Enum_2EQ))
Vie))=(3Vin € A27b.((p (ap (ap V1g V5n) Vin))AVVEm €
A27b.((p (ap (ap V1g Vém) Vin))=(p (ap (ap c2Erealax_2Ereal__It
(ap (ap (c2Emetric2Edist A_27a) V0d) (ap (ap (c_2Epair_2E_2C
A27a A27a) (ap V2z V6m)) V3z0))) V4e)))))))))))))



