thm 2Fordinal 2EordDIV__UNIQUE (TMGzom-
nVQHXvpULoR8eXYrCmMdnujMgPX7)
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Definition 1 We define c 2Emin_2E_40 to be AAAP € 24.4f (3z € A.p (ap P x)) then (the (\z.x € AAp
of type t1=-t.

Definition 2 We define c 2Emin_2E_3D to be \A Az € A )y € A.inj_o (x = y)
of type t=-t.

Definition 3 We define c 2Ebool 2ET to be (ap (ap (c.2Emin 2E_3D (22)) (\V0x € 2.V0z)) (\V1z € 2.V
Definition 4 We define c_2Ebool_2EBOUNDED ¢to be (AVOv € 2.c_2Ebool_2ET).
Definition 5 We define c_2Ebool 2E_21 to be A\A_27a : t.(AVOP € (24-27%).(ap (ap (c.2Emin_2E_3D (24-27
Definition 6 We define c_.2Emarker_2ECong to be A\V0x € 2.V 0zx.
Let ty 2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2Enum (1)
Let ty 2Esum_2Esum : t=-1=-1 be given. Assume the following.
VAO.nonempty A0=VAl.nonempty Al=nonempty (ty-2Esum_2FEsum
A0 A1)
(2)
Let ty 2Epair 2Eprod : t=-1= be given. Assume the following.
VAO.nonempty A0=VYAl.nonempty Al=nonempty (ty-2Epair 2Eprod
A0 A1)
(3)
Let ty_ 2FEwellorder_2FEwellorder : 1= be given. Assume the following.
VAO.nonempty AO=nonempty (ty-2Ewellorder_2Ewellorder A0)  (4)
Let c.2FEwellorder_2FEwellorder__REP : 1= be given. Assume the following.

VA 27a.nonempty A_27a=c_2FEwellorder_2FEwellorder__REP
A97a € ((2(ty,2Epair,2Eprod A_27a A,27a))(ty,ZEwellorder,QEwello’rder A,27a))

(5)



Definition 7 We define c_2Ebool_2EF to be (ap (c_2Ebool 2E_21 2) (AVO0t € 2.V 0t)).

Definition 8 We define c_2Emin_2E_3D_3D_3E to be AP € 2.0\Q € 2.inj_o (p P=p Q)
of type t.

Definition 9 We define c_2Ebool 2E_7E to be (A\V Ot € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0¢) c_2Ebool 2EF
Definition 10 We define c_2Ebool 2E_2F 5C to be (A\V0t1 € 2.(AV1¢2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €
Let c2Epair 2EABS__prod : t=1=1 be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=c_2FEpair 2EABS __prod
A27a A27b € ((ty-2Epair 2Eprod A27a A,27b)((2A727b)A727a))
(6)
Definition 11 We define c_2Epair 2E_2C to be NA_27a : t. AA27b : 1. AV Oz € A27a.N\V1y € A27b.(ap (c-2
Definition 12 We define c 2Ebool 2EIN to be AA_27a : 1.(AVO0x € A 27a.(A\V1f € (24-27%).(ap V1f VOz))
Let c2Epair 2ESN D : 1=-1=-1 be given. Assume the following.

VA 27a.nonempty A27a=YA_27b.nonempty A_27b=c_2FEpair 2ESN D
A927a A27b € (A727b(ty,2Epair,2Ep'rod A 2Ta A,27b))
(7)

Let c2Epair 2EF ST : 1=1= be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=c_2Epair 2EFST
A927a A27b € (A727a(ty,2Epair,2Eprod A_27a A,27b))

(8)
Definition 13 We define c_2Epair 2EUNCURRY to be AA_27a : t.AA2Tb : L. AA27c : LAVOf € ((A27¢A-7
Let c2Epred__set 2EGSPEC : 1=1= be given. Assume the following.

VA 27a.nonempty A 27a=VA_27b.nonempty A_27b=-c 2FEpred__set 2EGSPEC
A27a A27b € ((2A727a)((ty,QEpair,QEprod A_27a 2)A*27b))

(9)

Definition 14 We define c 2Eset__relation_2Estrict to be A\A_27a : 1. AV Or € (2(ty-2Epair-2Eprod A-2Ta A-27a)
Definition 15 We define c 2Ebool 2E_3F to be AA 27a : 1. (AVOP € (24-27%).(ap VOP (ap (c_2Emin_2E_40
Definition 16 We define c_2Eset__relation_2Erange to be A\A_27a : t.AA27b : 1. AV Or € (2(ty-2Epair 2Eprod 4
Definition 17 We define c_2Eset__relation_2Edomain to be NA_27a : t.AA27b : LAV Or € (2(ty-2Epair-2Eprod
Definition 18 We define c_2Ebool 2E_5C_2F to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €

Definition 19 We define c 2Epred__set 2EUNION to be AA_27a : 1. AV 0s € (24-27%) AV 1t € (24-27%).(ap (c



Definition 20 We define c_2Ewellorder_2EelsOf to be AA_27a : 1. \VOw € (ty-2FEwellorder 2Ewellorder A.
Definition 21 We define c_2Ewellorder_2Eorderiso to be AA_27a : t.NA_27b : L. AVOw] € (ty_2Ewellorder_2.
Let ty 2Fordinal 2Eordinal : t=-t be given. Assume the following.

YV AOQ.nonempty A0=nonempty (ty-2Eordinal 2Eordinal A0) (10)

Let c2Fordinal 2Eordinal__ABS__CLASS : 1= be given. Assume the fol-
lowing.

VA 27a.nonempty A 27a=c_2Fordinal 2FEordinal__ABS__CLASS

A97a € ((ty,2E0rdinal,2Eordmal A727a)(2(ty,ZEwcllorder,ZEwcllordcr (ty_2Esum_2Esum ty_2Enum_2Enum A,27a)))
(11)

)

Definition 22 We define c_2Eordinal_2Eordinal__ABS to be AA_27a : 1. AV Or € (ty_2Ewellorder 2Ewellorde

Let c_2Fordinal 2Eordinal__REP__CLASS : 1= be given. Assume the fol-
lowing.

VA 2Ta.nonempty A27a=-c2FEordinal 2Fordinal__ REP__CLASS
A97a € ((2(ty,2Ewellorderleellorder (ty_2Esum_2Esum ty_2Enum_2Enum A,27a)))(ty,QEordinal,ZEordinal A_27a)

(12)
Definition 23 We define c_2Eordinal_2Eordinal__REP to be AA_27a : 1. AV 0a € (ty_2Fordinal 2Eordinal A
Definition 24 We define c_2Epred__set 2EIMAGE to be NA_27a : L. NA27b : 1. AVOf € (A,27bA*27a).)\Vls €
Definition 25 We define c 2Ewellorder_2Eiseg to be AA_27a : 1. \VOw € (ty_2Ewellorder 2Ewellorder A_2
Definition 26 We define c 2Eset__relation_2Errestrict to be NA_27a : 1. AV Or € (2(ty-2Fpair2Eprod A-2Ta A-2
Let c.2FEwellorder_2FEwellorder__ABS : 1=t be given. Assume the following.

VA 27a.nonempty A_27a=c_2FEwellorder_2FEwellorder__ABS

A27a € ((ty-2EBwellorder 2Ewellorder A,27a)(2(ty72Epai“2Epmd A Ajh)))
(13)

Definition 27 We define c_2Ewellorder 2Ewobound to be AA_27a : t.A\V0x € A_27a.\V 1w € (ty-2Ewellord
Definition 28 We define c_2Ewellorder_2Eorderlt to be AA_27a : L. AA_27b : L. AV 0wl € (ty-2Fwellorder 2E
Definition 29 We define c 2Eordinal 2Eordlt to be AA_27a : t. A\VOT'1 € (ty_2FEordinal 2Eordinal A_27a).)
Definition 30 We define c_2Eordinal _2Epreds to be A\A_27a : 1. \V 0w € (ty_2Eordinal 2Eordinal A-27a).(
Definition 31 We define c_2Epred__set_2EBIGUNION to be AA_27a : t. \VOP € (2(2A727a)).(ap (c2Epred.__:
Definition 32 We define c 2Eordinal 2Eoleast to be A\A 27a : L. \VOP € (2(tv-2Eordinal-2Eordinal A-27a)) (g

Definition 33 We define c_2Eordinal 2Esup to be NA_27a : 1. AV Qordset € (2(ty-2Fordinal 2Eordinal A2Ta)) (



Let ty 2FEone_2Fone : 1 be given. Assume the following.
nonempty ty_2Eone_2Eone (14)

Definition 34 We define c_2Eone_2Eone to be (ap (c_2Emin_ 2E_40 ty_2Eone_2Eone) (\V 0z € ty_2Fone_2

Let c2Esum 2EABS__sum : 1=>1=>1 be given. Assume the following.

VA 2Ta.nonempty A27a=YA_27b.nonempty A_27b=c 2Esum_2FEABS__sum

A27a A27b € ((ty2Esum_2Esum A_27a A27p)((*7™)"7)%)
(15)

Definition 35 We define c 2Esum_2EINR to be AA_27a : t. N\A27b : t.AV0e € A 27b.(ap (c.2Esum 2EABS

Let ty_2FEoption_2Eoption : 1=t be given. Assume the following.
VA0.nonempty A0=nonempty (ty_2Foption_2FEoption AQ) (16)
Let c.2Foption_2FEoption__ABS : 1= be given. Assume the following.

VA 27a.nonempty A_27a=c_2Foption_2FEoption__ABS A 27a €
((ty,2Eopti0n,2Eoption A727a) (ty_2Esum_2Esum A_27a ty,QEone,QEone))

(17)
Definition 36 We define c 2Eoption_2ENONE to be AA_27a : t.(ap (c2Eoption_ 2Eoption__ABS A_27a) (c
Definition 37 We define c_2Epred__set 2EEMPTY to be AA_27a : ¢.(A\VO0x € A_27a.c_2Ebool_2EF).
Definition 38 We define c 2Epred__set 2EINSERT to be AA 27a : 1t.AVOx € A 27a. AV 1s € (24-27%).(ap (c-
Definition 39 We define c_2Eset__relation_2Emaximal__elements to be AA_27a : t.AVOxs € (24-27) AV 1r €
Definition 40 We define c 2Esum_2EINL to be AA_27a : t. XA 27b : t.A\V0e € A 27a.(ap (c.2Esum 2EABS
Definition 41 We define c_2Eoption_2ESOME to be AA_27a : 1. AV 0z € A_27a.(ap (c-2Eoption_2Eoption__
Definition 42 We define c_2Ebool 2ECOND to be NA_27a : t.(AV Ot € 2.(AV1tl € A27a.(A\V2t2 € A27a.(
Definition 43 We define c_2Eoption_2Esome to be AA_27a : t.AVOP € (24-27®).(ap (ap (ap (c_2Ebool 2ECH
Definition 44 We define c 2Eordinal 2Eomax to be AA_27a : 1. AV 0s € (2(ty-2Fordinal-2Eordinal A-2Ta)y (g, |
Definition 45 We define c_2Eordinal 2EordSUC to be AA_27a : 1. AV 0a € (ty_2Eordinal 2Eordinal A_27a)
Let c2Enum 2EZERO__REP : 1 be given. Assume the following.

c2Enum 2EZERO__REP € omega (18)

Let c2Enum 2EABS__num : ¢ be given. Assume the following.

c2Enum 2EABS__num € (ty-2Enum_2Enum’™9%) (19)



Definition 46 We define c_2Enum_2EQ to be (ap c.2Enum_2EABS_num ¢ 2Enum 2EZERO__REP).
Definition 47 We define c_2Earithmetic_2EZERO to be c_2Enum_2EQ.
Let c2Enum 2EREP__num : ¢ be given. Assume the following.
c2Enum 2EREP_num € (omega'y-2Fnum-2Enum) (20)
Let c2Enum 2ESUC__REP : 1 be given. Assume the following.
¢ 2Enum 2ESUC__REP € (omega®™®9%) (21)

Definition 48 We define c.2Enum_2ESUC to be AVOm € ty_ 2Enum_2Enum.(ap c2Enum_2EABS__num

Let c.2Farithmetic2E 2B : 1 be given. Assume the following.

c2FEarithmetic2E 2B € ((ty,2Enum,QEnumty*QE"“m*QE”“m)tij"“’”*QE"“m)
(22)

Definition 49 We define c_2Earithmetic_2EBIT1 to be A\VOn € ty_2Enum_2Enum.(ap (ap c2Earithmetic
Definition 50 We define c_2Earithmetic 2ENUMERAL to be A\VOx € ty_2Enum_2Enum.V0x.
Let c.2Fordinal 2EordMOD : 1= be given. Assume the following.

VA 27a.nonempty A_27a=-c_2FEordinal 2EordMOD A 27a € ((
(ty,2E0rdinal,2Eordinal A727a)(ty,QEordinal,2Eordinal A,27a))(ty,QEordinal,2Eo7‘dinal A,27a))
(23)
Let c.2Fordinal 2EordDIV : 1= be given. Assume the following.

VA 27a.nonempty A_27a=-c_2Eordinal 2EordDIV A 27a € ((
(ty,ZEordinal,QEordinal A727a))(ty,QEordinal,ZEordinal A,27a))(ty,QEordinal,2Em’dinal A,27a))
(24)
Let c2Fordinal 2Eord MU LT : 1= be given. Assume the following,.

VA_27a.nonempty A_27a=c2Eordinal 2Eord MULT A27a € (
((ty,2Eordinal,2E0rdinal A727a)(ty,ZEordinal,QEordinal A,27a))(ty,ZEordinal,2Eordinal A,27a))
(25)
Let c.2Fordinal 2EordADD : 1= be given. Assume the following.

VA_27a.nonempty A_27a=c_2FEordinal 2EordADD A 27a € ((
(ty,2Eordinal,2E0rdinal A,27CL) (ty-2Eordinal_2Eordinal A_27a) ) (ty-2Eordinal_2Eordinal A_27a) )

(26)
Let c2Fordinal 2E fromNat : 1= be given. Assume the following.

VA 27a.nonempty A_27a=c2Eordinal 2E fromNat A_27a € (

(ty2Eordinal 2Eordinal A_27a)tv-2Enum-2Enum) (27)

Definition 51 We define c_2Eprim__rec_2E_3C to be AVOm € ty_ 2Enum_2Enum. AV 1n € ty_2Enum_2Enu



Definition 52

Definition 53
Definition 54

Definition 55

Definition 56

Definition 57

Definition 58
Definition 59

Definition 60

Definition 61

We define c22Ecombin_2EK to be A\A_27a : t. NA27b : 1.(AV0z € A27a.(A\V1y € A27b.V0x,

We define c_2Ecombin_2ES to be \A_27a : L \A2Tb : L AA2Tc : L.AVOS € ((A27cA-2T0)"

We define c 2Ecombin 2El to be AA 27a : v.(ap (ap (c_2Ecombin 2ES A 27a (A 27a”-27) A
We define c_2Equotient 2E_2D_2D _3E to be A\A_27a : t. AA27b : t.ANA 2Tc : L. NA27d : 1. AV 0]

We define c_2Equotient 2E_3D_3D_3D_3E to be AA_27a : t \A_27b : LAVORL € ((24-27a)-

A,27a).)

We define c_2Equotient 2EQUOTIENT to be AA 27a : t.AA27b : L. A\VOR € ((24-279)

We define c_2Ecombin_2EW to be AA_27a : tAA27b : 1.(AVOS € ((A2764-27)" 7" (A 14

We define c_2Equotient_2Erespects to be AA_27a : t. A\A_27b : t.(c.22Ecombin 2EW A_27a A2
We define c_2Ebool 2ERES__FORALL to be AA_27a : 1.(AVOp € (24-27%).(A\V1m € (24-279).,

A_27a

We define c_2Equotient 2EEQUIV to be AA_27a : L. A\VOE € ((24-27%) ).(ap (c-2Ebool 2L

Assume the following.

True (28)

Assume the following.

(VW01 € 2.(VV1£2 € 2.(((p VOt =(p V1¢2))=(((p

Assume the following.

Assume the following.

V1t2)=(p VOr1))=((p VOt )& (p V1E2))))) (29)
(VVOt € 2.(False=(p V0t))) (30)
(VVOt € 2.((=(p VOt))=((p VOt)=False))) (31)

Assume the following.

(YVOt € 2.(((Truen(p VOt))<=(p VOO)A((((p VOt)ATrue)<
(p VOO)A(((Falsen(p VOt))=False)AN((((p VOt)AFalse)<False)A  (32)

t)
(((p VOOA(p VOL)=(p VD))

Assume the following.

(VVOt € 2.(((True=(p VOt))=(p VO) ) A(((p VOt)=True)s
True)A((False=(p VOt))eTrue) A((((p VOt)=(p VOt))=True)A((  (33)

t
(p VOt)=False)=(=(p V01))))))))

Assume the following.

((VVOt € 2.((=(—(p VOt)))=(p VO))A(((—True)<False) A

((=False)=True)))



Assume the following.
VA 27a.nonempty A27a=(VV0x € A27a.(VOz = V0z)) (35)
Assume the following.

VA_27a.nonempty A 27a=(VV0x € A27a.(V0x = V0z)&
True))

Assume the following.

VA 27a.nonempty A27a=(VV0x € A27a.(VV1y €

A27a.(V0x = Viy)e(Viy = V0x)))) (87)

Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YVOf € (A2764-270) (YV1g € (A2764-270) . ((VOf = (38)
V1g)e(VV2x € A27a.((ap VOf V2x) = (ap V1g V21))))))

Assume the following.

(VVOt € 2.(((Trues(p VOt))<(p Vo)) A(((p VOt)&True)<
(p VOO)A(((Falses(p VOt)) ( (p VOO)))A(((p VOt)& False)=(=( (39)

Vo))

Assume the following.

VA _27a.nonempty A_27a=(YVOP € (24-27%).(VV1Q €
2.(((VV2z € A27a.(p (ap VOP V2z)))A(p V1Q))=(VV3zx € (40)
A27a.((p (ap VOP V32)A(p V1Q)))))

Assume the following.

VA_27a.nonempty A27a=(VVOP € 2.(VV1Q € (
24-270) ((VV2z € A27a.((p VOP)V(p (ap V1Q V21))))((p (41)
VOP)V(VV3z € A27a.(p (ap V1Q V3x)))))))

Assume the following.

(VVO0A € 2.(vV1B € 2.(((~((p VOA)A(p V1B)))&((~(
p VOA)V(=(p VIB)))A(=((p VOAV(p VIB)))&((=(p VOA)A(=(p V1B)))))))

(42)
Assume the following.
(VV0A € 2.(WVV1B € 2.(VV2C € 2.(((p VOA)V( (43)
(p VIB)A(p V20)))=(((p VOA)V(p VIB))A((p VOA)V(p V20)))))))
Assume the following.
(VW0A € 2.(WV1B € 2.(vV2C € 2.((((p V1B)A (44)

(p V2C))V(p VOA))=(((p VIB)V(p VOA)A((p V2C)V(p V0A)))))))

7



Assume the following.

(VVOt1 € 2.(VV1t2 € 2.(VV2t3 € 2.(((p VOt1)=

((p V1t2)=(p V2t3)))=(((p VOLL)A(p V1t2))=(p V2t3)))))) (43)
Assume the following.
(VV0tl € 2.(VV1t2 € 2.(((p VOtl)=(p V1i2))<(((p (46)

Votl)=(p V1t2))A((p V1t2)=(p V0t1))))))
Assume the following.

(VV0z € 2.(VV1x 27 € 2.(VV2y € 2.(VV 3y 27 €
2.(((p VOoz)=(p V1x27))A((p V1z27T)=((p V2y)=(p V3y27))))= (47)
(((p VOx)=(p V2y))&((p V1z27)=(p V3y-27))))))))

Assume the following.
(VV0v € 2.((p (ap c2Ebool_2EBOUNDED V0v))<True)) (48)
Assume the following.

VA 27a.nonempty A27a=(VYV0x € A27a.((ap (c_2Ecombin_2El
A27a) VOz) = V0x))

Assume the following.

VA_27a.nonempty A_27a=(p (ap (ap (ap (c_2Equotient 2EQUOTIENT
(ty-2Ewellorder 2FEwellorder (ty-2Esum_2Esum ty-2Enum_2Enum
A_27a)) (ty-2Eordinal 2Eordinal A27a)) (c_2Ewellorder_2Eorderiso
(ty2Esum_2Esum ty_2Enum_2Enum A_27a) (ty 2Esum_2Esum ty_2Enum_2Enum
A_27a))) (c_2Eordinal_2Eordinal__ABS A_27a)) (c_2Eordinal 2Eordinal__REP
A_27a)))
(50)
Assume the following.

VA_27a.nonempty A27a=(VVO0x € (ty-2Eordinal_2Eordinal
A27a).(VV1y € (ty-2Eordinal_2Eordinal A27a).(VV2z €
(ty2Fordinal 2FEordinal A27a).(((—(p (ap (ap (c2Eordinal 2Eordlt  (51)
A 27a) V1y) VOzx)))A(—(p (ap (ap (c-2Eordinal 2Eordlt A_27a) V2z)
V1y))))=(-(p (ap (ap (c_2Eordinal 2Eordlt A_27a) V2z) V0x)))))))

Assume the following.

VA 27a.nonempty A27a=(YV0a € (ty_2Fordinal 2FEordinal
A27a).(—(p (ap (ap (c-2Eordinal 2Eordlt A-27a) V0a) (ap (c-2Eordinal 2E fromNat
A_27a) c2Enum_2EQ)))))

(52)



Assume the following.

VA_27a.nonempty A27a=(VV0a € (ty-2Fordinal 2FEordinal
A27a).(VV1b € (ty-2Eordinal 2Eordinal A27a).((p (ap
(ap (c_2Eordinal 2Eordlt A_27a) V0a) (ap (c-2Eordinal 2EordSUC (53)
A27a) V1b))e((p (ap (ap (c_2Eordinal 2Eordlt A 27a) V0a) V1b))V
(V0a = V1b)))))

Assume the following.

VA 27a.nonempty A_27a=(YVOn € ty_ 2Enum_2Enum.(
YV1im € ty-2Enum_2Enum.((p (ap (ap (c-2Eordinal 2Eordlt
A27a) (ap (c2Eordinal 2F fromNat A27a) VOn)) (ap (c.2Eordinal 2E fromNat
A27a) V1im)))<(p (ap (ap c2Eprim__rec 2E_3C VOn) V1m)))))
(54)
Assume the following.

VA 27a.nonempty A27a=(VV0a € (ty-2Eordinal 2Eordinal
A27a).((ap (ap (c2Eordinal 2EordADD A_27a) (ap (c2Eordinal 2E fromNat
A_27a) c2Enum_2EQ)) V0a) = V0a))
(55)
Assume the following.

VA_27a.nonempty A_27a=-((ap (c_2Eordinal_2EordSUC A _27a)
(ap (c2Fordinal 2E fromNat A_27a) c.2Enum_2E0)) = (ap (c2FEordinal 2E fromNat
A_27a) (ap c2EarithmeticZ2ENUMERAL (ap c_2Earithmetic_2EBIT1
c_2Earithmetic_.2EZERQ))))
(56)
Assume the following.

VA_27a.nonempty A27a=(YV0b € (ty-2Eordinal 2Eordinal
A27a).(VV1a € (ty-2Eordinal_2Eordinal A27a).(YV2c €
(ty2Fordinal 2Eordinal A27a).(((ap (ap (c2Eordinal 2EordADD
A_27a) V1a) VOb) = (ap (ap (c2FEordinal 2EordADD A 27a) Vla) V2c¢))&
(VOb = V2¢))))

(57)
Assume the following.

VA_27a.nonempty A27a=(¥YV0a € (ty_2Fordinal 2Eordinal
A 27a).(VV1b € (ty 2Eordinal 2Eordinal A_27a).((p (ap
(ap (c2Eordinal_2Eordlt A_27a) V0a) V1b))<(3V2c € (ty-2FEordinal 2Eordinal
A27a).((~(V2ec = (ap (c2Eordinal 2E fromNat A-27a) c_2Enum_2E0)))A
(V1b = (ap (ap (c2Eordinal 2EordADD A_27a) V0a) V2c)))))))

(58)
Assume the following.
YA_27a.nonempty A27a=(VVO0x € (ty-2Eordinal 2Eordinal
A27a).(VV1a € (ty-2Eordinal 2Eordinal A27a).(—(p (ap (59)

(ap (c2Eordinal 2Eordlt A_27a) (ap (ap (c2Eordinal 2EordADD
A 27a) VOz) V1a)) VO0z)))))



Assume the following.

VA 27a.nonempty A27a=(¥YV0a € (ty_2FEordinal 2Eordinal
A27a).(VYV1b € (ty_2Eordinal 2Fordinal A_27a).(YV2c €
(ty2Fordinal 2Eordinal A27a).((ap (ap (c-2Eordinal 2EordADD
A27a) V0a) (ap (ap (c2Eordinal 2EordADD A_27a) V1b) V2c¢)) = (ap
(ap (c-2Eordinal 2EordADD A_27a) (ap (ap (c-2Eordinal 2EordADD
A27a) V0a) V1b)) V2¢)))))

(60)
Assume the following.

VA 27a.nonempty A 27a=(YV0b € (ty_2Eordinal 2Eordinal
A27a).(((ap (ap (c2Eordinal 2Eord MULT A-27a) VOb) (ap (c-2Eordinal 2E fromNat
A_27a) c2Enum_2EQ)) = (ap (c-2Fordinal 2E fromNat A_27a) c_2Enum_2EQ))A
((VV1a € (ty-2Fordinal 2FEordinal A27a).((ap (ap (c2Eordinal 2Eord MU LT
A_27a) VOb) (ap (c_2Eordinal 2EordSUC A 27a) V1a)) = (ap (ap (c2FEordinal 2EordADD
A27a) (ap (ap (c2Eordinal 2Eord MULT A_27a) VOb) V1a)) V0D)))A
(VV2a € (ty-2Fordinal 2Eordinal A27a).(((p (ap (ap (c-2Eordinal 2Eordlt
A27a) (ap (c2Eordinal 2F fromNat A_27a) c_2Enum_2EQ)) V2a))A
((ap (c2Eordinal 2Eomax A_27a) (ap (c_2Eordinal 2Epreds A_27a)
V2a)) = (c_2Eoption 2ENONE (ty_2Fordinal 2FEordinal A27a))))=
((ap (ap (c2Eordinal 2Eord MULT A_27a) VOb) V2a) = (ap (c2Eordinal _2Esup
A_27a) (ap (ap (c-2Epred__set 2EIMAGE (ty_2Fordinal_2Eordinal
A_27a) (ty-2Fordinal 2Eordinal A27a)) (ap (c:2Eordinal 2Eord MULT
A27a) VOb)) (ap (c-2Eordinal 2Epreds A_27a) V2a)))))))))
(61)
Assume the following.

VA 27a.nonempty A_27a=(YV0a € (ty_2Fordinal 2Eordinal
A 27a).((ap (ap (c2Fordinal 2Eord MULT A_27a) V0a) (ap (c2Eordinal 2E fromNat
A_27a) (ap c2EarithmeticZ2ENUMERAL (ap c_2Earithmetic_2EBIT1
c_2Earithmetic_2EZERO)))) = V0a))
(62)
Assume the following.

VA 27a.nonempty A_27a=(YV0a € (ty_2FEordinal 2Eordinal
A27a).(VV1b € (ty_2FEordinal 2Eordinal A27a).(NV2c €
(ty2Fordinal 2Eordinal A27a).((—(p (ap (ap (c-2Eordinal 2Eordlt
A27a) V1b) V0a)))=(—(p (ap (ap (c-2Eordinal 2Eordlt A_27a) (ap
(ap (c2Fordinal 2Eord MULT A_27a) V2¢) V1b)) (ap (ap (c-2Fordinal 2Eord MULT
A27a) V2¢) V0a))))))))
(63)
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Assume the following.

VA 27a.nonempty A27a=(YV0a € (ty_2FEordinal 2FEordinal
A27a).(VV1b € (ty_2Eordinal 2Eordinal A_27a).(YV2c €
(ty2Eordinal 2FEordinal A27a).((ap (ap (c-2Eordinal 2Eord MU LT
A27a) V2¢) (ap (ap (c2Eordinal 2EordADD A_27a) V0a) V1b)) = (ap
(ap (c2Fordinal 2EordADD A_27a) (ap (ap (c-2Eordinal 2Eord MULT
A_27a) V2¢) V0a)) (ap (ap (c2Eordinal 2Eord MULT A_27a) V2¢) V1b))))))

(64)
Assume the following.

VA_27a.nonempty A_27a=(VV0a € (ty_2Fordinal 2Eordinal
A_27a).(VV1b € (ty-2Eordinal_2Eordinal A_27a).((p (ap
(ap (c_2Eordinal_2Eordlt A_27a) (ap (c-2Fordinal 2E fromNat A_27a)
c_2Enum_2E0)) V1b))=((V0a = (ap (ap (c2Eordinal 2EordADD A_27a)
(ap (ap (c.2FEordinal 2Eord MULT A_27a) V1b) (ap (ap (c2Eordinal 2EordDIV
A27a) V0a) V1b))) (ap (ap (c2FEordinal 2EordMOD A_27a) V0a) V1b)))A
(p (ap (ap (c-2Eordinal 2Eordlt A_27a) (ap (ap (c-2Eordinal 2EordMOD
A27a) V0a) V1b)) V1D))))))
(65)
Assume the following.

(VVOn € ty2Enum_2Enum.(—(p (ap (ap c_2Eprim__rec2E_3C (66)
VOn) c.2Enum_2E0))))

Assume the following.

VA 27a.nonempty A_27a=(p (ap (ap (ap (c_2Equotient 2EQUOTIENT
A27a A27a) (c.2Emin_2E_3D A_27a)) (c_2Ecombin_2El A_27a)) (
c_2Ecombin_2El A_27a)))

(67)
Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=VA 27c.
nonempty A_27c¢=YA_27d.nonempty A27d=(YVOR1 € (
(24-27a)A-27a) (WY 1absl € (A27¢A-27).(YV 2repl €
(A-27a4-27).((p (ap (ap (ap (c2Equotient 2EQUOTIENT A_27a A_27c)
VORL) Viabsl) V2repl))=(VV3R2 € ((24-20)A-270) (VV 4abs2 €
(A27dA-27).(VV5rep2 € (A2764-271) ((p (ap (ap (ap (c_2Equotient 2EQUOTIENT
A27b A27d) V3R2) V4abs2) V5rep2))=-(p (ap (ap (ap (c_2Equotient 2EQUOTIENT
(A2764-270) (A_27d4-%7¢)) (ap (ap (c_2Equotient 2E_3D_3D_3D_3E
A27a A27b) VOR1) V3R2)) (ap (ap (c-2Equotient_2E_2D_2D_3E A_27¢
A27b A 27a A27d) V2repl) V4abs2)) (ap (ap (c-2Equotient 2E_2D_2D_3E
A27a A27d A27c A27b) V1absl) Vibrep2)))))))))))

(63)
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Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=(
YVOR € ((24-279)A4-27a) (VV 1abs € (A27b4-272).
(VV2rep € (A27a-2").((p (ap (ap (ap (c2Equotient 2EQUOTIENT
A27a A27b) VOR) V1abs) V2rep))=(VV3x € A27b.(VV4y €
A27b.(V3z = Vay)e(p (ap (ap VOR (ap V2rep V3x)) (ap V2rep V4y))))))))))
(69)
Assume the following.

YA_27a.nonempty A27a=VA_27b.nonempty A_27b=(
YVOR € ((2A-270)4-2T0) (W 1abs € (A_276A-27),
(VV2rep € (A27a”-2).((p (ap (ap (ap (c2Equotient 2EQUOTIENT
A27a A27b) VOR) V1abs) V2rep))=(VV3zxl € A27a.(VV422 €
A27a.(VVbyl € A27a.(WVV6y2 € A27a.(((p (ap (ap VOR
V3x1) V4x2))A(p (ap (ap VOR Vbyl) V6y2)))=((p (ap (ap VOR V3x1) V5yl))<
(v (ap (ap VOR V422) V6y2)))))))
(70)
Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=VA 27c.
nonempty A_27c¢=YA_27d.nonempty A_27d=(VYVOR1 € (
(24-270)A2T0) (Y 1abs] € (A27¢A-27%).(VV 2repl €

(A27a-27%).((p (ap (ap (ap (c_2Equotient 2EQUOTIENT A_27a A_27c)

VOR1) Vlabsl) V2repl))=(VV3R2 € ((24-270)4-27%) (VV4abs2 €

(A27d4-2T).(VV5rep2 € (A2764-271).((p (ap (ap (ap (c_2Equotient 2EQUOTIENT

A27b A27d) V3R2) Vdabs2) V5rep2))=(VV6[ € (A_27dA-27).
(A\WVTz e A27c.(ap V6f VTz)) = (ap (ap (ap (c2Equotient 2E_2D_2D _3E
A27c A27b A27a A_27d) V2repl) V4abs2) (\V8x € A_27a.(ap V5rep2

(ap V6 (ap Viabsl VE2))))))))
(71)
Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=>(
VVOREL € ((24-279)A-274) (YV 1abs € (A27bA-27%),
(VV2rep € (A27a-27).((p (ap (ap (ap (c2Equotient 2EQUOTIENT
A27a A27b) VOREL) V1abs) V2rep))=(VV3xl € A 27a.(VV4x2 €
A27a.((p (ap (ap VOREL V3z1) V422))=(p (ap (ap VOREL V3zxl) (ap V2rep

(ap Vlabs V422)))))))))))
(72)
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Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=(
VYVOR € ((24-270)4-279) (YV 1abs € (A27b4-27%).
(VV2rep € (A27a*-2™).((p (ap (ap (ap (c_2Equotient 2EQUOTIENT
A27a A27b) VOR) V1abs) V2rep))=(VV3f € (24-2™).((p (
ap (c_2Ebool 2E 21 A_27b) V3f))<(p (ap (ap (c_2Ebool 2ERES__FORALL
A_27a) (ap (c_2Equotient_2Erespects A_27a 2) VOR)) (ap (ap (ap
(c_2Equotient_2E_2D_2D_3E A_27a 2 A_27b 2) V1abs) (c_2Ecombin_2El
2)) V3NN
(73)
Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A27b=(
VYVOR € ((24-274)A4-27a) (YV 1abs € (A27b4-272).
(VV2rep € (A27a4-2").((p (ap (ap (ap (c_2Equotient 2EQUOTIENT
A27a A27b) VOR) V1abs) V2rep))=(VV3f € (24-27%).(VV4g €
(24-270) ((p (ap (ap (ap (ap (c2Equotient 2E_3D_3D_3D_3E A 27a
2) VOR) (c.2Emin_2E_3D 2)) V3§) Vi4g))=((p (ap (ap (c_2Ebool 2ERES__FORALL
A_27a) (ap (c_2Equotient_2Erespects A 27a 2) VOR)) V3f))<=(p (
ap (ap (c_2Ebool 2ERES__FORALL A_27a) (ap (c-2Equotient_2Erespects
A27a 2) VOR)) V4g)))))
(74)
Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=YA 27c.
nonempty A 27c¢c=YA_27d.nonempty A_27d=(VVOR1 € (
(24-2TayA-2Ta) (WY 1absl € (A27cA-277).(VV 2repl €

(A27a-27¢).((p (ap (ap (ap (c-2Equotient 2EQUOTIENT A_27a A_27c)

VORL) V1absl) V2repl))=(VV3R2 € ((24-27)A-270) (VV 4abs2 €

(A27d4-270) . (VVErep2 € (A2764-274) . ((p (ap (ap (ap (c2Equotient 2EQUOTIENT
A27b A27d) V3R2) Vdabs2) Vrep2))=(VV6f € (A27bA-2Ta).
(YV7g € (A2764-270) (VV 8z € A27a.(VV Iy €
A27a.(((p (ap (ap (ap (ap (c2Equotient 2E_3D_3D_3D_3E A_27a
A_27b) VOR1) V3R2) V6f) V7g))A(p (ap (ap VOR1 V8x) VIy)))=(p (ap (
ap V3R2 (ap V6f V8z)) (ap V79 V9y)))))))))))))))) -
75
Assume the following.

VA 27a.nonempty A 27a=(YVOE € ((24-272)A-27a),
(YV1P € (24-27).((p (ap (c2Equotient 2EEQUIV A_27a)
VOE))=((p (ap (ap (c-2Ebool 2ERES__FORALL A_27a) (ap (c_2Equotient_2Erespects
A27a 2) VOE)) V1P))&(p (ap (c2Ebool 2E 21 A 27a) V1P))))))
(76)
Assume the following,.

(VVOt € 2.((=(—(p VOt)))=(p VOL))) (77)
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Assume the following.
(VV0A € 2.((p VOA)=((—(p VOA))=False))) (78)
Assume the following.

(VV0A € 2.(WVV1B € 2.(((—((p VOA)V(p V1B)))=False)&

((p VOA)=False)=((—(p V1B))=False))))) (79)
Assume the following.
(VV0A € 2.(WV1B € 2.(((=((=(p VOA))V(p V1B)))=False)= (80)

((p VOA)=((~(p V1B))=False)))))
Assume the following.
(VV0A € 2.(((—(p VOA))=Fualse)=(((p VOA)=False)=False)))  (81)

Assume the following.

(VVOp € 2.(¥V1q € 2.(¥V2r € 2.(
(p Vig)e(p V2r)))e(((p Vop)V(lp V1g)V(p V2
p V2r))V(=(p V1g))A(((p V1g)V((=(p V2r))
((=(p V1g))v(=(p VOp) ))))

Assume the following.

(VVOp € 2.(VV1g € 2.(VV2r € 2.(((p VOp)=(
(p V1igA(p V2r)))=(((p VOp)V((=(p qu))V(ﬂ)(p V2T)))))A(((p Vig)Vv

Assume the following.

(VVOp € 2.(VV1qg € 2.(WV2r € 2.(((p VOp)=(
(p Vig)V(p V2r)))=(((p VOp)V(=(p V1g)))A(((p VOp)V(=(p V2r)))A

((p V1ig)V((p V2r)V(=(p V0p)))))))))) )
Assume the following.

(VWOp € 2.(VV1q € 2.(VV2r € 2.(((p VOp)=(
(p V1g)=(p V2r)))=(((p VOop)V(p V1g)A(((p VOp)V(=(p V2r)))A((  (85)
—(p V1g))V((p V2r)V(=(p VOp))))))))))

Assume the following.

(YVOp € 2.(VV1g € 2.(((p VOp)=(=(p V1g)))=(((p VOp)V

(b VIg)A((=(p VIg)V(~(p VOP))))) (86)
Assume the following.
(YVOp € 2.(vV1g € 2.((—((p VOp)=(p V1q)))=(p VOp)))) (87)
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Assume the following.

(VWop € 2.(vW1g € 2.((=((p VOp)=(p V1q)))=(=(p V1q)))))  (88)
Assume the following.

(VVOp € 2.(vW1g € 2.((=((p VOp)V(p V1q)))=(~(p V0p)))))  (89)
Assume the following.

(VWOp € 2.(vW1g € 2.((~((p VOp)V(p V1q)))=(~(p V1q)))))  (90)

Assume the following.

(YVOp € 2.((=(=(p VOp)))=(p VOp))) (91)

Assume the following.

VA 27a.nonempty A 27a=(VV 0w € (ty_2Ewellorder_2Ewellorder
A_27a).(p (ap (ap (c_2Ewellorder 2Eorderiso A_27a A_27a) V0w) (92)
Vow)))

Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(

YVOowl € (ty-2Ewellorder 2Ewellorder A27aq).(VV1w2 €
(ty2EBwellorder 2Ewellorder A-27b).((p (ap (ap (c-2Ewellorder_2Eorderiso
A27a A27b) VOwl) V1w2))=(p (ap (ap (c_2Ewellorder_2Eorderiso
A27b A 27a) V1w2) VOwl)))))

(93)
Assume the following.

VA 2Ta.nonempty A27a=YA_27b.nonempty A_27b=V A 27c.
nonempty A_27¢=(VV 0wl € (ty_2FEwellorder 2Ewellorder A_27a).
(VV1w2 € (ty-2Ewellorder 2Ewellorder A_27b).(YV2w3 €
(ty_2Ewellorder 2FEwellorder A27¢).(((p (ap (ap (c_2Ewellorder 2Eorderiso
A27a A27b) VOwl) V1w2))A(p (ap (ap (c-2Ewellorder_2Eorderiso
A27b A27¢c) V1w2) V2w3)))=(p (ap (ap (c_2Ewellorder_2Eorderiso
A27a A 27c) VOwl) V2w3))))))

(94)
Assume the following.

VA_27a.nonempty A27a=VA_27b.nonempty A_27b=(
YVOowl € (ty-2Ewellorder 2Ewellorder A27a).(VV1w2 €
(ty2EBwellorder_2Ewellorder A27b).((p (ap (ap (c-2Ewellorder_2Eorderlt
A27a A27b) VOwl) V1w2))V((p (ap (ap (c-2Ewellorder_2Eorderiso
A27a A27b) VOowl) V1w2))V(p (ap (ap (c_2Ewellorder_2Eorderlt
A27b A27a) V1w2) V0wl))))))
(95)
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Assume the following.

VA 2Ta.nonempty A_27a=VA_27b.nonempty A_27b=YA 27c.
nonempty A 27c¢c=YA_27d.nonempty A_27d=(VV0z0 € (
ty_2Ewellorder 2 Ewellorder A27a).(VV1y0 € (ty-2Ewellorder 2Ewellorder
A_27b).(VV2a0 € (ty-2Ewellorder_2Ewellorder A_27c).(

YV3b0 € (ty-2Fwellorder_2Ewellorder A27d).(((p (ap (ap
(c_2Ewellorder_2Eorderiso A 27a A_27b) V0x0) V1y0))A(p (ap (ap
(c-2Ewellorder_2Eorderiso A_27¢ A_27d) V2a0) V3b0)))=((p (ap
(ap (c2Ewellorder_2Eorderlt A_27a A_27¢) V0x0) V2a0))<(p (ap
(ap (c2Ewellorder_2Eorderlt A_27b A_27d) V1y0) V3b0))))))))

(96)

Theorem 1

VA 27a.nonempty A_27a=(VV0a € (ty-2FEordinal_2Eordinal
A_27a).(VV1b € (ty-2Eordinal 2Fordinal A27a).(VV2q €
(ty_2Eordinal 2Eordinal A 27a).(VV3r € (ty_2Eordinal_2Eordinal
A27a).(((p (ap (ap (c2Eordinal 2Eordlt A_27a) (ap (c-2Fordinal 2E fromNat
A_27a) c.2Enum_2E0)) V1b))A((VO0a = (ap (ap (c-2Eordinal 2EordADD
A_27a) (ap (ap (c2Eordinal 2Eord MULT A_27a) V1b) V2q)) V3r))A
(p (ap (ap (c-2Eordinal 2Eordlt A_27a) V3r) V1b))))=((ap (ap (c-2Fordinal 2Eord DIV
A_27a) V0a) V1b) = V2q))))))
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