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Definition 1 We define c.22Emin_2E_3D to be AA.\x € A y € A.inj_o (z =vy)
of type t=>t.

Definition 2 We define c_2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (\VO0z € 2.V0z)) (A\V1x € 2.V
Definition 3 We define c_.2Ebool_ 2EBOUNDED to be (AVOv € 2.c_2Ebool 2ET).
Let ty 2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2Enum (1)
Let c2Enum 2EZERO__REP : 1 be given. Assume the following.
c2Enum 2EZERO__REP € omega (2)
Let c2Enum 2EABS__num : ¢ be given. Assume the following.
c2Enum 2EABS__num € (ty-2Enum_2Enum’™9%) (3)
Definition 4 We define c2Enum_2EQ to be (ap c.2Enum_2EABS_num ¢ 2Enum 2EZERO__REP).
Definition 5 We define c_2Earithmetic_2EZERO to be c_2Enum_2EQ.
Let c2Enum 2EREP__num : ¢ be given. Assume the following.
c2Enum 2EREP_num € (omegaty-2Fnum-2Enum) (4)
Let c2Enum 2ESUC__REP : 1 be given. Assume the following.
¢ 2Enum 2ESUC__REP € (omega®™®9%) (5)
Definition 6 We define c_2Ebool 2E_21 to be AA_27a : t.(AVOP € (24-27%).(ap (ap (c_2Emin_2E_3D (24-27

Definition 7 We define c.22Enum_2ESUC to be AVOm € ty_2Enum_2Enum.(ap c2Enum 2EABS__num



Let c.2Farithmetic2E 2B : 1 be given. Assume the following.

c2Earithmetic2E_2B € ((ty-2Enum_2Enumty-2Enum-2Enum)ty-2Enum-2Enum)
(6)
Definition 8 We define c_2Earithmetic_2EBIT1 to be A\VOn € ty_ 2Enum_2Enum.(ap (ap c-2Earithmetic_

Definition 9 We define c_2Earithmetic 2ENUMERAL to be A\VOx € ty_2Enum_2Enum.V0x.
Let ty 2Fordinal_2Eordinal : 1=t be given. Assume the following.

YV AOQ.nonempty A0=nonempty (ty-2Eordinal 2Eordinal A0) (7)
Let c2Fordinal 2E fromNat : 1= be given. Assume the following.

VA 27a.nonempty A27a=-c_2Eordinal 2E fromNat A_27a € ( (8)
(ty2Eordinal 2Eordinal A_27a)tv-2Enum-2Enum)

Definition 10 We define c 2Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_o (p P=p Q)
of type ¢.

Definition 11 We define c_2Ebool 2E_2F 5C to be (A\V0t1 € 2.(AV1¢2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €
Let ty_2FEpair 2Eprod : t1=>1=>1 be given. Assume the following.

VA0.nonempty A0=VAl.nonempty Al=nonempty (ty-2Epair_2Eprod
A0 A1)
(9)

Let c2Epair 2EABS __prod : 1=1=>1 be given. Assume the following.

VA 27a.nonempty A27a=YA_27b.nonempty A_27b=c_2FEpair 2EABS__prod
A27a A27b € ((ty-2Epair 2Eprod A27a A,27b)((2A727b)A727a))
(10)
Definition 12 We define c 2Epair 2E_2C to be N\A27a : t. \A27b : 1. AV0x € A27aAV1y € A_27b.(ap (c-2

Let c2Epred__set 2EGSPEC : 1=>1=>1 be given. Assume the following.

VA 27a.nonempty A 27a=VA_27b.nonempty A_27b=-c 2Epred__set 2EGSPEC
A927a A27b ((QAJ?a)((ty,zEpair,zEpmd A_27a 2)/“‘*2”’))

(11)
Let ty 2Esum_2FEsum : t=-1=>1 be given. Assume the following.

VAO.nonempty A0=VAl.nonempty Al=nonempty (ty_2Esum_2FEsum
A0 A1)
(12)
Let ty_2FEwellorder_2FEwellorder : 1=t be given. Assume the following.

VA0.nonempty A0=nonempty (ty_2FEwellorder_2FEwellorder AQ) (13)



Let c_2Fordinal 2Eordinal__REP__CLASS : 1= be given. Assume the fol-
lowing.

VA 27a.nonempty A27a=c 2Eordinal 2Eordinal__REP__CLASS
A97a € ((2(ty,QEwellorder,ZEwellorder (ty-2Esum_2Esum ty_2Enum_2Enum A,27a)))(ty,2Eordinal,2Eordinal A_27a)

(14)

Definition 13 We define c 2Emin_2E_40 to be A\A.AP € 24.if (3z € A.p (ap P z)) then (the (\z.z € AN
of type t1=-t.

Definition 14 We define c_2Eordinal_2Eordinal__REP to be AA_27a : t.A\V0a € (ty-2Eordinal 2Eordinal A
Let c.2Ewellorder 2Ewellorder__REP : 1= be given. Assume the following.

VA 27a.nonempty A_27a=c_2FEwellorder_2FEwellorder__REP
A97a € ((Q(tijpair,QEprod A_27a A,27a))(ty,QE’wellorder,QEwellorder A,27a))

(15)
Definition 15 We define c_2Ebool 2EF to be (ap (c2Ebool_2E_21 2) (AV0t € 2.V 0t)).
Definition 16 We define c_2Ebool 2E_TE to be (A\V 0t € 2.(ap (ap c-2Emin_2E_3D_3D_3E V0t) c_2Ebool_2E
Definition 17 We define c 2Ebool 2EIN to be AA_27a : 1.(AVO0x € A 27a.(A\V1f € (24-27%).(ap V1f VOz)]
Let c2Epair 2ESN D : 1=1= be given. Assume the following.

VA 27a.nonempty A27a=YA_27b.nonempty A_27b=c_2FEpair 2ESN D
A927a A27Th € (A727b(ty,2Epair,2Eprod A_27a A,27b))
(16)
Let c2Epair 2EF ST : 1=1=- be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=c_2Epair 2EFST
A927a A27b € (A727a(ty,2Epair,2Eprod A_27a A,27b))
(17)

Definition 18 We define c_2Epair 2EUNCURRY to be AA_27a : t.AA2Tb : L AA27c : L.AVOf € ((A27¢42
Definition 19 We define c 2Eset__relation_2Estrict to be AA_27a : 1. AV Or € (2(ty-2Epair2Eprod A-2Ta A-27a)
Definition 20 We define c 2Ewellorder_2Eiseg to be AA_27a : 1. \VOw € (ty_2Ewellorder 2Ewellorder A_2
Definition 21 We define c_2Eset__relation_2Errestrict to be NA_27a : 1. \VOr € (2(ty-2Fpair2Eprod A-2Ta A-2
Let c.2FEwellorder_2FEwellorder__ABS : 1=t be given. Assume the following.

VA 27a.nonempty A_27a=c_2FEwellorder_2FEwellorder__ABS

A27a € ((ty-2Ewellorder_2Ewellorder A,27a)(Q(tyﬂpai“wmm A A727a>))
(18)

Definition 22 We define c 2Ewellorder_2Ewobound to be AA_27a : t.\V 0z € A_27a.\V 1w € (ty_2Fwellord



Definition 23
Definition 24
Definition 25
Definition 26
Definition 27
Definition 28
Definition 29
Definition 30
Definition 31
Definition 32
Definition 33
Definition 34
Definition 35
Definition 36

Definition 37

We define c_2Ebool 2E_3F to be AA_27a : 1.(AVOP € (24-27%).(ap VOP (ap (c2Emin_2E_40
We define c_2Eset__relation_2Erange to be NA_27a : t.AA27b : 1. AV Or € (2(ty-2Epair2Eprod A
We define c_2Eset__relation_2Edomain to be NA 27a : t.AA27b : LAV Or € (2(ty-2Epair_2Eprod
We define c.2Ebool 2E_5C_2F to be (AV0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €
We define c_2Epred__set 2EUNION to be AA_27a : 1.AV0s € (24-27) AV 1t € (24-27%).(ap (c
We define c_2Ewellorder_2EelsOf to be AA_27a : 1. \VOw € (ty-2Ewellorder 2FEwellorder A.
We define c_2Ewellorder_2Eorderiso to be NA_27a : t.AA_27b : L. AV Ow] € (ty_2Ewellorder_2.
We define c_2Ewellorder_2Eorderlt to be AA_27a : t.AA27b : L. AVOw] € (ty-2Ewellorder_2E
We define c_2Eordinal 2Eordlt to be AA_27a : 1. AVOT'1 € (ty_2Eordinal 2Eordinal A27a).,
We define c_2Eordinal_2Epreds to be AA_27a : 1. AV 0w € (ty_2Eordinal _2Eordinal A-27a).(c
We define c_2Epred__set 2EIMAGE to be AA_27a : 1.AA27b : LAVOf € (A27b4-27) A\V1s €
We define c_2Epred__set2EBIGUNION to be AA_27a : L AVOP € (22"7™) (ap (c_2Epred._:
We define c 2Eordinal 2Eoleast to be AA_27a : 1. \VOP € (2(ty-2Fordinal2Eordinal A-27a)) (qy,
We define c_2Eordinal 2Esup to be AA_27a : 1. \V Qordset € (2(ty-2Eordinal 2Eordinal A2Ta)y (

We define c_2Eordinal _2Eomega to be AA_27a : t.(ap (c-2Eordinal 2Esup A_27a) (ap (c2Epr

Let c2Fordinal 2EordEX P : 1=t be given. Assume the following.

VA_27a.nonempty A27a=-c2FEordinal 2EordEXP A 27a € ((
(ty,QEordinaleordinal A727a) (ty_2Fordinal _2FEordinal A_27a) ) (ty_2Fordinal _2Eordinal A_27a) )

(19)

Let c.2Fordinal 2Eord MU LT : 1= be given. Assume the following.

VA 27a.nonempty A_27a=-c_2Eordinal 2Eord MULT A_27a € (
((ty,2Eo7‘dinal,2E0rdinal A,27CL) (ty_2Fordinal _2Eordinal A_27a) ) (ty_2Eordinal _2Eordinal A_27a) )

Definition 38

(20)
We define c_2Eordinal_2Eepsilon0 to be AA_27a : v.(ap (c-2Eordinal 2Eoleast A_27a) (AV Oz €

Assume the following.

True (21)
Assume the following.
(VVOt € 2.(((TrueA(p VOt))(p VO)A((((p VO) AT rue)<
(p VOO)A(((Falsen(p VOt))=False)A((((p VOt)AFalse)< False)A  (22)
(((p VOO)A(p VL)) (p V01)))))))



Assume the following.

(YVOt € 2.(((True=(p VOt))=(p VOO)A((((p VOt)=True)<
True)A((False=(p VOt))eTrue) A((((p VOt)=(p VOt))=True)A(( (23)
(p VOt)=False)=(=(p V01))))))))

Assume the following.

((VVOt € 2.((=(—(p VOt)))=(p VO)))A(((—True)<False) A

((mFalse)=True))) (24)
Assume the following.
VA_27a.nonempty A27a=(VV0x € A27a.(V0z = VOz)&
True)) (25)
Assume the following.
VA 27a.nonempty A27a=NVV0zx € A27a.(VV1y € (26)

A27a.(VOx = Viy)e(Viy = V0x))))
Assume the following.

(VVO0t € 2.(((Trues(p VOt))<(p Vo)) A(((p VOt)=True)s
(p VO)A(((Falses(p VOt))=(—(p VOO)))A(((p VOt)=False)e(—=( (27)

p V0i)))))))

Assume the following.

(VWO0A € 2.(VV1B € 2.(VV2C € 2.(((p VOA)V(

(0 VIB)AG V2O))&(((p VOAW(p VIB)A((p VOANV(p V20)))) 2
Assume the following.
(VVOLL € 2.(VV 112 € 2.(VV2t3 € 2.(((p VOt1)= 29)
(p V1£2)=(p V213))&(((p VOI)A(p V1E2)=(p V213))))))
Assume the following.
(VWOu € 2.((p (ap c-2Ebool 2EBOUNDED V0v))<True)) (30)

Assume the following.

VA 27a.nonempty A27a=(VV0b € (ty-2Eordinal 2Eordinal
A27a).(WV1a € (ty 2Eordinal 2Eordinal A_27a).((—(p (
ap (ap (c2Eordinal 2Eordlt A_27a) VOb) V1a)))<((p (ap (ap (c2Eordinal 2Eordlt
A27a) V1a) VOb))V(V1a = V0Ob)))))
(31)



Assume the following.

VA_27a.nonempty A 27a=(VVO0x € (ty_2Eordinal 2Eordinal
A27a).(WV1y € (ty-2Eordinal_2Eordinal A-27a).(VV2z €
(ty2Fordinal 2FEordinal A27a).(((—(p (ap (ap (c2Eordinal 2Eordlt  (32)
A_27a) V1y) VOx)))A(p (ap (ap (c_2Eordinal 2Eordlt A_27a) V1y)
V2z2)))=(p (ap (ap (c2Eordinal 2Eordlt A_27a) V0x) V2z2))))))

Assume the following.

VA 27a.nonempty A27a=(VVO0n € ty_2Enum_2Enum.(
p (ap (ap (c2Eordinal 2Eordlt A_27a) (ap (c2Fordinal 2E fromNat  (33)
A_27a) VOn)) (c_2Eordinal 2Eomega A _27a))))

Assume the following.

VA_27a.nonempty A27a=(VVO0x € (ty-2FEordinal 2Eordinal
A_27a).(VV1a € (ty-2Eordinal 2Eordinal A_27a).(YV2b €
(ty-2Fordinal 2Eordinal A27a).((—(p (ap (ap (c-2Eordinal 2EordIt
A_27a) V2b) V1a)))=(—(p (ap (ap (c-2Eordinal 2Eordlt A_27a) (ap
(ap (c2Eordinal 2EordEX P A 27a) V2b) VO0z)) (ap (ap (c2Eordinal 2EordEX P
4.27a) Via) VOx)))))
(34)
Assume the following.

VA 27a.nonempty A27a=(VVO0x € (ty_2Eordinal 2Eordinal
A27a).(VV1y € (ty_2Eordinal 2Eordinal A_27a).(YV2a €
(ty-2Eordinal 2FEordinal A27a).((p (ap (ap (c-2Eordinal_2EordIt
A27a) (ap (c2Eordinal 2F fromNat A_27a) (ap c_2Earithmetic 2ENUMERAL
(ap c_2Earithmetic_2EBIT1 c_2Earithmetic 2EZERO)))) V2a))=
((p (ap (ap (c2Eordinal 2Eordlt A_27a) (ap (ap (c.2Eordinal 2EordEX P
A_27a) V2a) V0z)) (ap (ap (c2Eordinal 2EordEXP A 27a) V2a) V1y)))<
(p (ap (ap (c2Eordinal _2Eordlt A_27a) VO0z) V1y)))))))
(35)
Assume the following.

VA 27a.nonempty A_27a=(VVO0x € (ty_2FEordinal 2Eordinal
A27a).(VV1y € (ty_2FEordinal 2Eordinal A_27a).(YV2z €
(ty-2Eordinal 2FEordinal A27a).((p (ap (ap (c-2Eordinal_2EordIt
A27a) (ap (c2FEordinal 2E fromNat A_27a) c.22Enum_2E0)) VO0z))=
((ap (ap (c2Eordinal 2EordEX P A_27a) VO0z) (ap (ap (c2Eordinal 2Eord MU LT
A 27a) V1y) V2z2)) = (ap (ap (c2Eordinal 2EordEX P A_27a) (ap (ap
(c2FEordinal 2EordEX P A_27a) VO0z) V1y)) V22))))))
(36)
Assume the following.

VA 27a.nonempty A_27a=((ap (ap (c2Eordinal 2EordEX P
A_27a) (c_2Eordinal 2Eomega A_27a)) (c-2Eordinal_2Eepsilon0 (37)
A_27a)) = (c_2Eordinal 2Eepsilon0 A_27a))



Assume the following.

VA 27a.nonempty A27a=(¥YV0a € (ty_2FEordinal 2Eordinal
A27a).((p (ap (ap (c2Eordinal 2Eordlt A_27a) V0a) (c_2Eordinal _2Eepsilon0
A_27a)))=((p (ap (ap (c2Eordinal _2Eordlt A_27a) V0a) (ap (ap (
c2Eordinal 2EordEX P A_27a) (c_2Eordinal 2Eomega A_27a)) V0a)))A
(p (ap (ap (c-2Eordinal 2Eordlt A_27a) (ap (ap (c-2Eordinal 2EordEX P
A_27a) (c_2Eordinal 2Eomega A_27a)) V0a)) (c-2Eordinal_2Eepsilon0
A27a))))))

(38)
Assume the following.

VA_27a.nonempty A27a=(VVO0x € (ty-2FEordinal 2Eordinal
A27a).(VV1y € (ty-2Eordinal 2Eordinal A-27a).(((p (ap
(ap (c2Eordinal 2EordIt A_27a) V0x) (c_2Eordinal 2Eepsilon0
A_27a)))A(p (ap (ap (c-2Eordinal 2Eordlt A_27a) V1y) (c_2Eordinal 2Eepsilon0
A27a))))=(p (ap (ap (c2Eordinal _2Eordlt A_27a) (ap (ap (c2Fordinal 2Eord MU LT
A27a) VOz) V1y)) (c-2Eordinal_2Eepsilon0 A_27a))))))

(39)

Assume the following.
(VVOt € 2.((=(=(p VOt)))=(p VOI))) (40)

Assume the following.
(VV0A € 2.((p VOA)=((=(p VOA))=False))) (41)

Assume the following.

(VV0A € 2.(VW1B € 2.(((~((p VOAV(p V1B)))=False)s

(((p VOA)=False)=((~(p V1B))=False))))) (42)

Assume the following.
(704 € 2.(WV1B € 2((=((~(p VOA)V(p VIB))=False)ss (o

((p VOA)=((=(p V1B))=False)))))
Assume the following.
(VV0A € 2.(((=(p VOA))=False)=(((p VOA)=False)=False))) (44)

Assume the following.

(VVOp € 2.(¥V1q € 2.(¥V2r € 2.(
(p Vig)e(p V2r)))e(((p Vop)V(lp V1g)V(p V2
p V2r))V(=(p V1g))A(((p V1g)V((=(p V2r))
((=(p V1g))V(=(p VOp)))))



Assume the following.

(VVOp € 2.(VW1qg € 2.(VV2r € 2.(((p VOp)=(
(p V1igA(p V2r)))=(((p VOop)V((=(p V1g)V(=(p V2r))A((p V1g)V
(=(p VOp)))A((p V2r)V(=(p VOp))))))))) o)

Assume the following.

(VVOp € 2.(VV1g € 2.(VV2r € 2.(((p VOp)<(
(p Vig)v(p V2r)))=(((p VOp)V(=(p V1g)))A(((p VOp)V(=(p V2r)))A

((p V1ig)V((p V2r)V(=(p V0p)))))))))) )
Assume the following.

(VVOp € 2.(vV1g € 2.(¥V2r € 2.(((p VOp)
(p V1g)=(p V2r)))=(((p VOp)V(p V1g))A(((p VOp)V
—(p V1g)V((p V2r)V(=(p VOp))))))))))

Assume the following.

< (
(=(p V2r)))A(C (48)

(VWOp € 2.(VV1g € 2.(((p VOp)=(=(p V1g)))=(((p VOp)V

(b VIg)A((=(p V1g)V(~(p VOP)))) (49)
Assume the following.
(YVOp € 2.(vV1g € 2.((=((p VOp)=(p V1q)))=(p VOp)))) (50)

Assume the following.

(YVOp € 2.(VV1g € 2.((=((p VOp)=(p V1q)))=(=(p V1q)))))  (51)
Theorem 1

VA 27a.nonempty A27a=(VV0a € (ty-2Eordinal_2Eordinal
A27a).(VV1b € (ty-2Eordinal 2Fordinal A27a).(((p (ap
(ap (c_2Eordinal 2Eordlt A_27a) V0a) (c_2Eordinal 2Eepsilon0

A_27a)))A(p (ap (ap (c-2Eordinal 2Eordlt A_27a) V'1b) (c_2Eordinal_2Eepsilon0
A_27a))))=(p (ap (ap (c2Eordinal_2EordIt A_27a) (ap (ap (c2Eordinal_2EordEX P

A_27a) V0a) V1b)) (c_2Eordinal 2Eepsilon0 A_27a))))))



