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Definition 1 We define c 2Emin_2E_3D to be \A Az € A y € A.inj_o (x = y)
of type t=-t.

Definition 2 We define c 2Ebool 2ET to be (ap (ap (c.2Emin 2E_3D (22)) (A\V 0z € 2.V0z)) (\V1z € 2.V
Definition 3 We define c_2Ebool 2E 21 to be N\A_27a : t.(A\VOP € (24-27%) (ap (ap (c_2Emin_2E_3D (24-27
Definition 4 We define c_2Ebool 2EF to be (ap (c_2Ebool 2E_21 2) (AV 0t € 2.V 0t)).

Definition 5 We define c 2Emin_2E_3D_3D_3E to be AP € 2.0\Q € 2.inj_o (p P=p Q)
of type t.

Definition 6 We define c_2Ebool 2E_7E to be (AV Ot € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0¢) c_2Ebool 2EF
Definition 7 We define c_2Ebool 2EIN to be NA_27a : 1.(A\V 0z € A27a.(AV1f € (24-27%) (ap V1f VO0z)))
Definition 8 We define c_2Ebool 2E_2F 5C to be (AVO0t1 € 2.(AV1¢2 € 2.(ap (c_2Ebool 2E_21 2) (AV2¢ € ¢
Definition 9 We define c_2Epred__set 2EINJ to be NA_27a : L. AA27b : LAVOS € (A2764-27*) AV 1s € (24-

Definition 10 We define c 2Emin_2E_40 to be N\A.AP € 24.if (3z € A.p (ap P z)) then (the (\z.z € AN
of type t=>t.

Definition 11 We define c_2Ebool 2E_3F to be AA_27a : 1. (AVOP € (24-27%).(ap VOP (ap (c.2Emin_2E_40
Definition 12 We define c_2Ecardinal 2Ecardleq to be AA_27a : t.AA_27b : 1.AV0s1 € (24-279) \V1s2 € (24
Let ty 2Enum_2Enum : ¢ be given. Assume the following.

nonempty ty_2Enum_2Enum (1)
Let ty 2Esum_2FEsum : t=>1=>¢ be given. Assume the following.

VAO.nonempty A0=VAl.nonempty Al=nonempty (ty_2Esum_2FEsum
A0 A1)

(2)



Let ty_ 2FEwellorder_2FEwellorder : 1= be given. Assume the following.
VA0.nonempty A0=nonempty (ty_2Ewellorder _2Ewellorder A0)  (3)
Let ty 2Fordinal_2Eordinal : 1=t be given. Assume the following.
VAO0.nonempty A0=nonempty (ty_2FEordinal 2FEordinal A0) (4)

Let c_2Fordinal 2Eordinal__REP__CLASS : 1= be given. Assume the fol-
lowing.

VA 27a.nonempty A_27a=c2FEordinal 2FEordinal__REP__CLASS
A97a € ((2(ty,2Ewellorder,2Ewellorder (ty_2Esum_2Esum ty_2Enum_2Enum A,27a)))(ty,2Eordinal,2Eordinal A_27a)

(5)
Definition 13 We define c 2Eordinal_2Eordinal__REP to be AA_27a : 1t.A\V 0a € (ty_2Eordinal 2FEordinal A
Let ty 2Epair 2Eprod : t=-1=-t be given. Assume the following.
VAO.nonempty A0=YAl.nonempty Al=nonempty (ty_2Epair 2Eprod
A0 A1)
(6)
Let c.2Ewellorder 2Ewellorder__REP : 1= be given. Assume the following.

VA 27a.nonempty A_27a=c_2Ewellorder_2FEwellorder__REP
A97a € ((2(ty,2Epair,2Eprod A_27a A,27a))(ty,2Ewellorder,2Ewellorde'r‘ A,Z'?a))

(7)

Let c2Epair 2EABS __prod : 1=>1=>1 be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=c 2Epair 2EABS__prod
A27a A2Tb € ((ty2Epair 2Eprod A-27a A276)(* ™)™
(8)
Definition 14 We define c_2Epair 2E_2C to be NA_27a : t. AA27b : 1. AV Oz € A27a.N\V1y € A27b.(ap (c-2
Let c2Epair 2ESN D : 1=1= be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=-c_2Epair 2ESN D
A927a A27b € (A727b(ty,2Epair,2Eprod A_27a A,27b))
(9)

Let c2Epair 2EF ST : 1=1=1 be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=c_2FEpair 2EFST
A927a A27b € (A727a(ty,2Epair,2Eprod A_27a A,27b))
(10)

Definition 15 We define c_2Epair 2EUNCURRY to be AA_27a : t.AA2Tb : L. AA27c : LAVOS € ((A27¢4-7
Let c2Epred__set 2EGSPEC : 1=>1= be given. Assume the following.

VA 2Ta.nonempty A 27a=YA_27b.nonempty A_27b=c_2FEpred_set 2EGSPEC
A927a A27b € ((2147270,)((ty,2Epai'r,2Eprod A_27a Z)A*Wb))

(11)



Definition 16 We define c 2Eset__relation_2Estrict to be A\A_27a : 1. AV Or € (2(ty-2Epair-2Eprod A-2Ta A-27a)
Definition 17 We define c_2Eset__relation_2Erange to be NA_27a : t.AA_27b : L. AV Or € (2(ty-2Epair2Eprod A
Definition 18 We define c 2Eset__relation_2Edomain to be AA_27a : t. \A_27b : LAV Or € (2(ty-2Epair-2Eprod
Definition 19 We define c_2Ebool 2E_5C_2F to be (AVO0t1 € 2.(A\V1¢2 € 2.(ap (c_2Ebool 2E_21 2) (AV2¢ €
Definition 20 We define c 2Epred__set 2EUNION to be AA_27a : t.AV0s € (24-2T9) AV 1t € (24-27%) (ap (c
Definition 21 We define c_2Ewellorder 2EelsOf to be AA_27a : 1. A\VOw € (ty_2FEwellorder _2Ewellorder A.
Definition 22 We define c_2Ewellorder_2Eorderiso to be AA_27a : t.ANA27b : L. AVOw] € (ty_2Ewellorder_2.

Let c2Fordinal 2Eordinal__ABS__CLASS : 1= be given. Assume the fol-
lowing.

VA 27a.nonempty A 27a=c_2Fordinal 2FEordinal__ABS__CLASS

. . _2Bwellorder_2Ewellorder (ty_2Esum_2Esum ty_2Enum_2Enum A_27a
A27a € ((ty-2Eordinal 2Eordinal A,27a)(2(ty * e (B s 2B 2k g )>))
(12)

Definition 23 We define c 2Eordinal 2Eordinal__ABS to be AA_27a : 1. \VOr € (ty_2FEwellorder 2 Ewellord
Definition 24 We define c_2Ewellorder_2Eiseg to be AA_27a : 1. \VOw € (ty_2Ewellorder 2Ewellorder A_2
Definition 25 We define c 2Eset__relation_2Errestrict to be A\A_27a : 1. AV Or € (2(ty-2Epair-2Eprod A-2Ta A-2
Let c2Ewellorder 2Ewellorder__ABS : 1=t be given. Assume the following.

VA 2Ta.nonempty A_27a=c_2Ewellorder_2FEwellorder__ABS

A27a € ((ty-2Ewellorder_2Ewellorder A,27a)(2(@72“&”72%7«0{1 A Afzh)))

(13)

Definition 26 We define c_2Ewellorder_2Ewobound to be AA_27a : t.\V 0z € A_27a.\V 1w € (ty_2Fwellord
Definition 27 We define c_2Ewellorder_2Eorderlt to be AA_27a : 0. AA_27b : L. AV 0wl € (ty-2Fwellorder 2E
Definition 28 We define c_2Eordinal_2Eordlt to be A\A_27a : t.A\VOT'1 € (ty-2FEordinal_2Eordinal A-27a).,
Definition 29 We define c 2Eordinal 2EallOrds to be NA_27a : v.(ap (c_2Ewellorder_2FEwellorder__ABS (i
Definition 30 We define c_2Eordinal _2Epreds to be A\A_27a : 1. \V 0w € (ty_2Eordinal 2Eordinal A-27a).(
Definition 31 We define c_2Epred__set 2EUNIV to be AA_27a : 1. (A\V0x € A_27a.c_2Ebool 2ET).

Definition 32 We define c_2Epred__set 2ESURJ to be AA_27a : t.AA2Tb : LAVOS € (A27T6"-2) \V1s € (

).
Definition 34 We define c_2Epred__set 2EBIJ to be N\A_27a : t.AA27b : LAVOS € (A276"-27) A\V1s € (27

Definition 33 We define c_2Equotient 2EQUOTIENT to be AA_27a : t. NA27b: L. A\VOR € ((2‘4*27“)14’27&



Assume the following.
True (14)

Assume the following.

VA_27a.nonempty A 27a=(VVO0t € 2.((VV1x €

A 27a.(p VOB (p VOR)) (15)

Assume the following.

(VVOt € 2.(((Truen(p VOr))=(p VOO))A((((p VO) AT rue)=
(p VOO)A(((Falsen(p VOt))=False)A((((p VOt)AFalse)< False)A  (16)
(((p VO)A(p VOt)) = (p VO1)))))))

Assume the following.

(YVOt € 2.(((True=(p VOt))=(p VOO))A((((p VOt)=True)=
True)A((False=(p VOt))eTrue) AN((((p VOt)=(p VOt))=True)A((  (17)
(p VOt)= False)=(=(p V01))))))))

Assume the following.

VA 27a.nonempty A27a=(VV0x € A27a.(VO0z = VOz)&
True))

Assume the following.

VA 27a.nonempty A 27a=(VV0zx € A27a.(VV1y €
A27a.(V0z = V1y)e(V1y = VOx))))

Assume the following.

(VVOt € 2.(((Trues(p VOt))<(p VOt))
(p VO)A(((Falses(p VOt))=(—(p VOt)))

p V0i)))))))

A(((p VOt)yeTrue)=
A(((p VOt)=False)e(—=( (20)

Assume the following.

(VVOtL € 2.(VV1t2 € 2.(VV2t3 € 2.(((p VOt1)=
((p V12)=(p V2t3)))=(((p VOIL)A(p V1t2))=(p V23))))))

Assume the following.

(VWWO0z € 2.(VW 1z 27 € 2.(VV2y € 2.(VV3y_27 €
2.((((p VOz)=(p V12 27))A((p V12 2T)=((p V2y)=(p V3y-27))))= (22)
(((p VOz)=(p V2y))=((p V12 27T)=(p V3y.27))))))))

Assume the following.

VA_27a.nonempty A-27a=(p (ap (ap (ap (c_2Equotient_ 2EQUOTIENT
(ty-2Ewellorder 2FEwellorder (ty-2Esum_2Esum ty-2Enum_2Enum
A_27a)) (ty2Fordinal 2Eordinal A_27a)) (c_2Ewellorder_2Eorderiso
(ty2Esum_2Esum ty_2Enum_2Enum A_27a) (ty2Esum_2Esum ty_2Enum_2Enum
A_27a))) (c_2Eordinal_2Eordinal__ABS A_27a)) (c_2Eordinal 2Eordinal__REP
A_27a)))

(23)



Assume the following.

VA 27a.nonempty A27a=(VV 0w € (ty-2Ewellorder_2Ewellorder
(ty2Esum_2Esum ty_2Enum_2Enum A_27a)).(p (ap (ap (c_2Ewellorder_2Eorderiso
(ty2Esum_2Esum ty_2Enum_2Enum A_27a) (ty-2Fordinal 2Eordinal
A_27a)) VOw) (ap (ap (c_2Ewellorder_2Ewobound (ty_2Eordinal_2Eordinal
A_27a)) (ap (c2Eordinal_2Eordinal__ABS A_27a) VOw)) (c_2Eordinal 2EallOrds

A270)))))
(24)
Assume the following.

VA 27a.nonempty A_27a=(YV0ord € (ty-2Eordinal 2Eordinal
A_27a).((ap (c-2Eordinal 2Epreds A_27a) V0ord) = (ap (c-2Ewellorder_2EelsOf
(ty2Fordinal 2FEordinal A27a)) (ap (ap (c_2Ewellorder_2Ewobound
(ty-2FEordinal 2Eordinal A_27a)) V0ord) (c_2Eordinal 2EallOrds
A27a)))))

(25)
Assume the following.

VA 27a.nonempty A-27a=(VV0x € A27a.(p (ap (ap (c_2Ebool 2EIN (26)
A_27a) V0z) (c_2Epred_set 2EUNIV A_27a))))

Assume the following.

VA 27a.nonempty A2T7a=VA_27b.nonempty A_27b=(

YV 0wl € (ty_2FEwellorder_2FEwellorder A27aq).(VV1w2 €
(ty_2FEwellorder 2Ewellorder A_27b).((p (ap (ap (c-2Ewellorder_2Eorderiso
A27a A27b) VOwl) V1w2))e(3V2f € (A2764-27%).((p (ap (
ap (ap (c2Epred__set 2EBIJ A_27a A_27b) V2f) (ap (c_2Ewellorder 2EelsOf
A27a) VOwl)) (ap (c-2Ewellorder 2EelsOf A_27b) V1w?2)))A(VV 3z €
A27a.(WVV4y € A27a.((p (ap (ap (c_2Ebool 2EIN (ty_2Epair_2Eprod
A27a A27a)) (ap (ap (c2Epair2E2C A27a A 27a) V3z) V4y)) (ap
(c_2Eset__relation 2Estrict A 27a) (ap (c2Ewellorder_2Ewellorder__REP
A_27a) VOwl))))=-(p (ap (ap (c2Ebool 2EIN (ty_2Epair_2Eprod A-27b
A_27b)) (ap (ap (c_2Epair2E.2C A27b A_27D) (ap V2f V3z)) (ap V2f
V4y))) (ap (c-2Eset__relation_2Estrict A_27b) (ap (c-2Ewellorder_2Ewellorder__REP

A270) V1w2))))))))))))

(27)
Assume the following.
VA_27a.nonempty A27a=(VV 0w € (ty_2FEwellorder_2Ewellorder
A_27a).(p (ap (ap (c_2Ewellorder 2Eorderiso A_27a A_27a) VO0w) (28)

Vow)))



Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YVOowl € (ty_2FEwellorder 2FEwellorder A27aq).(VV1w2 €
(ty2FBwellorder 2Ewellorder A_27b).((p (ap (ap (c-2Ewellorder_2Eorderiso
A27a A27b) VOwl) V1w2))=(p (ap (ap (c_2Ewellorder_2Eorderiso
A27b A 27a) V1w2) VOwl)))))
(29)

Theorem 1

VA 27a.nonempty A_27a=(YV0ord € (ty_2Fordinal 2Eordinal
A_27a).(p (ap (ap (c2Ecardinal 2Ecardleq (ty_2FEordinal_2Eordinal
A_27a) (ty-2Esum_2Esum ty_2Enum_2Enum A_27a)) (ap (c-2Eordinal 2Epreds
A_27a) VO0ord)) (c_2Epred__set 2EUNIV (ty_2Esum_2Esum ty_2Enum_2Enum
A27a)))))



