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Definition 1 We define c 2Emin_2E_3D_3D_3E to be AP € 2.)\Q € 2.inj_o (p P=p Q)
of type t.

Let ty 2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2Enum (1)
Let c2Earithmetic2EEV EN : ¢ be given. Assume the following.
c2Earithmetic 2EEVEN € (2ty-2Enum-2Enum) (2)
Let c.2Earithmetic2EODD : 1 be given. Assume the following.
c2Earithmetic2EODD ¢ (2tv-2EFnum-2Enum) (3)

Definition 2 We define c.2Emin_2E_3D to be AA.\x € A Xy € A.inj_o (z =vy)
of type t=>t.

Definition 3 We define c 2Ebool 2ET to be (ap (ap (c.2Emin 2E_3D (22)) (A\V0x € 2.V0z)) (\V1z € 2.V
Definition 4 We define c_2Ebool 2E 21 to be N\A_27a : t.(A\VOP € (24-27%) (ap (ap (c_2Emin_2E_3D (24-27
Definition 5 We define c_.2Ebool_2EF to be (ap (c_2Ebool 2E_21 2) (AV 0t € 2.V 01)).
Definition 6 We define c_2Ebool 2E_7E to be (A\V 0t € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0t) c_2Ebool 2EF
Definition 7 We define c_2Ebool 2E_2F 5C to be (AVO0t1 € 2.(AV1¢2 € 2.(ap (c_2Ebool 2E_21 2) (AV2¢ € ¢
Let c2Enum 2EREP__num : ¢ be given. Assume the following.

c2Enum 2EREP_num € (omegaty-2Fnum-2Enum) (4)
Let c2Enum 2ESUC__REP : 1 be given. Assume the following.

c2Enum 2ESUC__REP € (omega®™®9%) (5)

Let c2Enum 2EABS__num : ¢ be given. Assume the following.

c2Enum 2EABS__num € (ty-2Enum_2Enum°™9%) (6)



Definition 8 We define c_22Enum_2ESUC to be AVOm € ty_2Enum_2Enum.(ap c2Enum 2EABS__num

Definition 9 We define c 2Emin_2E_40 to be AA.AP € 24.4f (3z € A.p (ap P 7)) then (the (\z.x € AAp
of type t=-t.

Definition 10 We define c_2Ebool 2E_3F to be AA_27a : 1. (AVOP € (24-27).(ap VOP (ap (c_2Emin_2E_40
Definition 11 We define c_2Eprim__rec_2E _3C to be AVOm € ty_ 2Enum_2Enum. AV 1n € ty_2Enum_2Enu
Definition 12 We define c_2Earithmetic_2E_3E to be A\VOm € ty_ 2Enum_2Enum . AV1n € ty 2Enum_2En
Definition 13 We define c_2Ebool 2E_5C_2F to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €
Definition 14 We define c_2Earithmetic_2E_3E_3D to be \VOm € ty 2Enum_2Enum. AV 1n € ty_2Enum_2
Let c2Enum 2EZFERO__REP : 1 be given. Assume the following.
c2Enum 2EZERO__REP € omega (7)

Definition 15 We define cC2Enum_2EQ to be (ap c.2Enum_2EABS_num c2Enum 2EZERO__REP).
Definition 16 We define c_2Ebool 2ECOND to be AA_27a : t.(AVOt € 2.(AV1tl € A 27a.(A\V2t2 € A27a.(
Definition 17 We define c_2Eprim__rec_2EPRE to be A\VOm € ty_2Enum_2Enum.(ap (ap (ap (c_2Ebool 2k
Let c.2Earithmetic2EEXP : 1 be given. Assume the following.

c.2Earithmetic 2EEX P € ((ty_2Enum_2Enum!y-2Enum-2Enumyty 2Enum 2Enum)
Let c.2Earithmetic2E 2D : ¢ be given. Assume the following. )

c2Earithmetic2E_2D € ((ty-2Enum_ 2 EnumtY-2Fnum-2Enum)ty_2Enum-_2Enum )
Let c.2FEarithmetic2E 2A : 1« be given. Assume the following. ¥

c.2Earithmetic 2E 2A € ((ty_2Enum_2Enum!y-2Fnum-2Enum)\ty 2Enum_2Enum)
(10)

Definition 18 We define c_2Enumeral 2EiZ to be A\V 0z € ty_ 2Enum_2Enum.V0x.
Definition 19 We define c_2Earithmetic 2ENUMERAL to be A\V 0z € ty_ 2Enum_2Enum.V0x.
Let c.2Farithmetic2E 2B : 1 be given. Assume the following.

c.2Earithmetic2E 2B € ((ty_2Enum_2Enumty-2Enum-2Enum )ty 2Enum_2Enum)
(11)

Definition 20 We define c 2Earithmetic_2EBIT2 to be A\VOn € ty 2Enum_2Enum.(ap (ap c.2Earithmetic

Definition 21 We define c 2Earithmetic_2EBIT1 to be A\VOn € ty 2Enum_2Enum.(ap (ap c.2Earithmetic



Definition 22 We define c_2Earithmetic 2EZERO to be c_2Enum _2EQ.
Definition 23 We define c_2Earithmetic_2E_3C_3D to be A\VOm € ty 2Enum 2Enum. AV 1n € ty 2Enum 2
Let ty_2Fone_2Fone : ¢ be given. Assume the following.

nonempty ty_2FEone_2FEone (12)
Definition 24 We define c_2Eone_2Eone to be (ap (c_2Emin_2E_40 ty_2Fone_2FEone) (A\V0x € ty_2Fone_2
Let ty 2Esum_2FEsum : t=>1=>t be given. Assume the following.

VAO.nonempty A0=VAl.nonempty Al=nonempty (ty-2Esum_2FEsum
A0 A1)
(13)
Let c2Esum 2EABS__sum : 1=t=-t be given. Assume the following.

VA 2Ta.nonempty A27a=VA_27b.nonempty A_27b=c 2Esum _2FEABS__sum

A27a A27b € ((ty2Esum 2Esum A-27a A_27p)((*7™)"7)%)
(14)

Definition 25 We define c 2Esum_2EINR to be AA_27a : t. N\A27b : t.AV0e € A 27b.(ap (c.2Esum 2EABS
Let ty_2Foption_2FEoption : 1=t be given. Assume the following.

VA0.nonempty A0=nonempty (ty_2Foption_2FEoption AQ) (15)
Let c.2Foption_2FEoption__ABS : 1= be given. Assume the following.

VA 27a.nonempty A_27a=c_2Foption_2FEoption__ABS A 27a €

((ty,ZEoption,ZEoption A727a)(ty,2Esum,2Esum A_27a ty,2E0ne,2Eone)) (16)

Definition 26 We define c 2Eoption_2ENONE to be AA_27a : t.(ap (c2Eoption_2Eoption__ABS A_27a) (c

Let ty 2Epair 2Eprod : t=-1=-t be given. Assume the following.

VAO.nonempty A0=VAl.nonempty Al=nonempty (ty-2Epair 2Eprod

A0 A1)
(17)
Let ty 2FEllist 2Ellist : 1= be given. Assume the following.
YV AO.nonempty A0=nonempty (ty-2FEllist 2Ellist A0) (18)

Let ty 2Epath_2Epath : 1=-1= be given. Assume the following.

VAO.nonempty A0=VAl.nonempty Al=nonempty (ty-2Epath_2Epath
A0 A1)
(19)



Let c.2Epath 2FE fromPath : t1=>1t=>t be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=c_2Epath 2FE fromPath

A27a A27b € ((ty_2Epair 2Eprod A 27a (ty_2FEllist 2Ellist (ty_2Epair_2Eprod
A 27b A727a)))(ty,QEpath,QEpath A_27a A,27b))

(20)
Let c2Epair 2ESN D : 1=-1=-1 be given. Assume the following.

VA 27a.nonempty A27a=YA_27b.nonempty A_27b=c_2FEpair 2ESN D
A927a A2Th € (A727b(ty,2EpaiT;2Ep7'od A_2T7a A,27b))
(21)
Let ty 2Flist 2FElist : 1= be given. Assume the following.

YV AOQ.nonempty A0=nonempty (ty_2Elist 2Elist A0) (22)
Let ¢ 2Fllist 2Fllist_rep : 1=t be given. Assume the following.

YA 27a.nonempty A27a=c 2Ellist 2Ellist_rep A 27a €
(((ty,QEOptiOTL,2EOptZ'OTL A727a)ty,2Enum,2Enum)(ty,2Ellist,2Ellist A,27a))
(23)

Definition 27 We define c_2Esum_2EINL to be A\A_27a : 1. NA_27b : 1. AV0e € A 27a.(ap (c2Esum_2EABS
Definition 28 We define c 2Eoption_ 2ESOME to be AA_27a : 1. AV 0z € A_27a.(ap (c.2Eoption_2Eoption__
Let ¢ 2FEllist 2Ellist__abs : 1= be given. Assume the following.

VA 27a.nonempty A_27a=c 2Ellist 2Ellist__abs A_27a €

((ty,2E”ZSt,2EllZSt A727a)((ty,2Eoption,2Eoption A,27a)ty*2E"’“’m*2E"“m)) (24)
Definition 29 We define c_2Ellist 2ELCONS to be AA_27a : t. A\VOh € A27a. AV 1t € (ty2Ellist 2Ellist A.

Definition 30 We define c 2Ellist 2ELNIL to be AA_27a : v.(ap (c2Ellist 2Ellist__abs A27a) (AVOn € ty.

Definition 31 We define c_2Ellist_2Ellength__rel to be NA_27a : +.(AV0a0 € (ty 2Ellist 2Ellist A 27a).(AV
Definition 32 We define c_2Ellist_2ELFINITE to be AA_27a : 1.(AV0a0 € (ty_2Ellist_2Ellist A_27a).(ap (c
Definition 33 We define c_2Ellist_2ELLENGTH to be AA_27a : 1. AV Ol € (ty_2Ellist_2Ellist A_27a).(ap (a
Let c2FEoption 2ETHE : 1= be given. Assume the following.

VA 27a.nonempty A 27a=c 2Eoption 2ETHE A 27a € (A_27a(tv-2Ecption-2Eoption A-27a))
Let c.2Ellist 2ELTAKE : 1= be given. Assume the following. >

VA 27a.nonempty A 27a=c 2Ellist 2ELTAKE A_27a € (((ty-2Eoption_2Eoption
(ty,QEllSt,QElZSt A727a))(ty,ZEllist,2Ellist A,27a))ty,2Enum,2Enum)
(26)



Definition 34 We define c_2Ellist_2EtoList to be AA_27a : t. AV OIl € (ty_2Ellist_2Ellist A27a).(ap (ap (a1
Let ¢ 2Elist 2ELENGTH : 1= be given. Assume the following.

VA_27a.nonempty A27a=c2Elist 2ELENGTH A_27a € (ty_2Enum_2Enum/ty-2Elist-2Elist A27a))
(27)

Definition 35 We define c 2Epath 2Efinite to be NA_27a : L. AA_27b : 1. AV 0sigma € (ty_ 2Epath_2Epath A
Definition 36 We define c 2Epath 2Elength to be AA_27a : L. AA_27b : 1. AV Op € (ty_2Epath 2Epath A 27a
Let ¢ 2Epair 2EABS __prod : 1=1=1 be given. Assume the following.

VA 2T7a.nonempty A27a=VA_27b.nonempty A_27b=c_2FEpair 2EABS__prod
A27a A27b € ((ty-2Epair 2Eprod A-27a A_27b)(2* =™ 7))
(28)
Definition 37 We define c_2Epair 2E_2C to be AA27a : t.AA2Tb : 1. AVO0zx € A27a.\V1y € A27b.(ap (c-2

Let c2Epred__set 2EGSPEC : 1=-1=- be given. Assume the following.

VA 2Ta.nonempty A27a=YA_27b.nonempty A_27b=c_2Epred_set 2EGSPEC
A927a A27b € ((2A,27a)((ty,2Epai7L2Eprod A_27a 2)A*27b))

(29)
Definition 38 We define c_2Epath 2EPL to be AA_27a : t.AA_27b : L. AV Op € (ty-2Epath 2Epath A 27a A

Let c.2Epath_2Ftail : t=>t=>t be given. Assume the following.

VA 27a.nonempty A27a=VA_27b.nonempty A_27b=c_2FEpath_2Etail
A27a A27b € ((ty-2Epath_2Epath A27a A_27b)(tv-2Epath-2Epath A-2Ta A-2Tb))
(30)
Let c.2Epath 2F first__label : t=-1=-1 be given. Assume the following.

VA 2Ta.nonempty A 27a=YA_27b.nonempty A_27b=-c_2FEpath 2FE first_label
A927a A27Th € (A727b(ty,2Epath,2Epath A_27a A,27b))
(31)
Let c2Epair 2EF ST : 1=1=- be given. Assume the following.

VA 27Ta.nonempty A_27a=VA_27b.nonempty A_27b=c_2Epair 2EFST
A927a A27b € (A727a(ty,2Epair,2Ep1‘od A_27a A,27b))
(32)

Definition 39 We define c 2Epath 2Efirst to be A\A 27a : t.AA27b : L. AVOp € (ty_2Epath_ 2Epath A 27a A
Let c.2Epath_2EtoPath : 1=>t= be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=c_2FEpath_2EtoPath
A27a A27h € ((ty,QEpath,ZEpath A 27a A727b)(ty,2Epair,2Eprod A_27a (ty-2Ellist_2Ellist (ty-2Epair_2Eprod
(33)



Definition 40 We define c_2Epath_2Epcons to be AA_27a : t. AA27b : t.AVOx € A27a.\V1r € A27b.AV2p
Definition 41 We define c_2Epath_2Estopped__at to be NA_27a : t.AA_27b : 1.AVOx € A27a.(ap (c_2Epath

Let c2Epath_2Etake : 1=-1=-t be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=-c_2FEpath_2Etake
A27a A27h € (((ty,?Epath,QEpath A 927a A727b)(ty,2Epath,2Epath A_27a A,27b))ty,2Enum,2Enum)
(34)

Definition 42 We define c 2Ebool 2EIN to be AA_27a : 1. (A\V0z € A27a.(A\V1f € (24-27%).(ap V1f VOx)
Definition 43 We define c_2Epred__set 2EIMAGE to be AA_27a : t.AA27b : LAVOS € (A27b"-2) \V1s €
Definition 44 We define c_2Epred__set 2EEMPTY to be AA_27a : ¢.(A\VO0x € A_27a.c_2Ebool_2EF).

Definition 45 We define c 2Epred__set 2EINSERT to be AA 27a : 1t.AVOx € A 27a. AV 1s € (24-27%).(ap (c-

Assume the following.

(YVOm € ty2Enum_2Enum.((VOm = c_2Enum_2E0)V(IV1n €

ty_2Enum_2Enum.(VOm = (ap c.22Enum_2ESUC V'1n))))) (35)

Assume the following.

(VVOn € ty_2Enum_2Enum.(VV1m € ty_2Enum_2Enum.(
(p (ap (ap c2Earithmetic_2E_3C_3D (ap c-2Enum_2ESUC V0On)) (ap
c2Enum_2ESUC V1m)))<(p (ap (ap c-2Earithmetic2E_3C_3D VOn)
Vim)))))

(36)

Assume the following.

(VVOn € ty_2Enum_2Enum.(p (ap (ap c2Earithmetic_2E_3C_3D
c_2Enum_2EQ) V0n)))

Assume the following.

(YVOn € ty 2Enum_2Enum.((p (ap (ap c_2Earithmetic 2E_3C_3D
VOn) c.2Enum_2E0))<(V0n = c2Enum_2EQ)))

Assume the following.

(VVOm € ty_2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(

((ap (ap c2Earithmetic.2E_2A c.2Enum_2EQ) VOm) = c_.2Enum_2EQ)A
(((ap (ap c2Earithmetic2E_2A VO0m) c.2Enum_2E0) = c_2Enum_2E0)A
(((ap (ap c2Earithmetic2E 2A (ap c_2Earithmetic 2ENUMERAL
(ap c2Earithmetic_2EBIT1 c_2Earithmetic 2EZERO))) VOm) = VOm)A
(((ap (ap c2Earithmetic.2E 2A VOm) (ap c2EarithmeticZ 2ENUMERAL
(ap c_2Earithmetic_2EBIT1 c_2Earithmetic.2EZERO))) = VOm)A(
((ap (ap c2Earithmetic.2E_2A (ap c2Enum_2ESUC VOm)) V1in) = (ap
(ap c2Earithmetic2E 2B (ap (ap c2Earithmetic2E_2A VOm) Vin))
Vin))A((ap (ap c2Earithmetic2E_2A VOm) (ap c.22Enum_2ESUC V'1n)) =
(ap (ap c2Earithmetic 2E 2B VOm) (ap (ap c2Earithmetic 2E 2A

VOom) Vin))))))))))
(39)



Assume the following.

(VVOm € ty_2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(
YV2p € ty 2Enum_2Enum.(((p (ap (ap c_2Earithmetic 2E_3C_3D
VOom) V1in))A(p (ap (ap c-2Earithmetic 2E_3C_3D V1n) V2p)))=(p (
ap (ap c-2Earithmetic 2E_3C_3D VOm) V2p))))))

(40)

Assume the following.

(YVOm € ty 2Enum_2Enum.(VV1n € ty 2Enum_2Enum.(
YV2p € ty 2Enum_2Enum.((p (ap (ap c-2Earithmetic_2E_3C_3D
(ap (ap c2FEarithmetic2E 2B VOm) V1n)) (ap (ap c.2Earithmetic2E 2B
Vom) V2p)))<(p (ap (ap c2Earithmetic 2E_3C_3D Vin) V2p))))))
(41)
Assume the following.

(YVOm € ty_2Enum_2Enum.(VV1n € ty_ 2Enum_2Enum.(
(=(p (ap (ap c-2Earithmetic2E_3C_3D VOm) V1n)))<(p (ap (ap c_2Earithmetic2E_3C_3D
(ap c.2Enum_2ESUC V'1n)) VOm)))))
(12)
Assume the following.

(VVOn € ty_2Enum_2Enum.((ap c.22Enum_2ESUC VOn) = (ap (ap
c2Earithmetic2E 2B (ap c_2Earithmetic 2ENUMERAL (ap c_2Earithmetic 2EBIT1
c_2Earithmetic 2EZERQ))) V0n)))

(43)

Assume the following.
True (44)

Assume the following.
(YVOtL € 2.(YV 12 € 2.(((p VOLL)=(p V12))=(((p (15)

V1t2)=(p VO0tl))=((p VOtl)=(p V1t2))))))

Assume the following.
(VVOt € 2.(False=(p VOt))) (46)

Assume the following.
VA_27a.nonempty A 27a=(VV0t € 2.((VV1x € (47)

A27a.(p VOt))=(p VOL)))

Assume the following.

VA 27a.nonempty A27a=(VYVO0t € 2.((IV1x € (48)

A27a.(p VOt))=(p VOL)))
Assume the following.

(VVOt € 2.(((TrueA(p VOt))(p VO)A((((p VO) AT rue)<
(p VOO)A(((Falsen(p VOt))=False)A((((p VOt)AFalse)< False)A  (49)
(((p VOO)A(p VL)) (p V01)))))))



Assume the following.

(VVOt € 2.(((TrueVv(p VOt))eTrue) AN((((p VOt)VTrue)eTrue)A
(((FalseV(p VOt))e(p VOO)A((((p VOt)VFalse)=(p VO)A(((p VOE)V

(p VO1))=(p V01)))))))
(50)
Assume the following.

(VVOt € 2.(((True=(p VOt))=(p Vo)) A(((p VOt)=True)s
True)A((False=(p VOt))True)A((((p VOt)=(p VOt))=True)A((  (51)
(p VOt)=False)=(=(p V01))))))))

Assume the following.

(VVOt € 2.((—(=(p VOL)))=(p VO)A((-True)=False) A

((-False)=True))) (52)
Assume the following.
VA 27a.nonempty A27a=(VV0zx € A27a.((V0z = V0zx)&
True)) (53)
Assume the following.
VA 27a.nonempty A27a=VV0zx € A27a.(VV1y € (54)

A27a.(VOx = Viy)e(Viy = V0x))))
Assume the following.

(VVO0t € 2.(((Trues(p VOt))<(p VOr))A(((p VOt)=True)s
(p VO)A(((False=(p VOt) ( pV )t)))/\(((p VOt)&e False)e(—(  (55)

V0t))))))

Assume the following.
(YV0ot € 2.(((p VOt)=False)=((p VOt)& False))) (56)
Assume the following.

(VVOtl € 2.(VV1t2 € 2.(VV2t3 € 2.(((p VOt1)=

(0 V12)=(p V23))((p VODA( V1E2)=(p V2I))) )
Assume the following.
(VVOtl € 2.(VV1t2 € 2.(((p VOtl)=(p V1t2))<(((p (58)

VOotl)=(p V1e2))A((p V1t2)=(p V0t1))))))
Assume the following.

(VVO0z € 2.(¥V 1227 € 2.(¥V2y € 2.(VV3y.27T €
2.((((p VOoz)=(p V1x27)A((p V1z27)=((p V2y)<=(p V3y-27))))= (59)
(((p VOz)=(p V2y))&((p V1z27)=(p V3y-27))))))))

8



Assume the following.

VA 27a.nonempty A27a=(YVOP € (24-27%).(VV1a €
A27a.((3V2zx € A27a.((V22 = V1a)A(p (ap VOP V2z))))<=(p ( (60)
ap VOP V1a)))))

Assume the following.

(VVOn € ty_2Enum_2Enum.(—((ap c22Enum_2ESUC V0n) = c_2Enum_2EQ)))
(61)
Assume the following.

(VVOP € (2ty-2Enum-2Enum) (((p (ap VOP c_2Enum_2EQ))A
(VV1in € ty-2Enum_2Enum.((p (ap VOP V1n))=(p (ap VOP (ap c.2Enum_2ESUC
V1in))))))=(VV2n € ty2Enum_2Enum.(p (ap VOP V2n)))))
(62)



Assume the following.

((VVOn € ty_2Enum_2Enum.((ap (ap c.2Earithmetic 2E 2B
c_2Enum_2EQ) VOn) = VOon))A((VV1n € ty 2Enum_2Enum.((ap
(ap c2Earithmetic2E 2B V1n) c.2Enum_2E0) = V1n))A((VV2n €
ty_2Enum_2Enum.(NYV3m € ty_2Enum_2Enum.((ap (ap c.2Earithmetic.2E 2B
(ap c-2Earithmetic2ENUMERAL V2n)) (ap c-2Earithmetic 2ENUMERAL
V3m)) = (ap c2Earithmetic 2ENUMERAL (ap c_2Enumeral 2EiZ (ap
(ap c2Earithmetic2E_2B V2n) V3m))))))A((VV4n € ty_2Enum_2Enum.
((ap (ap c2Earithmetic.2E 2A c_2Enum_2EQ) V4n) = c_2Enum_2EQ))A
((VV5n € ty 2Enum_2Enum.((ap (ap c2Earithmetic 2E 2A
Vbn) c.2Enum_2E0) = c_2Enum_2E0))A((VV6n € ty_2Enum_2Enum.
(VVTm € ty_2Enum_2Enum.((ap (ap c2Earithmetic2E_2A (
ap c_2Earithmetic 2ENUMERAL V6n)) (ap c_2EarithmeticZ 2ENUMERAL
Vim)) = (ap c2Earithmetic 2ENUMERAL (ap (ap c_2FEarithmetic 2E 2A
Vén) Vim)))WA((YV8n € ty_2Enum_2Enum.((ap (ap c2Earithmetic2E_2D
c2Enum_2E0) V8n) = c.2Enum_2E0))A((YVIn € ty_2Enum_2Enum.
((ap (ap c2Earithmetic.2E_2D V9n) c2Enum_2E0) = VIn))A((VV10n €
ty 2Enum_2Enum.(YV11lm € ty 2Enum_2Enum.((ap (ap c2Earithmetic2E_2D
(ap c2Earithmetic2ENUMERAL V'10n)) (ap c_2EarithmeticC2ENUMERAL
V11m)) = (ap c_2Earithmetic 2ENUMERAL (ap (ap c2Earithmetic2E_2D
V10n) V11m))A((VV12n € ty-2Enum_2Enum.((ap (ap c2Earithmetic 2EEX P
c_2Enum_2EQ) (ap c-2Earithmetic 2ENUMERAL (ap c_2Earithmetic_2EBIT1
V12n))) = c2Enum_2E0))A((VV13n € ty_2Enum_2Enum.((ap
(ap c2Earithmetic 2EEX P c_2Enum_2E0) (ap c_2Earithmetic 2ENUMERAL
(ap c2Earithmetic_2EBIT2 V13n))) = c.2Enum_2E0))A((VV14n €
ty 2Enum_2Enum.((ap (ap c2Earithmetic2EEX P V14n) c2Enum_2EQ) =
(ap c2Earithmetic2ENUMERAL (ap c_2Earithmetic_2EBIT1 c_2Earithmetic_.2EZEROQ))))A
((VV15n € ty-2Enum_2Enum.(VV16m € ty_2Enum_2Enum.
((ap (ap c2Earithmetic2EEX P (ap c_2Earithmetic 2ENUMERAL V'15n))
(ap c_2EarithmeticZ2ENUMERAL V'16m)) = (ap c_2Earithmetic 2ENUMERAL
(ap (ap c2Earithmetic2EEX P V15n) V16m)))))A(((ap c22Enum_2ESUC
c2Enum_2E0) = (ap c_2Earithmetic 2ENUMERAL (ap c_2Earithmetic_2EBIT1
c_2Earithmetic2EZERO)))A((VV17Tn € ty_2Enum_2Enum.(

(ap c22Enum_2ESUC (ap c_2EarithmeticZ 2ENUMERAL V17n)) = (ap c-2Earithmetic 2ENUMERAL
(ap c.22Enum_2ESUC V'17n))))A(((ap c2Eprim__rec2EPRE c_2Enum_2EQ) =
c_2Enum_2EQ)A((VV 18n € ty_2Enum_2Enum.((ap c2Eprim__rec_2EPRE
(ap c2Earithmetic 2ENUMERAL V'18n)) = (ap c_2Earithmetic 2ENUMERAL
(ap c2Eprim__rec.2EPRE V'18n))))A((VV19n € ty_2Enum_2Enum.

(((ap c_2Earithmetic 2ENUMERAL V197) = c_2Enum_2E0)<(V19n = c_2Earithmetic. 2EZERO)))A
((VV20n € ty-2Enum_2Enum.((c.2Enum_2E0 = (ap c_2Earithmetic 2ENUMERAL
V20n))<(V20n = c_2Earithmetic 2EZERO)))A((YV21n € ty_2Enum_2Enum.
(VV22m € ty_2Enum_2Enum.(((ap c2Earithmetic 2ENUMERAL
V21n) = (ap c-2Earithmetic 2ENUMERAL V22m))<(V21n = V22m))))A
((VV23n € ty2Enum_2Enum.((p (ap (ap c-2Eprim__rec_2E_3C
V23n) c_2Enum_2EQ0))< False))A((VV24n € ty_2Enum_2Enum.

((p (ap (ap c2Eprim__rec 2E_3C c_2Enum _2EQ) (ap c_2Earithmetic 2ENUMERAL
V24n)))<(p (ap (ap c2Eprim__rec_2E_3C c_2Earithmetic_2EZERO)
V24n))))A((YV25n € ty_2&Enum_2Enum.(YV26m € ty-2Enum_2Enum.

((p (ap (ap c-2Eprim__rec_2E_3C (ap c_2Earithmetic 2ENUMERAL
V25n)) (ap c_2Earithmetic 2ENUMERAL V26m)))<(p (ap (ap c-2Eprim__rec_2E_3C
V25n) V26m)))))A((YV27n € ty2Enum_2Enum.((p (ap (ap c_2Earithmetic_2E_3E
c_2Enum_2E0) V27n))< False))A((VV28n € ty_2Enum_2Enum.

((p (ap (ap c_2Earithmetic 2E_3E (ap c_2Earithmetic. 2ENUMERAL
V28n)) c.2Enum_2E0))<(p (ap (ap c-2Eprim__rec_2E_3C c_2Earithmetic.2EZERO)
V28n))))A((YV29n € ty_2Enum_2Enum.(YV30m € ty_2Enum_2Enum.

((p (ap (ap c-2Earithmetic_2E_3E (ap c_2EarithmeticZ2ENUMERAL
V29n)) (ap c_2Earithmetic 2ENUMERAL V30m)))<(p (ap (ap c-2Eprim__rec 2E_3C
V30m) V29n)))A((YV31n € ty 2Enum 2Enum.((p (ap (ap c2Earithmetic_2E_3C_3D
c_2Enum_2EQ) V31n))eTrue))A((VV32n € ty_2Enum_2Enum.
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Assume the following.

(YVOn € ty 2Enum_2Enum.(VYV1m € ty 2Enum_2Enum.(

((p (ap (ap c_2Earithmetic_2E_3C_3D c_2Earithmetic 2EZERO) V0n))<
True)A(((p (ap (ap c-2Earithmetic_2E_3C_3D (ap c_2Earithmetic_2EBIT1
VOn)) c2Earithmetic.2EZERO))< False) A(((p (ap (ap c2Earithmetic_2E_3C_3D

(ap c_2Earithmetic_2EBIT2 V0n)) c_2Earithmetic 2EZERO) )< False)A
(((p (ap (ap c2Earithmetic_2E_3C_3D (ap c_2Earithmetic 2EBIT1
VOn)) (ap c2Earithmetic 2EBIT1 V1m)))<(p (ap (ap c2Earithmetic_2E_3C_3D
Von) V1im)))A(((p (ap (ap c-2Earithmetic.2E_3C_3D (ap c_2Earithmetic_2EBIT1
VOn)) (ap c-2Earithmetic2EBIT2 V1m)))<(p (ap (ap c2Earithmetic 2E_3C_3D
Von) V1im))A(((p (ap (ap c_2Earithmetic 2E_3C_3D (ap c_2Earithmetic_2EBIT2
VOn)) (ap c_2Earithmetic 2EBIT1 V1m)))<(—(p (ap (ap c_2Earithmetic 2E_3C_3D
V1im) VOon))A((p (ap (ap c2Earithmetic 2E_3C_3D (ap c_2Earithmetic_2EBIT2
VOn)) (ap c_2Earithmetic 2EBIT2 V1m)))<(p (ap (ap c2Earithmetic_2E_3C_3D
Von) Vim)))))
(64)
Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=(

YV0x € A27a.(VV1y € A27b.(VV2a € A27a.(VV3b €
A27b.(((ap (ap (c2Epair2E 2C A_27a A_27b) VOzx) V1y) = (ap (ap
(c-2Epair2E.2C A_27a A27b) V2a) V3b))<=((V0x = V2a)A(V1y =V3D)))))))
(65)

Assume the following.

YA_27a.nonempty A27a=VA_27b.nonempty A_27b=(

YVOP € (2(ty,2Epath,2Epath A_27a A,27b)).((VV1p c
(ty_2Epath_2Epath A 27a A_27b).(p (ap VOP Vip)))=((VV 2z €
A27a.(p (ap VOP (ap (c-2Epath_2Estopped_at A 27a A_27b) V2x))))A
(VV3x € A27a.(WV4r € A27b.(VV5p € (ty-2Epath_2Epath
A27a A27b).(p (ap VOP (ap (ap (ap (c2Epath_2Epcons A_27a A_27b)
Vaz) Vdr) V5p))

(66)
Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(
(VV0x € A27a.((ap (c_2Epath_2Efirst A_27a A_27b) (ap (c-2Epath_2Estopped__at
A27a A27b) VOx)) = VO0z))A(VV1x € A27a.(VV2r € A27D.
(VV3p € (ty-2Epath_2Epath A_27a A_27b).((ap (c_2Epath_2Efirst
A27a A27b) (ap (ap (ap (c2Epath_2Epcons A_27a A_27b) V1x) V2r)
V3p)) = Vlz)))))
(67)
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Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YV0x € A27a.(WV1r € A27b.(VV2p € (ty_2Epath_2Epath
A27a A27D).((ap (c2Epath2Etail A27a A_27b) (ap (ap (ap (c_2Epath_2Epcons
A27a A27b) VOz) V1r) V2p)) = V2p))))

(68)
Assume the following.
VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=>(
YV0x € A27a.(WV1r € A27b.(VV2p € (ty_2Epath_2Epath (69)

A27a A27b).((ap (c2Epath 2FE first_label A_27a A_27b) (ap (
ap (ap (c_2Epath_2Epcons A_27a A_27b) VO0z) V1r) V2p)) = V1r))))

Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A27b=(

(VV0zx € A27a.((ap (c-2Epath 2EPL A_27a A_27b) (ap (c_2Epath_2Estopped.__at
A27a A27b) VOx)) = (ap (ap (c2Epred__set 2EINSERT ty_2Enum_2Enum)
c_2Enum_2EQ) (c_2Epred_set 2EEMPTY ty_2Enum_2Enum))))A(VV 1z €
A 27a.(VV2r € A27b.(VYV3q € (ty_2Epath_2Epath A 27a
A_27b).((ap (c-2Epath_2EPL A_27a A_27b) (ap (ap (ap (c-2Epath_2Epcons
A27a A27b) V1z) V2r) V3q)) = (ap (ap (c2Epred__set_2EINSERT ty_2Enum_2Enum)
c_2Enum_2EQ) (ap (ap (c_2Epred__set_2EIMAGE ty_2Enum_2Enum ty-2Enum_2Enum)
c_2Enum_2ESUC) (ap (c2Epath_2EPL A_27a A_27b) V3q))))))))

(70)
Assume the following.
VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YVO0p € (ty-2Epath2Epath A-27a A_27b).(p (ap (ap (c_2Ebool 2EIN (71)

ty 2Enum_2Enum) c_2Enum_2EQ) (ap (c_2Epath 2EPL A_27a A_27b)
Vop))))

Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=>(

(VVOp € (ty_2Epath_2Epath A_27a A27b).((ap (ap (c.2Epath_2Etake
A_27a A27b) c.2Enum_2EQ) VOp) = (ap (c_2Epath_2Estopped__at A_27a
A_27b) (ap (c2Epath_2Efirst A_27a A_27b) VOp))))A(VV1n €
ty 2Enum_2Enum.(VV2p € (ty-2Epath_2Epath A27a A_27D).

((ap (ap (c2Epath_2Etake A27a A_27b) (ap c.2Enum_2ESUC V'1n))
V2p) = (ap (ap (ap (c-2Epath_2Epcons A_27a A_27b) (ap (c_2Epath_2Efirst
A27a A27b) V2p)) (ap (c2Epath 2FE first_label A_27a A_27b) V2p))
(ap (ap (c-2Epath2Etake A27a A27b) V1n) (ap (c.2Epath_2Etail
A27a A27b) V2p)))))))

(72)
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Assume the following.

VA 27a.nonempty A 27a=(YV0s € (24-279).(VV 1t €
(24-279) ((V0s = V1t)=(VV2x € A 27a.((p (ap (ap (c_2Ebool 2EIN
A27a) V2x) V0s))<=(p (ap (ap (c2Ebool 2EIN A_27a) V2z) V'1t)))))))
(73)
Assume the following.

VA_27a.nonempty A27a=VA_27b.nonempty A_27b=(
YVOf € ((ty_2Epair 2Eprod A_27a 2)4-2™).(VV1v €
A27a.((p (ap (ap (c.2Ebool 2EIN A_27a) V1v) (ap (c2Epred__set 2EGSPEC
A27a A27b) VOf)))=(3V2z € A27b.((ap (ap (c-2Epair-2E_2C
A_27a 2) V1v) c_2Ebool 2ET) = (ap VOf V21))))))
(74)
Assume the following.

VA 27a.nonempty A27a=(V0x € A27a.(—(p (ap (ap

(c-2Ebool 2EIN A_27a) VO0z) (c-2Epred__set 2EEMPTY A_27a))))) (75)

Assume the following.

VA 27a.nonempty A27a=(VV0x € A27a.(VV1y €
A27a.(¥V2s € (22-27%).((p (ap (ap (c_2Ebool 2EIN A_27a)
VO0z) (ap (ap (c2Epred__set_2EINSERT A_27a) V1y) V2s)))=((V0z =
V1y)V(p (ap (ap (c2Ebool 2EIN A_27a) V0zx) V2s)))))))
(76)
Assume the following.

VA 2Ta.nonempty A27a=(VV0x € A27a.(VV1y €
A 27a.(((ap (ap (c_2Epred__set 2EINSERT A_27a) VO0x) (c_2Epred__set 2EEMPTY
A27a)) = (ap (ap (c_2Epred__set 2EINSERT A_27a) V1y) (c_2Epred_set 2EEMPTY
A27a)))=(Vox = Vy))))
(77)
Assume the following.

YA_27a.nonempty A27a=VA_27b.nonempty A_27b=(
VYV0y € A27b.(VV1s € (24-279) (VV2f € (A27bA-272).
((p (ap (ap (c2Ebool 2EIN A_27b) VOy) (ap (ap (c_2Epred__set 2EIMAGE
A27a A27b) V2f) V1s)))<(3V3x € A27a.(VOy = (ap V2f V3zx))A
(p (ap (ap (c2Ebool 2EIN A_27a) V3z) V1s))))))))
(78)
Assume the following.

VA 2Ta.nonempty A27a=(VV0y € A27a.((ap (c2Epred__set 2EGSPEC
A27a A27a) (\V1lx € A27a.(ap (ap (c2Epair 2E.2C A_27a 2)
Viz) (ap (ap (c2Emin2E_3D A_27a) V1x) VO0y)))) = (ap (ap (c_2Epred__set 2EINSERT
A_27a) VOy) (c_2Epred_set 2EEMPTY A_27a))))
(79)
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Assume the following.

(YVOm € ty_2Enum_2Enum.(VV1n € ty 2Enum_2Enum.(
((ap c2Enum_2ESUC VOm) = (ap c.2Enum_2ESUC V1n))<(VOm = Vin))))
(80)

Theorem 1

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YV 0p € (ty-2FEpath_2Epath A 27a A_27b).(WVV1i € ty_2Enum_2Enum.

((p (ap (ap (c2Ebool 2EIN ty_2Enum_2Enum) V1i) (ap (c_2Epath_2EPL
A_27a A_27b) VOp)))=((ap (c_2Epath_2EPL A_27a A_27b) (ap (ap (c-2Epath_2FEtake
A_27a A27b) V1i) VOp)) = (ap (c2Epred__set 2EGSPEC ty_2Enum_2Enum
ty_2Enum_2Enum) (AV2n € ty_2Enum_2Enum.(ap (ap (c-2Epair 2E_2C
ty2Enum_2Enum 2) V2n) (ap (ap c2Earithmetic.2E_3C_3D V2n) V1i))))))))
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