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Definition 1 We define c 2Emin_2E_40 to be NAAP € 24.if (32 € A.p (ap P x)) then (the (\z.x € AAp
of type t=>t.

Definition 2 We define c 2Emin_2E_3D to be A\A.\x € A y € A.inj_o (x = y)
of type t=-t.

Definition 3 We define c_2Ebool 2E_3F to be AA_27a : 1.(AVOP € (24-27).(ap VOP (ap (c_2Emin_2E_40 2
Definition 4 We define c 2Ebool 2ET to be (ap (ap (c_2Emin 2E_3D (22)) (A\V 0z € 2.V0z)) (\V1z € 2.V

Definition 5 We define c.2Ecombin_2EK to be A\A_27a : 1. NA27b : 1.(AVO0z € A27a.(A\V1y € A27b.V0x))

Definition 6 We define c_2Ecombin_2ES to be AA_27a : 0. AA27b : L. XA 27c: 1. (AVOf € ((14,270‘4*2717)A270

Definition 7 We define c_2Ecombin_2E| to be AA_27a : 1.(ap (ap (c_2Ecombin 2ES A 27a (A 27a”-2™) A_
Definition 8 We define c_2Ebool 2E 21 to be N\A_27a : t.(A\VOP € (24-27%)(ap (ap (c_2Emin_2E_3D (24-27
Definition 9 We define c_2Ebool_2EF to be (ap (c_2Ebool 2E_21 2) (AVO0t € 2.V 0t)).

Definition 10 We define c 2Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_o (p P=p Q)
of type t.

Definition 11 We define c_2Ebool 2E_TE to be (A\V 0t € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0t) c_2Ebool_2E
Definition 12 We define c_2Ecombin_2Eo to be NA_27a : 1t.AA27b : LAA27c : LAVOf € (A276*27) AV1,
Let ty_2FEpath_2Epath : t1=-t=>1 be given. Assume the following.

VA0.nonempty A0=VAl.nonempty Al=nonempty (ty-2Epath_2Epath
A0 A1)

(1)

Let ty 2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2Enum (2)
Let c.2Epath 2Fel : t=1=>t be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=c_2FEpath_2FEel
A927a A27b € ((A727a(ty,2Epath,2Epath A_27a A,27b))ty,2Enum,2E'num) (3)



Definition 13 We define c_2Ebool 2E_2F_5C to be (AVO0t1 € 2.(AV1¢2 € 2.(ap (c_2Ebool 2E_21 2) (A\V2¢ €

Let c2Enum 2EREP__num : ¢ be given. Assume the following.
c2Enum 2EREP__num € (omega'y-2Fnum-2Enum) (4)
Let c2Enum 2ESUC__REP : 1 be given. Assume the following.
c2Enum 2ESUC__REP € (omega®™9%) (5)
Let c2Enum 2EABS__num : ¢ be given. Assume the following.
c2Enum 2EABS__num € (ty-2Enum_2Enum®™%) (6)
Definition 14 We define c2Enum_2ESUC to be A\VOm € ty 2Enum_2Enum.(ap c2Enum 2EABS__num
Definition 15 We define c_2Eprim__rec_2E_3C to be AVOm € ty_ 2Enum_2Enum. AV 1n € ty_2Enum_2FEnu
Let ty 2FEone_2FEone : 1 be given. Assume the following.
nonempty ty_2FEone_2Fone (7)

Definition 16 We define c_2Eone_2Eone to be (ap (c_2Emin_2E_40 ty_2Fone_2Eone) (A\V0x € ty_2Fone_2
Let ty 2Esum_2Esum : t=-1=>1 be given. Assume the following.

VAO.nonempty A0=VAl.nonempty Al=nonempty (ty_2Esum_2FEsum
A0 A1)
(8)

Let c2Esum 2EABS__sum : 1=1=-1 be given. Assume the following.

VA 27a.nonempty A27a=YA_27b.nonempty A27b=c2Esum_2EABS__sum
b _27a.\2
A27a A27b € ((ty-2Esum_2Esum A_27a A,27b)(((2A’271)A 2T )

(9)
Definition 17 We define c_2Esum_2EINR to be AA_27a : t. NA_27b : 1. AV 0e € A27b.(ap (c2Esum_2EABS
Let ty_2FEoption_2FEoption : 1=t be given. Assume the following.
VAO.nonempty A0=nonempty (ty_2FEoption_2FEoption A0) (10)
Let c.2Foption_2FEoption__ABS : 1= be given. Assume the following.

VA 27a.nonempty A_27a=-c2Eoption_2Eoption__ABS A 2Ta €

((ty,2E0ption,2E0ption A727a)(ty,2Esum,2Esum A_27a ty,2Eone,2Eone)) (11)

Definition 18 We define c_2Eoption_2ENONE to be AA_27a : t.(ap (c-2Eoption_2FEoption__ABS A_27a) (c
Let c2Enum 2EZFERO__REP : 1 be given. Assume the following.

c2Enum 2EZERO__REP € omega (12)



Definition 19 We define c_2Enum_2EQ to be (ap c.2Enum_2EABS_num ¢ 2Enum 2EZERO__REP).
Definition 20 We define c_2Earithmetic 2EZERO to be c_2Enum _2EQ.
Let c.2Farithmetic2E 2B : 1 be given. Assume the following.

c.2Earithmetic2E 2B € ((ty_2Enum_2Enumty-2Enum-2Enum )ty 2Enum_2Enum)
(13)

Definition 21 We define c_2Earithmetic_2EBIT1 to be A\VOn € ty_2Enum_2Enum.(ap (ap c2Earithmetic
Definition 22 We define c_2Earithmetic 2ENUMERAL to be A\VO0x € ty_2Enum_2Enum.V0zx.
Let ty_2FEpair 2Eprod : t1=-1= be given. Assume the following.

VAO.nonempty A0=VYAl.nonempty Al=nonempty (ty_2Epair 2Eprod

A0 A1)
(14)
Let ty_2Fllist 2FEllist : 1= be given. Assume the following.
YV AO.nonempty A0=nonempty (ty-2FEllist 2Ellist A0) (15)

Let c.2Epath 2E fromPath : t1=>1=>. be given. Assume the following.

YA 27a.nonempty A_27a=VA_27b.nonempty A_27b=c_2FEpath 2E fromPath

A 27a A27b € ((ty2Epair 2Eprod A 27a (ty_2FEllist 2Ellist (ty_2Epair 2Eprod
A27b A727a)))(ty,2Epath,2Epath A_27a A,27b))

(16)
Let c2Epair 2ESN D : 1=-1=>1 be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=-c_2FEpair 2ESN D
A927a A27b € (A727b(ty,2Epair,2Eprod A_27a A,27b))
(17)
Let ty_ 2Flist 2Elist : 1= be given. Assume the following.

YV AO0.nonempty A0=nonempty (ty_2Elist 2Elist A0) (18)
Let c.2Earithmetic2E 2D : ¢ be given. Assume the following.

c2Earithmetic2E_2D € ((ty-2Enum_ 2 EnumtY-2Enum-2Enum)ty_2Enum-_2Enum)
(19)
Let ¢ 2FEllist 2FEllist_rep : t=-t be given. Assume the following.

VA 2Ta.nonempty A 27a=-c 2Ellist 2Fllist_rep A27a €
(((tijoption,QEoption A727a)ty,2Enum,2Enum)(ty,2Ellist,2Ellist A,27a))
(20)

Definition 23 We define c 2Esum_2EINL to be AA_27a : t. XA 27b : 1. AV 0e € A 27a.(ap (c.2Esum _2EABS

Definition 24 We define c 2Eoption_ 2ESOME to be AA_27a : 1. AV 0z € A_27a.(ap (c2Eoption_2Eoption__



Definition 25 We define c_2Ebool 2ECOND to be AA_27qa : . (AVOt € 2.(AV1tl € A27a.(AV2t2 € A 27a.(
Let ¢ 2FEllist 2FEllist__abs : 1= be given. Assume the following.

VA 27a.nonempty A_27a=c2FEllist 2Ellist__abs A_2Ta € (21)
((ty-2Ellist 2Ellist A_27a)((ty-2Eoption2Boption A_2Ta)"=2Enm=2Emu)
Definition 26 We define c_2Ellist 2ELCONS to be AA_27a : ¢ A\VOh € A27a. AV 1t € (ty2Ellist 2Ellist A.
Definition 27 We define c_2Ellist_2ELNIL to be AA_27a : v.(ap (c2Ellist 2Ellist__abs A27a) (A\V0On € ty.

Definition 28 We define c 2Ebool 2E 5C_2F to be (A\V0t1 € 2.(A\V'1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €

Definition 29 We define c_2Ellist_2Ellength__rel to be AA_27a : 1. (A\V0a0 € (ty_2Ellist_2Ellist A_27a).(AV
Definition 30 We define c_2Ellist_2ELFINITE to be AA_27a : 1.(AV0a0 € (ty_2Ellist_2Ellist A27a).(ap (c
Definition 31 We define c_2Ellist 2ELLENGTH to be AA_27a : 1. AV Ol € (ty_2Ellist 2Ellist A_27a).(ap (a
Let c2FEoption 2ETHE : 1= be given. Assume the following.

VA_27a.nonempty A27a=c2Eoption 2ETHE A_27a € (A_27q(ty-2Foption2Eoption A_27a))
(22)
Let c2Ellist 2ELTAKE : 1= be given. Assume the following.

VA 27a.nonempty A27a=c2FEllist 2ELTAKFE A 27a € (((ty-2Foption_2Foption
(ty,QEliSt,QEliSt A727a))(tylEllist,QEllist A,27a))ty,QE’numJEnum)
(23)

Definition 32 We define c_2Ellist 2EtoList to be AA_27a : +. AV Ol € (ty 2FEllist 2Ellist A_27a).(ap (ap (a)
Let ¢ 2FElist 2ELENGTH : 1= be given. Assume the following.

VA 27a.nonempty A27a=c2Elist 2ELENGTH A_27a € (ty 2Enum_2Enum/(tv-2Elist-2Elist A-27a))
(24)

Definition 33 We define c_2Epath 2Efinite to be NA_27a : t.AA_27b : 1. AV 0sigma € (ty_ 2Epath_2Epath A
Definition 34 We define c_2Epath_2Elength to be AA_27a : t.AA_27b : L.AVOp € (ty_2Epath_2Epath A_27a
Let c2Epair 2EABS__prod : 1=1=1 be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=c_2FEpair 2EABS __prod

A 27a A27b € ((ty_2Epair 2Eprod A 27a A727b)((2A727b)A,27a))
(25)

Definition 35 We define c 2Epair 2E 2C to be N\A 27a : t. \A27b : 1. AV0x € A27a AV1y € A 27b.(ap (c2
Let c.2Epred__set 2EGSPEC : t1=1= be given. Assume the following.

VA 2Ta.nonempty A 27a=YA_27b.nonempty A_27b=c_2FEpred_set 2EGSPEC
A927a A27b € ((2147270,)((ty,2Epai'r,2Eprod A_27a Z)A*Wb))

(26)



Definition 36 We define c_2Epath 2EPL to be AA_27a : 1. AA_27b : L. AV Op € (ty_2Epath 2Epath A_27a A.
Definition 37 We define c 2Ebool 2EIN to be NA_27a : 1.(AVO0x € A 27a.(A\V1f € (24-27%).(ap V1f VOz))

/

Definition 38 We define c 2Epath 2EfirstP__at to be A\A_27a : t.AA27b : L AVOP € (24-27) \V1p € (ty 2]
Definition 39 We define c 2Epath_2Eexists to be AA_27a : t. AXA27b : L. AVOP € (24-27%) AV 1p € (ty2Epa;
Definition 40 We define c 2Epath_2Eevery to be NA_27a : t. AXA_27b : L. AVOP € (24-27%) \V1p € (ty2Epat
Let c2Epair 2EF ST : 1=1= be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=c_2FEpair 2EFST
A927a A27b € (A727a(ty,2EpaiT;2Ep7'od A 27a A,27b))
(27)

Definition 41 We define c_2Epath_2Efirst to be N\A27a : t.AA27b : L. AVOp € (ty-2Epath_2Epath A27a A
Let ¢ 2Epath_2FEtoPath : t1=>t=1 be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=c_2FEpath_2EtoPath
A 270 A27b € ((ty,ZEpath,QEpath A 27a A727b)(ty,2Epair,2Eprod A_27a (ty_2Ellist_2Ellist (ty-2Epair_2Eprod
(28)

Definition 42 We define c_2Epath_2Epcons to be AA_27a : t. A\A2Tb : t.AVOx € A27a.\V1r € A27b.\V2p
Definition 43 We define c_2Epath_2Estopped__at to be NA_27a : t.AA_27b : 1.AV Oz € A27a.(ap (c_2Epath
Let c.2Epath 2F filter : t=-1=-t be given. Assume the following.

VA 27Ta.nonempty A_27a=YA_27b.nonempty A_27b=c_2Epath 2FE filter
A27a A27b € (((ty-2Epath_2Epath A_27a A_27b)(tv-2Epath-2Bpath A-2Ta A-27b))(24=7%))

(29)

Assume the following.
True (30)

Assume the following.
(VV0tl € 2.(VV1t2 € 2.(((p VOt)=(p V1t2))=(((p (31)

V1t2)=(p VO0tl))=((p VOtl)=(p V1t2))))))

Assume the following,.
(VVOt € 2.(False=(p V0t))) (32)

Assume the following.
(VVOt € 2.((p VOt)V(=(p V0t)))) (33)

Assume the following.
VA_27a.nonempty A 27a=(VVO0t € 2.(VV1x € (34)

A27a.(p VOt))=(p VOL)))



Assume the following.

(VVOot € 2.(((p VOt)=False)=(—(p V0t)))) (35)
Assume the following.

(YVOt € 2.((=(p VOt))=((p VOt)=False))) (36)
Assume the following.

(VVOt € 2.(((Truen(p VOt))(p VOO))A((((p VO) AT rue)<
(p VOO)A(((Falsen(p VOt))=False)A((((p VOt)AFalse)< False)A  (37)

t)
(((p VOO)A(p VOI)) & (p VO01)))))))

Assume the following.

(YVOt € 2.(((TrueV(p VOt))=True) AN((((p VO)VTrue)=True) A
((FalseV(p VOt))e(p Vo) )A((((p VOt)VFalse)<(p VOr))A(((p VOt)V

(p VOt))&=(p VO01)))))))
(38)
Assume the following.

(VVOt € 2.(((True=-(p VOt))=(p VO)A((((p VOt)=>True)&
True)AN(((False=(p VOt))=True) A((((p VOt)=(p VOt))=True)A(( (39)
(p VOt)=False)=(~(p V0t))))))))

Assume the following.

((VVOt € 2.((=(—(p VOt)))=(p VO)))A(((-True)<False) A\

((—False)=True))) (40)
Assume the following.
VA 27a.nonempty A27a=(VV0x € A27a.(VO0zx = VOz)&
True)) (41)
Assume the following.
VA 27a.nonempty A 27a=(NVVO0x € A27a.(VV1y € (42)

A27a.((V0z = V1y)e(V1y = VOx))))
Assume the following.

(YVO0t € 2.(((Trues(p VOL))=(p VO)A(((p VOt)oTrue)e
(p VOU)A((Falses(p VOt)) ( (p VOO))A(((p VOt)& False)<(=( (43)

Vo))

Assume the following.

VA 27a.nonempty A27a=(VV0tl € A27a.(VV1t2 €
A27a.(((ap (ap (ap (c-2Ebool 2ECOND A_27a) c_2Ebool 2ET) V0t1)
V1t2) = VOt A((ap (ap (ap (c_2Ebool 2ECOND A_27a) c_2Ebool 2EF)
VOtl) V1e2) = V1t2))))
(44)



Assume the following.

VA_27a.nonempty A27a=(YVOP € (24-27%) ((=(VV1x €
A27a.(p (ap VOP Vz))))=(IV2z € A27a.(—(p (ap VOP V2z))))))

Assume the following.

VA_27a.nonempty A27a=(VVOP € (24-27%).((~(IV1x €
A27a.(p (ap VOP Vx))))e(VV22x € A27a.(—(p (ap VOP V22))))))

Assume the following.

VA 27a.nonempty A 27a=(YVOP € (24-27%).(VV1Q €
(24-270) (3V2z € A27a.((p (ap VOP V2z))V(p (ap V1Q V22))))=
((3V3z € A27a.(p (ap VOP V3x)))V(IV4x € A27a.(p (
ap V1Q V4x)))))))

Assume the following.

VA 27a.nonempty A_27a=(YVOP € (24-272).(VV1Q €
2.(((3V2z € A27a.(p (ap VOP V2z)))V(p V1Q))=(IV3zx €
A27a.((p (ap VOP V3z))V(p V1Q))))))

Assume the following.

YA_27a.nonempty A27a=(VVOP € 2.(VV1Q € (
21370) (((p VOPY(3V 2z € A.2Ta(p (ap V1Q V2w))es (V32 €
A27a.((p VOP)V(p (ap V1Q V31)))))))

Assume the following.

VA_27a.nonempty A27a=(YVOP € (24-27%).(VV1Q €
2.((3V2z € A27a.((p (ap VOP V2z))A(p V1Q)))=((IV3z €
A27a.(p (ap VOP V3z)))A(p V1Q)))))

Assume the following.

VA 27a.nonempty A_27a=(VVOP € 2.(vV1Q € (
24-27a) (322 € A27a.((p VOP)A(p (ap V1Q V2z))))=((p
VOP)A(BV3z € A27a.(p (ap V1Q V3x)))))))

Assume the following.

VA_27a.nonempty A27a=(VV0Q € 2.(VV1P € (
24-27a) (Y2 € A 27a.((p (ap V1P V2z))V(p VOQ)))=((VV3x €
A27a.(p (ap V1P V3x)))V(p V0Q)))))

Assume the following.

VA 27a.nonempty A_27a=(YVOP € 2.(WV1Q € (
24-27a) ((YV2z € A 27a.((p VOP)V(p (ap V1Q V22))))=((p
VOP)V(VV3z € A27a.(p (ap V1Q V3z)))))))

(46)

(47)

(51)

(52)



Assume the following.

(VVO0A € 2.(VW1B € 2.(vV2C € 2.(((p VOA)V(

(b VIB)V(p V2O))(((p VOANV(p VIB)V(p V2O)))) Y
Assume the following.
(VV0A € 2.(vW1B € 2.((p VOAN(p V1B))a((p V1BV (55)
(b V04)))))
Assume the following.
(YVO0A € 2.(vV1B € 2.((p VOANV(p V1B))&((p V1BV (56)

(p V0A)))))

Assume the following.

(YW0A € 2.(vV1B € 2.(((=((p VOA)A(p V1B)))=((~(
p VOA))V(=(p V1B))))A((=((p VOA)V(p V1B)))=((=(p VOA))A(=(p V1B)))))))

(57)
Assume the following.
(VV0A € 2.(WVV1B € 2.(((p VOA)=(p V1B))=((—(p V0OA))V (58)
(p V1B)))))
Assume the following.
(VV0tl € 2.(VV1#2 € 2.(VV2t3 € 2.(((p VOt1)= (59)

((p V1t2)=(p V2t3)))=(((p VOLtL)A(p V1t2))=(p V2t3))))))
Assume the following.

(VVO0z € 2.(VV 127 € 2.(¥V2y € 2.(YV3y 27 €
2.((((p VOz)=(p V12 27))A((p V1z2T)=((p V2y)<(p V3y-27))))= (60)
(((p VOz)=(p V2y))&=((p V1z27)=(p V3y-27))))))))

Assume the following.

VA_27a.nonempty A27a=(VVOP € 2.(VV1Q € 2.

(VV2z € A27a.(VV32.27 € A27a.(VV4y € A27a.
(VV5y27 € A27a.((((p VOP)&(p VIQ)A(((p V1Q)=(V2x = V3x27))A
((=(p V1Q))=(V4y = V5y_2T7))))=((ap (ap (ap (c-2Ebool_2ECOND A_27a)
VOP) V2z) Vdy) = (ap (ap (ap (c2Ebool 2ECOND A _27a) V1Q) V3x_27)

Vy21)))
(61)
Assume the following.

VA 27a.nonempty A27a=(VVOf € (24-27%).(VW1v €
A27a.(VV2x € A27a.(V2z = V1v)=(p (ap VOf V2x))))=(p ( (62)
ap VOf V1v)))))

8



Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YVOP € ((24-270)A-2Ta) (VW 1z € A 27a.(3V2y €
A27b.(p (ap (ap VOP V1z) V2y))))=(3V3f € (A2764-272) (
YWVdx € A27a.(p (ap (ap VOP Vdx) (ap V3f V4x)))))))

(63)

Assume the following.

VA 27a.nonempty A27a=-((VV0tl € A27a.(VV1t2 €
A27a.((ap (ap (ap (c_2Ebool 2ECOND A_27a) c_2Ebool 2ET) V0t1)
V1t2) = VO0t1)))A(YV2tl € A27a.(VV3t2 € A27a.((ap
(ap (ap (c2Ebool 2ECOND A_27a) c_2Ebool 2EF) V2t1) V3t2) = V3t2))))

Assume the following.

VA 27a.nonempty A27a=(¥YV0x € A27a.((ap (c_2Ecombin_2E|
A27a) VOz) = V0zx))

Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YV0x € A27a.(VV1y € A27a.(((ap (c_2Epath_2Estopped__at
A27a A27b) VO0z) = (ap (c-2Epath_2Estopped__at A_27a A_27b) V1y))<
(VOr = V1))
(66)
Assume the following.

VA_27a.nonempty A_27a=YA_27b.nonempty A_27b=(
YV0x € A27a.(VV1r € A27b.(NVV2p € (ty_2Epath_2Epath
A27a A27b).(YV3y € A27a.(VVis € A27b.(VV5q €
(ty-2Epath_2Epath A27a A27b).(((ap (ap (ap (c-2Epath_2Epcons
A27a A27b) VOx) V1r) V2p) = (ap (ap (ap (c2Epath_2Epcons A_27a
A27b) V3y) Vds) V5q))e((Vox = V3)A(V1r = V4s)AN(V2p = V5q9))))))))))
(67)
Assume the following.

VA_27a.nonempty A27a=VA_27b.nonempty A_27b=(
YV0x € A27a.(VV1y € A27a.(VV2r € A27b.(VV3p €
(ty-2Epath 2Epath A27a A27b).((—((ap (c_2Epath_2Estopped__at
A27a A27b) VOx) = (ap (ap (ap (c-2Epath_2Epcons A_27a A_27b) V1y)
V2r) V3p))A(—=((ap (ap (ap (c2Epath 2Epcons A 27a A_27b) V1y)
V2r) V3p) = (ap (c-2Epath_2Estopped__at A_27a A_27b) V0x))))))))
(68)



Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YVOP € (Q(ty,2Epath,2Epath A_27a Aiﬂ))).(v‘/l@ c
(24-272) (((VV2x € A27a.((p (ap VOP (ap (c_2Epath_2Estopped__at
A27a A27b) V2x)))=(p (ap V1Q V22))))A(VV 3z € A27a.(VVir €
A27b.(VV5p € (ty-2Epath 2Epath A27a A27b).((p (ap VOP

(ap (ap (ap (c_2Epath_2Epcons A_27a A_27b) V3z) V4r) Vip)))=((p
(ap V1Q V3x))A(p (ap VOP V5p))))))))=(VV6p € (ty_2Epath_2Epath
A27a A27b).((p (ap VOP V6p))=(p (ap (ap (c_2Epath_2Eevery A_27a

4.27) V1Q) V6p))))))
(69)
Assume the following.

VA_27a.nonempty A_27a=YA_27b.nonempty A_27b=(
vVoQ e (2A727a).(vvlp c (2(ty,2Epath,2Epath A 27a A,27b)).
((VV2z € A27a.((p (ap VOQ V2z))=(p (ap V1P (ap (c_2Epath_2Estopped__at
A27a A27b) V22)))))A((VV 3z € A27a.(WVV4r € A27b.
(VVbp € (ty-2Epath_2Epath A27a A27b).((p (ap VOQ V3z))=
(p (ap V1P (ap (ap (ap (c.2Epath_2Epcons A 27a A_27b) V3x) V4r) V5p)))))))A
(VWox € A27a.(VV'Tr € A27b.(VV8p € (ty_2Epath_2Epath
A27a A27b).((p (ap V1P V8p))=(p (ap V1P (ap (ap (ap (c-2Epath_2Epcons
A27a A27b) V6z) VTr) V8p)))))))))=(VVIp € (ty-2Epath_2Epath
A27a A27b).((p (ap (ap (c_2Epath_2Eexists A_27a A_27b) V0Q) VIp))=
(p (ap V1P V9p)))))))
(70)
Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YVOP € (24-27%).((VV1z € A27a.((p (ap VOP V1z))=
((ap (ap (c2Epath2E filter A27a A_27b) VOP) (ap (c-2Epath_2Estopped__at
A27a A27b) V1x)) = (ap (c_2Epath_2Estopped__at A 27a A_27b) V1z))))A
(VV2x € A27a.(WVV3r € A27b.(VV4dp € (ty_2Epath_2Epath
A27a A27b).((ap (ap (c-2Epath2E filter A_27a A27b) VOP) (ap
(ap (ap (c_2Epath_2Epcons A_27a A_27b) V2z) V3r) Vdp)) = (ap (ap (
ap (c.2Ebool 2ECOND (ty_2Epath_2Epath A 27a A27b)) (ap VOP V2z))
(ap (ap (ap (c2Ebool 2ECOND (ty_2Epath_2Epath A_27a A_27b)) (
ap (ap (c_2Epath_2Eexists A_27a A_27b) VOP) V4p)) (ap (ap (ap (c-2Epath_2Epcons
A27a A27b) V2x) V3r) (ap (ap (c2Epath 2E filter A27a A_27b) VOP)
V4p))) (ap (c_2Epath_2Estopped__at A_27a A_27b) V2z))) (ap (ap
(c.2Epath 2E filter A_27a A27b) VOP) V4p))))))))

(71)

Assume the following.
(VVOt € 2.((=(—=(p VO1)))=(p VOL))) (72)

Assume the following.
(VV0A € 2.((p VOA)=((—(p V0A))=False))) (73)
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Assume the following.

(VV0A € 2.(WV1B € 2.(((=((p VOA)V(p V1B)))=False)=

((p VOA)=False)=((—(p V1B))= False))))) (74)
Assume the following.
(VV0A € 2.(WV1B € 2.(((=((=(p VOA))V(p V1B)))=False)= (75)

((p VOA)=((=(p V1B))=False)))))
Assume the following.
(VVO0A € 2.(((—(p VOA))=False)=(((p VOA)=False)=False))) (76)

Assume the following.

(VVOp € 2.(VV1g € 2.(WV2r € 2.(((p VOp)<(
(p Vig)e(p V27")))<:>(((((p VOp)\/E (
v

A~

p V1g)V(p V2r)))A(((p VOp)V((~(
p V2r))V(=(p V1g)A(((p V1g)V((=(p V2r))V(=(p VOp))))A((p V2r)v
((=(p V1g))V(=(p VOp))))))))))

Assume the following.

(VVOp € 2.(VV1g € 2.(VV2r € 2.(((p VOp)=(

Assume the following.

(VVOp € 2.(VV1g € 2.(VV2r € 2.(((p VOp)=(
(p Vig)V(p V2r)))e(((p VOp)V(—(p V1g)))A(((p VOp
((p V1ig)V((p V2r)V(=(p VO0p))))))))))

Assume the following.

(VVOp € 2.(VV1g € 2.(WV2r € 2.(((p VOp)=(
(p Vig)=(p V2r)))=(((p VOp)v(p V1g)A(((p VOp)V(=(p V2r)))A((  (80)
=(p V1g)V((p V2r)V(=(p V0p))))))))))

Assume the following.

(YVOp € 2.(VV1g € 2.(((p VOp)=(=(p V1g)))=(((p VOp)V

(p V1g)A((p V1)V (~(p VOp)))))) (81)

Theorem 1

VA_27a.nonempty A 27a=YA_27b.nonempty A_27b=(
VYVOP € (24-279) (YV 1p € (ty-2Epath_2Epath A-27a
A_27b).((p (ap (ap (c2Epath_2Eexists A_27a A_27b) VOP) Vl1p))=
(p (ap (ap (c_2Epath_2Eevery A_27a A_27b) VOP) (ap (ap (c2Epath_2E filter
A27a A27b) VOP) V1p))))))
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