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Definition 1 We define c.2Emin_2E_3D to be AA.\x € A y € A.inj_o (z =vy)
of type t=>t.

Definition 2 We define c_2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (\VO0z € 2.V0z)) (A\V1x € 2.V
Let ty 2Epair_2Eprod : t=-1=-t be given. Assume the following.

VAO.nonempty A0=VYAl.nonempty Al=nonempty (ty-2Epair 2Eprod
A0 A1)

(1)
Let ty_2Fllist 2FEllist : 1= be given. Assume the following.
YV AO.nonempty A0=nonempty (ty_2FEllist 2Ellist A0) (2)
Let ty 2Epath_2FEpath : 1=-1= be given. Assume the following.

VAO.nonempty A0=VAl.nonempty Al=nonempty (ty_2Epath_2Epath
A0 A1)
(3)

Let c.2Epath 2E fromPath : t1=>1=>1 be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=c_2Epath 2FE fromPath

A27a A27b € ((ty2Epair 2Eprod A 27a (ty_2FEllist 2Ellist (ty_2Epair_2Eprod
A 27b A727a)))(ty,QEpath,ZEpath A_27a A,27b))

(4)

Let c2Epair 2EF ST : 1=-1=1 be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=c_2Epair 2EFST
A927a A27b € (A727a(ty,2Epair,2Eprod A_27a A,27b))

()
Definition 3 We define c_2Ebool 2E_21 to be AA_27a : t.(A\VOP € (24-27%).(ap (ap (c.2Emin_2E_3D (24-27

Definition 4 We define c_2Epath 2Efirst to be AA 27a : t. \A27b : 1L AV Op € (ty_2Epath_2Epath A 27a A_



Let c2Epair 2ESN D : t=-1=>1 be given. Assume the following.

VA 27a.nonempty A27a=YA_27b.nonempty A_27b=c_2Epair 2ESN D
A927a A27b € (A727b(ty,2Epair,2Eprod A_2Ta A,27b))

(6)
Definition 5 We define c_2Emin_2E_3D_3D_3E to be AP € 2.0\Q € 2.inj_o (p P=p Q)
of type ¢.

Definition 6 We define c_2Ebool 2E_2F 5C to be (AV0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2¢ € ¢
Let c2Epair 2EABS__prod : t=1=-1 be given. Assume the following.

VA 27a.nonempty A27a=YA_27b.nonempty A_27b=c_2FEpair 2EABS__prod
A27a A27b € ((ty-2Epair_2Eprod A27a AJ?b)“QAJ%)AJM))
(7)
Definition 7 We define c_2Epair 2E_2C to be A\A_27a : t.\A27b : 1. AV 0z € A27a.\V1y € A_27b.(ap (c2F

Let c2Enum 2EZERO__REP : 1 be given. Assume the following.
c2Enum 2EZERO__REP € omega (8)
Let ty 2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2Enum 9)
Let c2Enum 2EABS__num : ¢ be given. Assume the following.
c2Enum 2EABS__num € (ty_2Enum_2Enum”™®) (10)
Definition 8 We define c22Enum_2EQ to be (ap c2Enum_2EABS_num c2Enum 2EZERO__REP).
Definition 9 We define c_2Earithmetic.2EZERO to be c_2Enum_2EOQ.
Let c2Enum 2EREP__num : ¢ be given. Assume the following.
c2Enum 2EREP_num € (omegay-2Fnum-2Enum) (11)
Let c2Enum 2ESUC__REP : 1 be given. Assume the following.
¢ 2Enum 2ESUC__REP € (omega®™9%) (12)

Definition 10 We define c 2Enum_2ESUC to be A\VOm € ty 2Enum_2Enum.(ap c2Enum 2EABS__num

Let c.2Farithmetic2E 2B : 1 be given. Assume the following.

c.2Earithmetic 2E 2B € ((ty_2Enum_2Enumty-2Enum-2Enum )ty 2Enum_2Enum)
(13)

Definition 11 We define c 2Earithmetic_2EBIT1 to be A\VOn € ty 2Enum_2Enum.(ap (ap c_2Earithmetic



Definition 12 We define c_2Earithmetic 2ENUMERAL to be A\VOx € ty_2Enum_2Enum.V0x.
Let c2Farithmetic2E 2D : . be given. Assume the following.

c2Earithmetic 2E 2D € ((ty_2Enum_2EnumtY-2Enum-2Enum)ty 2Enum 2Enum )
(14)
Let ty_2Foption_2FEoption : 1=t be given. Assume the following.

VAO.nonempty A0=nonempty (ty_2FEoption_2FEoption A0) (15)
Let c2FEllist 2Ellist__rep : 1= be given. Assume the following.

VA 2Ta.nonempty A27a=c2Ellist 2FEllist_rep A27a €
(((ty,QEoption,QEoption A727a)ty,2Enum,2Enum)(ty,ZEllist,QEllist A,27a))
(16)
Let ty_2FEone_2Fone : 1 be given. Assume the following.

nonempty ty_2FEone_2Fone (17)
Let ty 2Esum_2FEsum : t=>t=>t be given. Assume the following.

VAO.nonempty A0=VAl.nonempty Al=nonempty (ty-2Esum_2FEsum
A0 A1)
(18)
Let c2Esum 2EABS__sum : t=t=-1 be given. Assume the following.

VA 2Ta.nonempty A27a=VA_27b.nonempty A_27b=c 2Esum_2FEABS__sum

A27a A27b € ((ty-2Esum_2Esum A-27a A_27p)((*2™)"7)%)
(19)

Definition 13 We define c_2Esum_2EINL to be AA_27a : t.ANA_27b : 1. AV 0e € A 27a.(ap (c2Esum_2EABS
Let c_2FEoption_2FEoption__ABS : 1= be given. Assume the following.

VA 2Ta.nonempty A_27a=-c2Eoption_2Eoption__ABS A 2Ta €
((ty,2E0ption,2E0ption A727(I) (ty_2Esum_2FEsum A_27a ty,2Eone,2Eone))

(20)
Definition 14 We define c 2Eoption_ 2ESOME to be AA_27a : 1. AV 0z € A_27a.(ap (c2Eoption_2Eoption__
Definition 15 We define c_2Ebool 2EF to be (ap (c2Ebool_2E_21 2) (AVO0t € 2.V 0t)).

Definition 16 We define c 2Emin_2E_40 to be A\A.AP € 24.if (32 € A.p (ap P z)) then (the (\z.x € AN,
of type t=>t.

Definition 17 We define c_2Ebool 2ECOND to be NA_27a : t.(AVOt € 2.(AV1tl € A 27a.(A\V2t2 € A27a.(
Let c2Ellist 2Ellist__abs : 1=t be given. Assume the following.

VA 27a.nonempty A_27a=c 2Ellist 2Ellist__abs A_27a €

by 2Ellist 2Ellist A_27a)((tv-2Eoption 2Eoption A_21ay»-2nem=2numyy - (21)
((ty ) )



Definition 18 We define c_2Ellist 2ELCONS to be AA_27a : t. AVOh € A27a. AV 1t € (ty2Ellist 2Ellist A.

Let c.2Epath_2FEtoPath : t=t= be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=c_2FEpath_2EtoPath

A27a A27h € ((ty,ZEpathjEpath A 27a A727b)(ty,2Epair,2Eprod A_27a (ty_2Ellist_2Ellist (ty_2Epair_2Eprod

Definition 19
Definition 20
Definition 21
Definition 22
Definition 23
Definition 24
Definition 25

Definition 26

(22)
We define c_2Epath_2Epcons to be AA27a : t. NA2Tb : 1. AVOx € A27a.\V1r € A27Tb.\V2p
We define c_2Eone_2Eone to be (ap (c_2Emin_2E_40 ty_2Eone_2Eone) (A\V0x € ty_2Eone_2
We define c_2Ebool 2E_7E to be (A\V 0t € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0t) c_2Ebool 2E
We define c2Esum_2EINR to be AA_27a : t.AA27b: 1.A\V0e € A_27b.(ap (c2Esum 2EABS
We define c_2Eoption_2ENONE to be NAA_27a : t.(ap (c2Foption_2Eoption__ABS A_27a) (c
We define c_2Ellist_2ELNIL to be AA_27a : ¢.(ap (c2Ellist 2Ellist__abs A27a) (A\VOn € ty.
We define c 2Epath 2Estopped__at to be AA_27a : L. AA_27b : 1. AVO0x € A 27a.(ap (c2Epath

We define c_2Epair 2E_23_23 to be AA_27a : t. NA27b : t. XA 27c: t.AA27d : L.AVOf € (A2

Let c2FEllist 2ELM AP : 1=-1=1 be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A 27b=c 2FEllist 2ELM AP
A27a A27b € (((ty2Ellist 2Ellist A_27b)(ty-2Bllist2Bllist A_27a))(A-27b4-27))

(23)

Definition 27 We define c_2Epath_2Epmap to be AA_27a : t. AA27b : 1. AA27c: t.AA27d : L. AVOf € (A27

Assume the following.

True (24)

Assume the following.

VA_27a.nonempty A27a=(VV0x € A27a.(V0z = V0z)&

True)) (25)

Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(

YVOP € (2(ty,2E'path,2Epath A_27a A,27b)).((VV1p c
(ty2Epath_2Epath A 27a A27b).(p (ap VOP Vip)))<((VV2 €
A27a.(p (ap VOP (ap (c-2Epath_2Estopped__at A_27a A_27b) V2x))))A
(VV3x € A27a.(VV4r € A27b.(VV5p € (ty-2Epath_2Epath
A27a A27b).(p (ap VOP (ap (ap (ap (c2Epath_2Epcons A_27a A_27b)

V3x) Vdr) Vip)))))))))
(26)



Assume the following.

VA_27a.nonempty A_27a=YA_27b.nonempty A_27b=(
(VV0x € A27a.((ap (c_2Epath_2Efirst A 27a A_27b) (ap (c-2Epath_2Estopped__at
A27a A27b) VOzx)) = V0z))A(VV1x € A27a.(VV2r € A27D.
(VV3p € (ty-2Epath_2Epath A_27a A_27b).((ap (c_2Epath_2Efirst
A27a A27b) (ap (ap (ap (c-2Epath_2Epcons A_27a A_27b) V1z) V2r)
V3p)) = Vlx)))))
(27)
Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=VA 27c.
nonempty A_27c=YA_27d.nonempty A27d=(VVOf € (A27b4-27%).
(YV1g € (A27cA-27) (VV2x € A27a.((ap (ap (ap (
c_2Epath_2Epmap A_27a A27d A27b A 27¢c) VOf) V1g) (ap (c-2Epath_2Estopped__at
A 27a A27d) V2zx)) = (ap (c_2Epath_2Estopped__at A_27b A_27¢) (
ap VOf V2x)))A(VV3x € A27a.(VV4r € A27d.(VVbp €
(ty_2Epath 2Epath A 2T7a A27d).((ap (ap (ap (c_2Epath 2Epmap
A27a A27d A27b A27¢) VOf) V1g) (ap (ap (ap (c_2Epath_2Epcons
A27a A27d) V3x) Var) Vbp)) = (ap (ap (ap (c_2Epath_2Epcons A_27b
A27¢) (ap VOf V3x)) (ap V1g V4r)) (ap (ap (ap (c_2Epath_2Epmap A_27a
A27d A27b A27¢) VOf) Vig) V5p)))))))))

(28)

Theorem 1

VA 2Ta.nonempty A_27a=VA_27b.nonempty A_27b=VA_27c.
nonempty A_27c=YA_27d.nonempty A 27d=(VVOf € (A_27cA-279).
(YV1g € (A27d4-2™).(VV2p € (ty_2Epath 2Epath A_27a
A_27b).((ap (c2Epath_2Efirst A 27¢ A 27d) (ap (ap (ap (c2Epath 2Epmap
A27a A27b A27c A27d) VOf) V1g) V2p)) = (ap VOf (ap (c_2Epath_2Efirst
A27a A27D) V2p))))))



