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We define c 2Emin_2E_3D to be \A x € Ay € Aiinj_o (x = y)

We define c_2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (AVO0z € 2.V0x)) (A\V1z € 2.V
We define c_2Ebool 2E_21 to be N\A_27a : t.(A\VOP € (24-27%) (ap (ap (c_2Emin_2E_3D (24-27
We define c_2Ebool 2EF to be (ap (c_2Ebool 2E_21 2) (AVOt € 2.V 0t)).

We define c 2Emin_2E_3D_3D_3E to be AP € 2.0Q € 2.inj_o (p P=p Q)

We define c_2Ebool 2E_TE to be (AV Ot € 2.(ap (ap c2Emin_2E_3D_3D_3E V0¢) c_2Ebool 2EF
We define c_2Ebool 2EIN to be NA_27a : 1.(AVO0x € A27a.(A\V1f € (24-27%).(ap V1f VOz)))

We define c_2Epred__set 2ESUBSET to be AA_27a : t.AV0s € (24-27%) AV 1t € (24-27).(ap (c

Let ty_2FEpair_2Eprod : t1=>t=>t be given. Assume the following.

VAO0.nonempty A0=VAl.nonempty Al=nonempty (ty-2Epair_2Eprod

A0 A1)
(1)

Let c2Epair 2ESN D : 1=-1= be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=c_2FEpair 2ESN D

A927a A27Th € (A727b(ty,2Epair,2Eprod A_27a A,27b))
(2)

Let c2Epair 2EF ST : 1=1=- be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=c_2FEpair 2EFST

A927a A27b € (A727a(ty,2EpaiT;2Eprod A_27a A,27b))
(3)

Let ty_2Fllist 2FEllist : 1= be given. Assume the following.

VAO0.nonempty A0=nonempty (ty_2Ellist_2Ellist AQ) (4)



Let ty_2FEpath_2Epath : t1=>1= be given. Assume the following.

VAO.nonempty A0=VAl.nonempty Al=nonempty (ty_2Epath_2Epath
A0 A1)
(5)

Let c2Epath 2E fromPath : t==-1=-1 be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=c_2FEpath 2FE fromPath
A27a A27b € ((ty-2Epair_2Eprod A27a (ty-2Ellist 2Ellist (ty-2Epair_2Eprod
A 27b A727a)))(ty,QEpath,QEpath A_27a A,27b))
(6)
Definition 9 We define c_2Epath_2Efirst to be AA_27a : t. \A27b : L AV Op € (ty-2Epath_2Epath A27a A_
Definition 10 We define c_2Ebool 2E_2F 5C to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c2Ebool 2E_21 2) (AV2t €

Let c2Epair 2EABS __prod : 1=1=-1 be given. Assume the following.

VA 27a.nonempty A-27a=VA_27b.nonempty A27b=c_2Epair 2EABS__prod
A27a A27b € ((ty-2Epair 2Eprod A 27a A,27b)((2A727b)A,27a))
(7)

Definition 11 We define c 2Epair 2E_2C to be N\A27a : t. \A27b : 1. AV0x € A27aAV1y € A_27b.(ap (c-2
Let c2Enum 2EZERO__REP : 1 be given. Assume the following.

c2Enum 2EZERO__REP € omega (8)
Let ty 2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2Enum (9)
Let c2Enum 2EABS__num : ¢ be given. Assume the following.
c2Enum_2EABS_num € (ty-2Enum_2Enum°™") (10)
Definition 12 We define c_22Enum_2EQ to be (ap c.2Enum_2EABS_num c2Enum 2EZERO__REP).
Definition 13 We define c_2Earithmetic_2EZERO to be c_2Enum_2EO.
Let c2Enum 2EREP__num : 1 be given. Assume the following.
c2Enum 2EREP_num € (omega'y-2Fnum-2Enum) (11)
Let c2Enum 2ESUC__REP : 1 be given. Assume the following.
c2Enum 2ESUC__REP € (omega®™%) (12)

Definition 14 We define c2Enum_2ESUC to be \VOm € ty_ 2Enum_2Enum.(ap c2Enum_2EABS__num



Let c.2Farithmetic2E 2B : 1 be given. Assume the following.

c2Earithmetic2E_2B € ((ty-2Enum_2Enumty-2Enum-2Enum)ty-2Enum-2Enum)
(13)

Definition 15 We define c 2Earithmetic_2EBIT1 to be A\VOn € ty 2Enum_2Enum.(ap (ap c.2Earithmetic
Definition 16 We define c_2Earithmetic 2ENUMERAL to be A\VOx € ty_2Enum_2Enum.V0zx.
Let c.2Earithmetic2E 2D : ¢ be given. Assume the following.

c2Earithmetic 2E 2D € ((ty_2Enum_ 2 EnumtY-2Fnum-2Enum)ty 2Enum 2Enum)
(14)
Let ty_2Foption_2FEoption : 1=t be given. Assume the following.

VA0.nonempty A0=nonempty (ty_2Foption_2FEoption AQ) (15)
Let c.2FEllist 2FEllist_rep : t=-t be given. Assume the following.

VA 27a.nonempty A 27a=c 2Fllist 2Fllist_rep A27a €
(((ty,QEoptzon,ZEoptzon A727a)ty,2Enum,2Enum)(ty,2Ellist,2E'llist A,27a))
(16)
Let ty 2FEone_2Eone : « be given. Assume the following.

nonempty ty_2Fone_2Fone (17)
Let ty 2Esum_2Esum : t=-1=-1 be given. Assume the following.

VAO.nonempty A0=VAl.nonempty Al=nonempty (ty-2Esum_2FEsum
A0 A1)
(18)
Let c2Esum 2EABS__sum : 1=t=-t be given. Assume the following.

VA 27a.nonempty A27a=YA_27b.nonempty A_27b=c 2Esum_2FEABS__sum

A27a A27b € ((ty2Esum_2Esum A27a A27b)(2*7)"77)%)
(19)

Definition 17 We define c_2Esum_2EINL to be N\A_27a : t.NA_27b : 1.AV0e € A27a.(ap (c2Esum_2EABS

Let c_2Foption_2FEoption__ABS : 1= be given. Assume the following.

VYA 2Ta.nonempty A_27a=-c_2Eoption_2Eoption__ABS A 2Ta € (20)
((tyiEoptionQEoption A727a)(ty,2Esum,2Esum A_27a ty,2Eone,2Eone))
Definition 18 We define c_2Eoption_2ESOME to be AA_27a : 1. AV 0z € A_27a.(ap (c-2Eoption_2Eoption__

Definition 19 We define c 2Emin_2E_40 to be N\A.AP € 24.if (3z € A.p (ap P z)) then (the (\z.z € AN
of type 1=>t.

Definition 20 We define c 2Ebool 2ECOND to be AA_27a : t.(A\VOt € 2.(AV1tl € A 27a.(A\V2t2 € A_27a.(



Let ¢ 2FEllist 2FEllist__abs : 1= be given. Assume the following.

VA 27a.nonempty A_27a=c 2Ellist 2Ellist__abs A_27a €
((ty2Ellist 2Ellist A 27a)((ty-2Foption_2Eoption A27a)tv=2Enum=2Enum))

Definition 21

(21)

We define c_2Ellist_2ELCONS to be AA_27a : ¢ A\VOh € A27a. AV 1t € (ty2Ellist 2Ellist A.

Let c.2Epath_2FEtoPath : t=t= be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=c_2FEpath_2EtoPath

A927a A27Th € ((ty,ZEpathjEpath A 27a A727b)(ty,2Epair,2Eprod A_27a (ty_2Ellist_2Ellist (ty-2Epair_2Eprod

Definition 22

Definition 23

Definition 24

Definition 25

Definition 26

Definition 27

Definition 28

Definition 29

(22)
We define c_2Epath_2Epcons to be A\A_27a : t. A\A27b : 1.AVO0x € A 27a. \V1r € A27b.A\V2p
We define c_2Epair 2EUNCURRY to be AA_27a : t.AA27D : L.AA2Tc : LAVOS € ((A27¢A-%
We define c_.2Eone_2Eone to be (ap (c_2Emin_2E_40 ty_2Eone_2Eone) (A\V0x € ty_2Eone_2
We define c22Esum_2EINR to be AA27a : 0. AA27b : 1.AV0e € A_27b.(ap (c2Esum_2EABS
We define c2Eoption_2ENONE to be AA_27a : v.(ap (c2Eoption_2Eoption__ABS A_27a) (c
We define c_2Ellist 2ELNIL to be AA_27a : v.(ap (c_2Ellist 2Ellist__abs A_27a) (A\VOn € ty.

We define c_2Epath_2Estopped__at to be AA_27a : t. AA_27b : 1.AV Oz € A27a.(ap (c-2Epath

A_27a
We define c_2EfixedPoint_2Emonotone to be A\A_27a : t. \A_2Tb : LAVOS € ((2A-270)7 7)),

Let ¢ 2Epred__set 2EGSPEC : 1=>1=1 be given. Assume the following.

VA 27a.nonempty A 27a=VA_27b.nonempty A_27b=-c 2Epred__set 2EGSPEC
A927a A27b ((QAJ?a)((ty,zEpair,zEprod A_27a 2)/“‘*275))

Definition 30

Definition 31

Definition 32

Definition 33

Definition 34

Definition 35

Definition 36

(23)
We define c_2Epred__set_2EUNIV to be N\A_27a : 1.(AV0x € A_27a.c.2Ebool 2ET).
We define c2Ebool _2E_5C_2F to be (AVO0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (A\V2t €
We define c 2Epred__set 2EUNION to be AA_27a : 1. AV 0s € (24-279) \V 1t € (24-27%).(ap (c

A_27b A_27a
We define c_2Epath_2Eokpath__f to be A\A_27a : t.AA_27b : tL.AVOR € (((24-279) ) ).

We define c_2Ebool 2E_3F to be AA27a : 1. (A\VOP € (24-27).(ap VOP (ap (c_2Emin_2E_40

We define c_2Epred__set_2EBIGUNION to be AA_27a : L AVOP € (222"™™) (ap (c_2Epred._:

2A,27a)

We define c_2EfixedPoint_2Egfp to be \A_27a : L AVOf € ((24-27a) ).(ap (c_2Epred__se



A_27a
Definition 37 We define c_2Epath_2Eokpath to be AA_27a : L. AA_27b : LAVOR € (((24-27)* ™" (g

Assume the following.

(VWO € 2.(vV1e2 € 2.(((p VOrL)=(p V1¢2))=(((p o
V1t2)=(p VOr1))=((p VOt ) (p V1)) (24)

Assume the following.

(VVOt € 2.(((Truen(p VOt))<(p VOO))A((((p VO) AT rue)<
(p VOO)A(((Falsen(p VOt))=False)A((((p VOt)AFalse)< False)A  (25)
(((p VOO)A(p VL)) (p V01)))))))

Assume the following.

VA 27a.nonempty A 27a=(VV0x € A27a.(VV1y €
A27a.(VOz = V1y)e(V1y = V0x))))

Assume the following.

(YVOt € 2.(((True=(p VOt))=(p VOO))A((((p VOt )=True)=
(p VOO)A(((Falses(p VOt))=(—(p VOO)))A(((p VOt)=False)s(—=( (27)

p V0i)))))))

Assume the following.
VA_2Ta.nonempty A27a=(VVOf € ((24-27a)@"7),

((p (ap (c_2EfixedPoint_2Emonotone A_27a A_27a) VOf))=(((ap (
c_2EfixedPoint 2Egfp A 27a) VOf) = (ap VOf (ap (c_2EfixedPoint_2Egfp
A27a) VOf)))ANYVIX € (24-27%) (V1X = (ap VOf V1X))=(p
(ap (ap (c-2Epred__set 2ESUBSET A_27a) V1X) (ap (c-2EfixedPoint_2Egfp
A27a) V0[))))))))

(28)
Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(

YV0x € A27a.(VV1y € A27b.(VV2a € A27a.(VV3b €
A27b.(((ap (ap (c2Epair2E2C A_27a A_27b) VOz) V1y) = (ap (ap
(c-2Epair2E_.2C A_27a A_27b) V2a) V3b))<=((VOx = V2a)A(V1y = V3D)))))))
(29)

Assume the following.

VA 27a.nonempty A_27a=VYA_27b.nonempty A_27b=(
YV O0x € (ty-2Epair 2Eprod A-27a A27b).((ap (ap (c-2Epair2E_2C
A27a A27D) (ap (c2Epair 2EFST A27a A_27b) VO0zx)) (ap (c2Epair 2ESND
A27a A27b) VOx)) = VO0x))
(30)



Assume the following.

VA 2Ta.nonempty A_27a=YA_27b.nonempty A_27b=VA 27c.
nonempty A 27c=(VVOf € ((A27cA-270)A-27a) (VW 1z €
A27a.(VV2y € A27b.((ap (ap (c2Epair2EUNCURRY A_27a
A27b A 27¢) VOf) (ap (ap (c2Epair 2E 2C A 27a A_27b) V1x) V2y)) =

(ap (ap VOf Vi) V2y)))))

(31)
Assume the following.
VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=(
VYVOR € (((24-%72)A-270)A-27a) (p (ap (c_2EfixedPoint_2Emonotone (32)

(ty-2Epath 2Epath A 27a A27b) (ty-2Epath_2Epath A_27a A_27b))
(ap (c2Epath_2Eokpath_f A_27a A_27b) VOR))))

Assume the following.

VA 27a.nonempty A27a=(VVOP € (24-277).(VV1z €
A27a.((p (ap (ap (c.2Ebool 2EIN A_27a) V1x) VOP))<(p (ap VOP Vix)))))
(33)

Assume the following.

VA 27a.nonempty A_27a=(VV0s € (24-27%).(VV 1t €
(24-279) ((V0s = V1)< (VV2x € A27a.((p (ap (ap (c_2Ebool 2EIN
A27a) V2z) V0s))<(p (ap (ap (c2Ebool 2EIN A_27a) V2zx) V1t)))))))
(34)
Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(
VYVOf € ((ty-2Epair 2Eprod A_27a 2)4-2™).(VV1v €
A27a.((p (ap (ap (c_2Ebool 2EIN A_27a) V1v) (ap (c2Epred__set 2EGSPEC
A27a A27b) VOf)))e(3V2x € A27b.((ap (ap (c2Epair_2E_2C
A27a 2) V1v) c_2Ebool 2ET) = (ap VOf V2z))))))
(35)
Assume the following.

VA 27a.nonempty A27a=(VV0x € A27a.(p (ap (ap (c_2Ebool 2EIN (36)
A_27a) VOz) (c_2Epred_set 2EUNIV A_27a))))

Assume the following.

VA 27a.nonempty A 27a=(YV0s € (24-279).(VV 1t €
(24-270) (VV2x € A27a.((p (ap (ap (c_2Ebool 2EIN A_27a)
V2z) (ap (ap (c2Epred__set 2EUNION A_27a) V0s) V1t)))<((p (ap  (37)
(ap (c2Ebool_2EIN A_27a) V2zx) V0s))V(p (ap (ap (c-2Ebool 2EIN
A27a) V2z) V1t)))))))



Theorem 1

VA_27a.nonempty A 27a=YA_27b.nonempty A_27b=(
YVOR € (((24-272)A-2T0)A-2Ta) (YW 1z € (ty 2Epath_2Epath
A27a A27b).((p (ap (ap (c2Epath_2Eokpath A_27a A_27b) VOR) Vlz))&
((3V2z27 € A27a.(V1z = (ap (c_2Epath_2Estopped__at A_27a
A27b) V22.27)))V(3V32.27 € A27a.(AV4r € A27b.
(IV5p € (ty-2Epath_2Epath A27a A27b).((V1z = (ap (ap (ap
(c_2Epath_2Epcons A_27a A_27b) V3x_27) V4r) V5p))A((p (ap (ap (
ap VOR V3x.27) V4r) (ap (c_2Epath 2Efirst A_27a A_27b) V5p)))A(
p (ap (ap (c2Epath_2Eokpath A_27a A_27b) VOR) V5p)))))))))))



