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Definition 1 We define c.2Emin_2E_3D to be AA.\x € A y € A.inj_o (z =y)
of type L1=-t.

Definition 2 We define c_2Ecombin_2EK to be AA_27a : t.ANA27b : 1. (AVOz € A27a.(A\V1y € A27b.V0x))
Definition 3 We define c_2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (\V0z € 2.V0z)) (A\V1z € 2.V
Let ty_2Flist 2Elist : 1= be given. Assume the following.

YV AOQ.nonempty A0=nonempty (ty_2Elist 2FElist A0) (1)
Let ¢ 2Elist 2ENIL : 1= be given. Assume the following.

VA 2Ta.nonempty A27a=c2FElist 2ENIL A 27a € (ty_2FElist_2Elist
A_27a)
(2)

Let ¢ 2Elist 2ECONS : 1= be given. Assume the following.

VA 27a.nonempty A27a=c2Elist 2ECONS A27a € (((ty-2Elist 2Elist
A727a)(ty,2Elist,2Elist A,27a))A,27a)

(3)

Let ty_2FEpatricia_2Eptree : 1= be given. Assume the following.
VAO.nonempty AO=nonempty (ty_-2Epatricia_2Eptree AQ) (4)
Let c.2Epatricia 2ETRANSFORM : 1=1=- be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=c_2FEpatricia 2ETRANSFORM
A27a A27b € (((ty2Epatricia 2Eptree A_27aq)(ty-2Epatricia2Eptree A*27b))(A*27“A727b>)
(5)
Let c2Elist 2EALL__DISTINCT : 1= be given. Assume the following.

VA 27a.nonempty A27a=c2Elist 2EALL__DISTINCT A27a €
(2(ty,2Elist,2Elist A,27a)) (6)

Let ¢ 2Elist 2ELIST_TO__SET : 1=t be given. Assume the following.

VA 27a.nonempty A 27a=c2Elist 2ELIST_TO_SET A27a €
((214,27(1)(ty,ZE'list,QElist A,Z'?a)) (7)



Definition 4 We define c_2Ebool 2EIN to be AA_27a : 1.(AV0z € A27a.(AV1f € (24-27%).(ap V1f VOx)))

Definition 5 We define c 2Emin_2E_3D_3D_3E to be AP € 2.0\Q € 2.inj_o (p P=p Q)
of type t.

Definition 6 We define c_2Ebool 2E_21 to be AA_27a : t.(AVOP € (24-27%) (ap (ap (c_2Emin_2E_3D (24-27
Definition 7 We define c.2Ebool 2E_2F_5C to be (AV0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t € ¢
Let ty 2Epair_2Eprod : t=-1= be given. Assume the following.

YV AO.nonempty A0=YAl.nonempty Al=nonempty (ty_2Epair 2Eprod
A0 A1)
(8)

Let c2Epair 2EABS __prod : 1=1=1 be given. Assume the following.

VA 2Ta.nonempty A27a=VA_27b.nonempty A_27b=c_2Epair 2EABS__prod
A27a A27b € ((ty-2Epair 2Eprod A-27a A_27b)(2* ™) 1)
(9)
Definition 8 We define c_2Epair 2E_2C to be NA27a : t. \A27b : L AVOx € A27a.\V1y € A27b.(ap (c2F
Let ty_2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2Enum (10)
Let c.2Epatricia 2EADD : 1= be given. Assume the following.

VA_27a.nonempty A27a=-c2Epatricia 2EADD A_27a € (((ty-2Epatricia2Eptree
A727a)(ty,2Epai7',2EpT'od ty_2Enum_2Enum A,27a))(ty,2EpatT'icia,2Ept7'ee A,27a))

(11)
Let ¢ 2FEbool 2EARB : 1= be given. Assume the following.

VA_27a.nonempty A_27a=-c_2Ebool 2EARB A 27a € A27a (12)
Let c2Epred__set 2ECHOICE : 1= be given. Assume the following.

VA 27a.nonempty A 27a=c 2Epred__set 2ECHOICE A 27a €
(A727a(2A,27a))

(13)

Definition 9 We define c_.2Ebool_2EF to be (ap (c_2Ebool 2E_21 2) (AV Ot € 2.V 01)).

Definition 10 We define c2Epred__set 2EEMPTY to be AA_27a : 1.(A\V 0z € A_27a.c_2Ebool_2EF).
Definition 11 We define c_2Ebool 2E_5C_2F to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €
Let c2Epred__set 2EGSPEC : 1=-1=- be given. Assume the following.

VA 2Ta.nonempty A 27a=YA_27b.nonempty A_27b=c_2FEpred_set 2EGSPEC
A927a A27b € ((2147270,)((ty,2Epai'r,2Eprod A_27a Z)A*Wb))

(14)



Definition 12
Definition 13
Definition 14
Definition 15
Definition 16

Definition
of type t=>t.

17

Definition 18

Definition 19

Definition 20
Definition 21

Definition 22

Definition 23

Definition 24

Definition 25

Definition 26

Definition 27

Definition 28

Definition 29

Definition 30

We define c 2Epred__set 2EINSERT to be AA_27a : t.A\V0x € A 27a.\V1s € (24-27).(ap (c-
We define c.2Ebool 2E_TE to be (A\V 0t € 2.(ap (ap c2Emin_2E_3D_3D_3E V0t) c_2Ebool_2E
We define c 2Epred__set 2EDIFF to be A\A_27a : 1.AV0s € (24-272) AV 1t € (24-27).(ap (c-2.
We define c 2Epred__set 2EDELETE to be AA_27a : 1t.AV0s € (24-2) \V1x € A 27a.(ap (a
We define c 2Epred__set 2EREST to be AA_27a : 1.AV 0s € (24-27%) (ap (ap (c_2Epred__set 2|

We define c 2Emin_2E_40 to be \AAP € 24.if (3x € A.p (ap P x)) then (the (\z.x € AN

We define c22Ebool_2ECOND to be AA_27a : t.(AV Ot € 2.(AV1tl € A27a.(A\V2t2 € A 27a.(
We define c 2Epred__set 2EFINITE to be AA_27a : 1.AV0s € (24-27%) (ap (c_2Ebool 2E_21 (2

We define c2Ecombin_2ES to be ANA_27a : ¢ AA27b : 1. AA27c: 1. (AVOf € ((A,27CA’27b)A72’

We define c_2Ecombin_2El to be NA_27a : 1.(ap (ap (c2Ecombin 2ES A_27a (A_27a-*7%) A

We define c_2Ebool 2E_3F to be AA_27a : 1. (AVOP € (24-27%).(ap VOP (ap (c_2Emin_2E_40
We define c_2Erelation 2EWF to be AA_27a : LAVOR € ((24-27)**"") (ap (c_2Ebool 2E_21
We define c_2Erelation 2ERESTRICT to be AA_27a : 1t.AA27b : LAVOf € (A276"-7) AV 1]
We define c_2Erelation 2ETC to be AA_27a : L AVOR € ((24-270)"") A\V1a € A_27a.AV2b
We define c_2Erelation_2Eapprox to be N\A_27a : t.NA27b : L. AVOR € ((2A*27“)A’27a).)\V1M
We define c_2Erelation_2Ethe__fun to be N\A_27a : t.AA_27b : L AVOR € (2427047 A\V1]

We define c_2Erelation 2EWFREC to be AA_27a : t AA_27b : L AVOR € ((24-270)-*7") A\V1]

We define c 2Elist 2ESET__TO_LIST to be AA_27a : v.(ap (ap (c_2Erelation 2EWFREC (24-

We define c.2Ecombin_2EC fo be AA_27a : tAA2Th : tAA2Tc : 1. (AVOS € ((A_27¢A-270)"

Let ¢ 2Elist 2EFOLDL : 1=1=-t be given. Assume the following.

VA 27Ta.nonempty A_27a=VA_27b.nonempty A 27b=c 2FElist 2EFOLDL

A27a A27b € (((A727b(ty,2Elist,2Elist A,27a))A,27b)((A,27bA*27”')

A_27b
)

)
(15)

Let c2Epatricia 2ETRAV ERSE : 1= be given. Assume the following.

YA 27a.nonempty A_27a=c 2Epatricia 2ETRAVERSE A 27a €
((ty2Elist 2Elist ty_2Enum_2FEnum)(ty-2Epatricia2Eptree A_27a))

(16)



Definition 31 We define c_2Epred__set 2EUNION to be AA_27a : t.AV0s € (24-27%) AV 1t € (24-27%) (ap (c

Let ty_2FEone 2Fone : 1 be given. Assume the following.
nonempty ty_2Eone_2Eone (17)
Definition 32 We define c 2Epatricia 2ENUMSET __OF__PTREE to be A\V 0t € (ty_2Epatricia_2Eptree ty_:
Let ty_2Foption_2FEoption : 1=t be given. Assume the following.
VAO.nonempty A0=nonempty (ty-2FEoption_2FEoption A0) (18)
Let ¢ 2Epatricia 2EPEEK : 1= be given. Assume the following.

VA 27a.nonempty A_27a=>c2Epatricia 2EPEEK A 27a € (((
ty,ZEoption,ZEoption A,27a) ty_2Enum_2Enum ) (ty_2Epatricia_2Eptree A_27a) )

(19)
Let c.2FEoption 2E1S__SOME : 1= be given. Assume the following.
VA 27a.nonempty A_27a=-c_2Eoption 2E1S_SOME A_27a € (
2(ty,2Eoption,2Eoption A,27a)) (20)

Definition 33 We define c_2Epatricia_2EIN__PTREE to be A\VOn € ty_2Enum_2Enum. A\V1t € (ty_2Epatri
Definition 34 We define c_2Eone_2Eone to be (ap (c_2Emin_2E_40 ty_2FEone_2FEone) (A\V0x € ty_2Fone_2
Definition 35 We define c 2Epatricia_ 2EINSERT__PTREE to be A\VOn € ty_ 2Enum_2Enum.\V 1t € (ty_2F
Definition 36 We define c_2Epatricia 2EPTREE__OF_NUMSET to be A\V 0t € (ty_2Epatricia_-2Eptree ty_:
Let c.2Epatricia2EIS__PTREE : 1=t be given. Assume the following.

VA 27a.nonempty A 27a=c2Epatricia 2E1S_PTREE A 27a €
(2(ty,2Epatricia,2Eptree A,27a)) (21)

Let ¢ 2Elist 2EFILTER : 1= be given. Assume the following.

VA 27a.nonempty A 27a=c 2Elist 2EFILTER A_27a € (((ty2Elist 2Elist
A727a)(ty,2Elist,2E'list A,27a))(2A*27“))

(22)
Definition 37 We define c 2Esorting_ 2EPERM to be AA_27a : 1. A\VOL1 € (ty 2Elist 2Elist A_27a).\V1L2

Assume the following.
True (23)

Assume the following.

(VW01 € 2.(VV1£2 € 2.(((p VOt =(p V12))=(((p

V1t2)=(p VOr1))=((p VOt ) (p V1t2))))) (24)



Assume the following.
(VVOt € 2.(False=(p VOt)))
Assume the following.

(YVOt € 2.(((Truen(p VOt))<=(p VOO))A((((p VOt)ATrue)<
(p VOO)A(((Falsen(p VOt))=False)A(((p VOt)AFalse)< False)A

t)
(((p VOO)A(p VOt))=(p V01)))))))

Assume the following.

(YVOt € 2.(((True=(p VOt))=(p VOO))A((((p VOt)=True)<
True)A(((False=(p VOt))eTrue) A((((p VOt)=(p VOt))=True)A((
(p VOt)=False)=(=(p V01))))))))

Assume the following.

(VVOt € 2.((—(—(p VOL)))=(p VO)A(((—-True)=False) A
((-False)=True)))

Assume the following.
VA 27a.nonempty A_27a=(VV0x € A27a.(V0z = V0z))

Assume the following.

VA 27a.nonempty A27a=(VV0x € A27a.(VO0z = VOz)&
True))

Assume the following.

VA 27a.nonempty A 27a=(VVO0zx € A27a.(VV1y €
A27a.(VOz = V1y)e(V1y = VOx))))

Assume the following.

NA((((p VOt) & True)<

(VVOt € 2.(((Trues(p VOt))=(p VOL))A
)A(((p VOt)& False)<(—(

(p VO)A(((Falses(p VOt))=(—(p VO
p V0t)))))))

Assume the following.

(VWOt1 € 2.(VV 112 € 2.(VV2t3 € 2.(((p VOt1)=
((p V1t2)=(p V2t3)))=(((p VOtL)A(p V1t2))=(p V2t3))))))

Assume the following.

(VVO0z € 2.(¥V1z.27 € 2.(¥V2y € 2.(VV3y.2T €
2.((p VOoz)=(p V1x27))A((p V1x2T)=((p V2y)=(p V3y27))))=
(((p VOz)=(p V2y))&((p V1z27)=(p V3y-27))))))))

5

(25)

(26)



Assume the following.

YA_27a.nonempty A27a=VA_27b.nonempty A_27b=(
YV0x € A27a.(VW1y € A27b.((ap (ap (c2Ecombin_2EK (35)
A 27a A27b) VOz) V1y) = VOx)))

Assume the following.

VA 2Ta.nonempty A27a=YA_27b.nonempty A_27b=VA_27c.
nonempty A27c=(VVOf € ((A27c¢A-270)A-270) (VW 1x €
A27b.(VV2y € A27a.((ap (ap (ap (c-2Ecombin 2EC A_27a A_27b
A27c) VOf) Viz) V2y) = (ap (ap VOf V2y) V1z)))))

Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(
(VVOf € ((A27bA-270)A-270) (Y 1e € A27b.((ap (
ap (ap (c2Elist 2EFOLDL A_27a A27b) VOf) Vle) (c2Elist 2ENITL
A27a)) = V1e))A(VV2f € ((A27pA-272)A-270) (W1 3e €
A27b.(VWix € A27a.(VV5l € (ty_2Elist 2Elist A 27a).
((ap (ap (ap (¢ 2Elist 2EFOLDL A_27a A27b) V2f) V3e) (ap (ap (c2Elist 2ECONS
A_27a) V4z) V5l)) = (ap (ap (ap (c2Elist 2EFOLDL A_27a A_27b) V2f)
(ap (ap V2f V3e) Vaz) VSI)))))

(36)

(37)
Assume the following.

VA 27a.nonempty A27a=((VV0x € A27a.((p (ap (ap
(c_2Ebool 2EIN A_27a) VOx) (ap (c-2Elist 2ELIST_TO_SET A_27a)
(c.2Elist 2ENIL A 27a))))< False))AN(VV1x € A27a.(VV2h €
A27a.(VV3t € (ty2Flist 2Elist A_27a).((p (ap (ap (c_2Ebool 2EIN
A27a) V1z) (ap (c2Elist 2ELIST_TO_SET A_27a) (ap (ap (c2Elist 2ECONS
A_27a) V2h) V3t))))=((V1e = V2h)V(p (ap (ap (c-2Ebool 2EIN A_27a)
Viz) (ap (¢2Elist 2ELIST_TO__SET A27a) V3t)))))))))
(38)
Assume the following.

VA 27a.nonempty A27a=(((p (ap (c2Elist 2EALL__DISTINCT
A27a) (c.2Elist 2ENIL A_27a)))aTrue)AN(YVO0h € A-27a.(

YV 1t € (ty2Elist 2Elist A-27a).((p (ap (c2Elist 2EALL_DISTINCT
A27a) (ap (ap (c2Elist 2ECONS A_27a) VOh) V1t)))<=((—(p (ap (ap
(c-2Ebool 2EIN A_27a) VOh) (ap (c2Elist 2ELIST_TO__SET A_27a)

VIO))A(p (ap (c2Elist 2EALL__DISTINCT A27a) V1t)))))))
(39)
Assume the following.

VA 27a.nonempty A27a=(YV0s € (24-27%).((p (ap
(c_2Epred__set 2EFINITE A_27a) V0s))=(¥V1z € A_27a.((
p (ap (ap (c2Ebool 2EIN A_27a) V1z) (ap (c-2Elist 2ELIST_TO_SET
A_27a) (ap (c2Elist2ESET__TO__LIST A_27a) V0s))))<(p (ap (ap
(c_2Ebool 2EIN A_27a) V1z) V0s))))))
(10)



Assume the following.

VA 27a.nonempty A27a=(VYV0x € A27a.((ap (c_2Elist 2ESET__TO__LIST
A27a) (ap (ap (c-2Epred__set 2EINSERT A_27a) VO0x) (c_2Epred__set 2EEMPTY
A_27a))) = (ap (ap (¢2Elist 2ECONS A_27a) VOz) (c-2Elist 2ENIL

A27a))))
(41)
Assume the following.

VA 27a.nonempty A_27a=(YV0s € (24-27%).((p (ap
(c-2Epred__set 2EFINITE A_27a) V0s))=(p (ap (c2Elist 2EALL__DISTINCT
A_27a) (ap (c2Elist 2ESET__TO__LIST A_27a) V0s)))))
(12)
Assume the following.

YA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YVOf € (A2764-279) (YV 1t € (ty_2Epatricia_2Eptree
A27a).((p (ap (c2Epatricia 2EIS__PTREE A27a) V1t))=(p (ap
(c2Epatricia 2EIS_PTREE A27b) (ap (ap (c2Epatricia 2ETRANSFORM
A27b A 27a) VOf) V1t))))))
(43
Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YVOf € (A2764-279) (VV 1t € (ty_2Epatricia_2Eptree
A 27a).(VV2k € ty 2Enum 2Enum.(YV3d € A27a.((ap
(ap (c2Epatricia 2ETRANSFORM A27b A27a) VOf) (ap (ap (c2Epatricia 2EADD
A_27a) V1t) (ap (ap (c-2Epair2E_2C ty_2Enum_2Enum A_27a) V2k)
V3d))) = (ap (ap (c2Epatricia_2EADD A_27b) (ap (ap (c-2Epatricia 2ETRANSFORM
A27b A27a) VOf) V1t)) (ap (ap (c2Epair2E_2C ty_2Enum_2Enum
A.270) Vak) (ap VOF V3d)))
(44)
Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YVOf € (A2764-279) (VV 1t € (ty_2Epatricia_2Eptree
A27a).((ap (c2Epatricia2ETRAVERSE A_27b) (ap (ap (c-2Epatricia 2ETRANSFORM
A27b A27a) VOf) V1t)) = (ap (c-2Epatricia 2ETRAVERSE A_27a) V1t))))
(45)
Assume the following.

(VVOt € (ty2Epatricia_2Eptree ty_2Eone_2FEone).(NV1n €
ty_2Enum_2Enum.((p (ap (c2Epatricia2EIS__PTREE ty_2Fone_2FEone)
V0t))=((p (ap (ap (c-2Ebool 2EIN ty_2Enum_2Enum) V1n) (ap c2Epatricia_2ENUMSET__OF__PTREE
V0t)))<(p (ap (ap c_2Epatricia_2EIN__PTREE V1n) V0t))))))
(46)



Assume the following.

VA 27a.nonempty A27a=(VV 0t € (ty_2Epatricia_2Eptree
A27a).((p (ap (c2Epatricia 2EIS__PTREE A 27a) VOt))=(p (ap
(c:2Elist 2EALL__DISTINCT ty-2Enum_2Enum) (ap (c.2Epatricia 2ETRAVERSE
A27a) VO1)))))
(47)
Assume the following.

VA_27a.nonempty A 27a=(VVO0Il € (ty_2FElist_2FElist
A 27a). (VW12 € (ty2Elist 2Elist A27a).(((p (ap (c2Elist 2EALL_DISTINCT
A27a) VOIL)A((p (ap (c2Blist 2EALL__DISTINCT A_27a) V1I2))A
(VV2z € A27a.((p (ap (ap (c2Ebool_2EIN A_27a) V2z) (ap (
¢2Elist 2ELIST_TO_SET A_27a) V0I1)))<(p (ap (ap (c_2Ebool 2EIN
A27a) V2z) (ap (c2Elist 2ELIST_TO_SET A_27a) V1i2)))))))=
(p (ap (ap (c-2Esorting_2EPERM A_27a) V0I1) V'112)))))
(48)
Assume the following.

(VVOt € (ty-2Epatricia_2Eptree ty_2Eone_2Eone).(VV1k €
ty_2Enum_2Enum.((p (ap (c2Epatricia2E1S__PTREE ty_2Fone_2Eone)
V0t))=((p (ap (ap (c-2Ebool_2EIN ty_2Enum_2Enum) V1k) (ap (c2Elist 2ELIST_TO_SET
ty_2Enum_2Enum) (ap (c2Epatricia 2ETRAVERSE ty 2Eone_2Eone)
V0t))))<(p (ap (ap (c2Ebool 2EIN ty_2Enum_2Enum) V1k) (ap c_2Epatricia 2ENUMSET__OF__PTREE
Vor))))
(19)
Assume the following.

(VV Ot € (ty-2Epatricia_2Eptree ty_2Eone_2Eone).(VV1x €
ty 2Enum_2Enum.((p (ap (c2Epatricia 2EIS__PTREE ty 2FEone_2FEone)
Vot))=(p (ap (c2Epatricia 2EIS_PTREFE ty 2Eone_2Eone) (ap (
ap c_2Epatricia 2EINSERT__PTREE V1z) V0t))))))
(50)
Assume the following.

(VVOt € (ty-2Epatricia_2Eptree ty_2FEone_2FEone).(p (ap
(c-2Epred__set 2EFINITE ty_2Enum_2Enum) (ap c_2Epatricia 2ENUMSET__OF__PTREE
Vot))))
(51)
Assume the following.

(VV0v € ty-2Eone2FEone.(NV1t € (ty-2Epatricia_2Eptree
ty_2FEone_2Eone).(VV2n € ty_2Enum_2Enum.((ap (ap (c-2Epatricia 2EADD
ty_2Eone_2Eone) V1t) (ap (ap (c2Epair2E_2C ty_2Enum_2Enum ty_2Eone_2Eone)
V2n) VOv)) = (ap (ap c-2Epatricia_2EINSERT__PTREE V2n) V'1t)))))

(52)



Assume the following.

(VVOt € (ty_2Epatricia 2Eptree ty 2Eone 2Eone).(VV1s €
(2ty-2Enum-_2Enum) ((p (gp (c_2Epred__set 2EFINITE ty_2Enum_2Enum)
V1s))=((p (ap (c2Epatricia.2EIS__PTREEFE ty_2Eone_2Eone) VOt))=

(p (ap (ap (c2Esorting_2EPERM ty_2Enum_2Enum) (ap (c_2Epatricia 2ETRAVERSE
ty_2Eone_2Eone) (ap (ap (ap (c2Elist 2EFOLDL ty_2Enum_2Enum
(ty2Epatricia_2Eptree ty_2Fone_2Fone)) (ap (c.22Ecombin_2EC
ty_ 2Enum_2Enum (ty_2Epatricia_2Eptree ty 2Eone_2FEone) (ty_2Epatricia_2Eptree
ty_2Fone_2FEone)) c_2Epatricia2EINSERT__PTREE)) V0t) (ap (c2Elist 2ESET__TO__LIST
ty_2Enum_2Enum) V1s)))) (ap (c2Elist2ESET__TO__LIST ty_2Enum_2Enum)

(ap (ap (c_2Epred__set 2EUNION ty_2Enum_2Enum) (ap c_2Epatricia_2ENUMSET__OF__PTREE

Vo)) V1))
(53)
Assume the following.

(VVOt € (ty2Epatricia_2Eptree ty_2Eone_2Eone).(YV1s €
(2ty-2Enum-2Enum) (((p (ap (c-2Epatricia2EIS__PTREE ty_2Eone_2FEone)
VOt))A(p (ap (c-2Epred__set 2EFINITE ty_2Enum_2Enum) Vls)))=
((ap c_2Epatricia2ENUMSET__OF__PTREE (ap (ap c-2Epatricia_2EPTREE__OF_NUMSET
V0t) V1s)) = (ap (ap (c-2Epred__set 2EUNION ty_2Enum_2Enum) (ap
c_2Epatricia 2ENUMSET__OF__PTREE V0t)) V1s)))))
(54)
Assume the following.

(VVOt € (ty-2Epatricia_2Eptree ty_2Eone_2Eone).((ap (
ap c_2Epatricia 2EPTREE__OF_NUMSET V0t) (c-2Epred__set 2EEMPTY
ty_2Enum_2Enum)) = VO0t))
(55)
Assume the following.

(YVOt € (ty_2Epatricia 2Eptree ty_2Eone_ 2Eone).(VV1m €
ty2Enum_2Enum.(YV2n € ty 2Enum_2Enum.((p (ap (c2Epatricia 2E1S__PTREE
ty2FEone_2Eone) VOt))=((p (ap (ap c2Epatricia_2EIN__PTREE V2n)

(ap (ap c_2Epatricia 2EINSERT__PTREE V1m) V0¢)))<((V1m = V2n)V
(p (ap (ap c2Epatricia_2EIN__PTREE V2n) V0t))))))))
(56)
Assume the following.

(VV Ot € (ty_2Epatricia 2Eptree ty 2Eone 2FEone).(VV1s €
(2ty-2Enum-2Enum) (¢\/9q € ty 2 Enum _2Enum.(((p (ap (c2Epatricia 2EIS__PTREFE
ty_2Eone_2Eone) VOt))A(p (ap (c_2Epred__set_2EFINITE ty_2Enum_2Enum,)
V1s)))=((ap (ap c_2Epatricia2EPTREE__OF_NUMSET V0¢) (ap (ap
(c-2Epred__set 2EINSERT ty_2Enum_2Enum) V2z) V1s)) = (ap (ap c_2Epatricia_2EINSERT__PTREE
V2z) (ap (ap c2Epatricia 2EPTREE__OF_NUMSET V0t) V'1s)))))))

(57)



Assume the following.

VA_27a.nonempty A_27a=(p (ap (c_2Epred__set 2EFINITE

A_27a) (c_2Epred_set 2EEMPTY A_27a))) (58)

Assume the following.

VA 27a.nonempty A 27a=(VV0x € A27a.(VV1s €
(24-279) ((p (ap (c_2Epred__set 2EFINITE A_27a) (ap (ap (c_2Epred_set 2EINSERT
A_27a) VOz) V1s)))<(p (ap (c-2Epred__set 2EFINITE A_27a) V'1s)))))

(59)

Assume the following.
(YV0t € 2.((~(=(p V0£))=(p VO1))) (60)

Assume the following.
(YV0A € 2.((p VOA)=((~(p VOA))=False))) (61)

Assume the following.

(VV0A € 2.(9V1B € 2.(((=((p VOAW (p V1B)))= False)e

(((p VOA)= False)=((~(p V1B))=False))))) (62)

Assume the following.
(W0A € 2(W1B € 2((((=(p VOA)V(p VIB))=False)es oo

((p VOA)=((~(p V1B))=False)))))
Assume the following.
(VVO0A € 2.(((=(p VOA))=False)=(((p VOA)=False)=False))) (64)
Assume the following.

(VVOp € 2.(VV1g € 2.(VV2r € 2.(((p VOp)=(
(

2.(
(p Vig)e(p V2r)))e(((p Vop)V(lp V1g)V(p V2r)))A(((p VOp)V((—(
p V2r))V(=(p V1g)A(((p V1g)V((=(p V2r))V(=(p VOp)))A((p V2r)v
((=(p V1g))V(=(p VOp)))))))))))

Assume the following.

(VVOp € 2.(VV1qg € 2.(WVV2r € 2.(((p VOp)=(

Assume the following.

(VVOp € 2.(VV1g € 2.(VV2r € 2.(((p VOp)<(
(p Vig)V(p V2r)))e(((p VOp)V(-(p V1g)))A(((p VOp
((p V1ig)V((p V2r)V(=(p VO0p))))))))))
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Assume the following.

(VVOp € 2.(VV1g € 2.(WV2r € 2.(((p VOp)=(
(p V1g)=(p V2r)))=(((p VOop)V(p V1g)A(((p VOp)V(=(p V2r)))A(  (68)
=(p V1g))V((p V2r)v(=(p V0p))))))))))

Assume the following.

(VVOp € 2.(WV1g € 2.(((p VOp)&=(~(p V1g)))=(((p VOp)V

(b VIg)A((=(p V1g)V(~(p VOp))))) (69)
Assume the following.
(YVOp € 2.(vV1g € 2.((=((p VOp)=(p V1q)))=(p VOp)))) (70)

Assume the following.

(VWOp € 2.(vV1g € 2.((~((p VOp)=(p V1q)))=(=(p V1q)))))  (71)
Assume the following.

(VV0p € 2.(vW1g € 2.((=((p VOp)V(p V1q)))=(=(p VO0p)))))  (72)
Assume the following.

(VV0p € 2.(vW1g € 2.((~((p VOp)V(p V1g)))=(~(p V1q)))))  (73)

Assume the following.

(YVOp € 2.((=(=(p VOp)))=(p VOp))) (74)

Assume the following.

VA 27a.nonempty A27a=(VYVO0x € (ty-2Elist 2Elist
A27a).(VV1y € (ty 2Elist 2Elist A 27a).(VV2z €
(ty2Elist 2Elist A-27a).(((p (ap (ap (c_2Esorting 2EPERM A _27a) (75)
VO0z) V1y))A(p (ap (ap (c-2Esorting_2EPERM A_27a) V1y) V2z)))=(
p (ap (ap (c2Esorting 2EPERM A_27a) V0z) V2z))))))

Theorem 1

VA_27a.nonempty A27a=(YV 0t € (ty-2Epatricia2Eptree
A27a).(VV1k € ty_2Enum_2Enum.(YV2d € A27a.(((

p (ap (c:2Epatricia 2EIS_PTREE A_27a) VOt))A(—(p (ap (ap (c-2Ebool 2EIN
ty_2Enum_2Enum) V1k) (ap (c2Elist 2ELIST_TO__SET ty_2Enum_2Enum)
(ap (c2Epatricia 2ETRAVERSE A 27a) VOt))))))=(p (ap (ap (c_2Esorting_2EPERM
ty2Enum_2Enum) (ap (c.2Epatricia 2ETRAVERSE A 27a) (ap (ap (
c2Epatricia 2EADD A 27a) VOt) (ap (ap (c_2Epair2E_2C ty_2Enum_2Enum
A_27a) V1k) V2d)))) (ap (ap (c2Elist 2ECONS ty_2Enum_2Enum) V1k)

(ap (c2Epatricia 2ETRAVERSE A 27a) VO0t))))))))
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