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Definition 1 We define c.2Emin_2E_3D to be AA.\x € A y € A.inj_o (z =y)
of type 1=>t.

Definition 2 We define c_2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (\V0z € 2.V0z)) (A\V1z € 2.V
Definition 3 We define c_22Ebool 2E_21 to be AA_27a : t.(A\VOP € (24-27%).(ap (ap (c.2Emin_2E_3D (24-27
Definition 4 We define c_2Ebool 2EF to be (ap (c_2Ebool 2E_21 2) (AV Ot € 2.V 01)).
Let ty_2FEpatricia_2Eptree : 1=t be given. Assume the following.

VA0.nonempty A0=nonempty (ty_2Epatricia_2Eptree A0) (1)
Let c.2Epatricia 2ETRANSFORM : 1=t=-t be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=-c_2FEpatricia 2ETRANSFORM
A27a A27b € (((ty2Epatricia_2Eptree A_27a)(ty-2Epatricia2Eptree A*27b))(A*27“A727b))

(2)

Let ty 2FElist_2FElist : 1= be given. Assume the following.
VAO0.nonempty A0=nonempty (ty-2Elist_2Elist A0) (3)

Definition 5 We define c.2Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_o (p P=p Q)
of type ¢.

Definition 6 We define c_2Ebool _2E_TE to be (A\VOt € 2.(ap (ap c-2Emin_2E_3D_3D_3E V0¢) c_2Ebool 2EF
Let ¢ 2Elist 2EFILTER : 1= be given. Assume the following.

VA 27a.nonempty A 27a=c 2Elist 2EFILTER A 27a € (((ty_2Elist 2Elist
A727a)(ty,2Elist,2Elist A,27a))(2A*27“))

(4)

Let ty_2Enum_2Enum : ¢ be given. Assume the following.

nonempty ty_2Enum_2Enum (5)



Let c.2Epatricia 2EREMOV E : 1= be given. Assume the following.

VA 27a.nonempty A_27a=-c_2Epatricia 2EREMOVE A 27a € (
((ty,ZEpatricia,ZEptree A727a)ty,2Enum,2Enum)(ty,QEpatricia,ZEptree A_27a) )

(6)
Definition 7 We define c_2Esorting_ 2EPERM to be AA_27a : 1. A\VOL1 € (ty 2Elist 2Elist A_27a).A\V1L2 ¢
Let c2Epatricia 2ETRAV ERSE : 1= be given. Assume the following.

VA 27a.nonempty A_27a=c2Epatricia 2ETRAVERSE A 27a € (7)
((ty_2Elist 2Flist ty 2Enum_2FEnum)(ty-2Fpatricia2Eptree A-27a))

Let ¢ 2Elist 2ELIST_TO_SET : 1= be given. Assume the following.

VA 2Ta.nonempty A27a=c2Elist 2ELIST_TO_SET A 27a €
((214727(1)(ty,2Elist,2Elist A,27a)) (8)

Definition 8 We define c_2Ebool 2EIN to be NA_27a : 1.(A\V 0z € A27a.(AV1f € (24-27) (ap V1f V0z)))
Let c2Epatricia 2E1S__PTREE : 1= be given. Assume the following.

VA 2Ta.nonempty A_27a=c2Epatricia2EIS_PTREE A27a €
(2(ty,2Epatricia,2Ept'ree A,27a)> (9)

Definition 9 We define c_2Ebool 2E_2F 5C to be (AVO0t1 € 2.(AV1¢2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t € ¢

Let ty 2FEone_2Eone : + be given. Assume the following.
nonempty ty_2FEone_2FEone (10)

Assume the following.
True (11)

Assume the following.

(YVOt € 2.(((Truen(p VOt))<=(p VOO)A((((p VOt)ATrue)<
(p VOO)A(((Falsen(p VOt))=False)A((((p VOt)AFalse)< False)A  (12)

t)
(((p VOO)A(p VOt))=(p V01)))))))

Assume the following.

(VVOt € 2.(((True=(p VOt))=(p Vo)) A(((p VOt)=True)s
True)A(((False=(p VOt))eTrue) A((((p VOt)=(p VOt))=True)A((  (13)
(p VOt)=False)=(=(p V01))))))))

Assume the following.

VA_27a.nonempty A 27a=(VV0x € A27a.(V0x = V0z)&
True))



Assume the following.

VA 27a.nonempty A27a=(VV0x € A27a.(VV1y €
A27a.((V0z = V1y)e(V1y = VOx))))

Assume the following.

(YVOt € 2.(((Trues(p VOt))(p VOO))A(((p VOt)&True)<
(p VOO)A(((Falses(p VOt))=(—=(p VOO))A(((p VOt)=False)<(—(  (16)

p V01)))))))

Assume the following.

(VVO0tl € 2.(VV 112 € 2.(VV2t3 € 2.(((p VOt1)=
((p V1£2)=(p V2t3)))=(((p VOt1)A(p V1£2))=(p V2t3))))))

Assume the following.

(VVO0z € 2.(VV1x 27 € 2.(VV2y € 2.(VV 3y 27 €
2.((((p Voz)=(p V1z27)A((p V1z27)=((p V2y)=(p V3y.27))))= (18)
(((p VOz)=(p V2y))=((p V12 27T)=(p V3y.27))))))))

Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YVOf € (A2764-27%) (YV 1t € (ty_2Epatricia_2Eptree
A27a).((p (ap (c-2Epatricia2EIS__PTREE A27a) V1t))=(p (ap
(c-2Epatricia2EIS__PTREE A27b) (ap (ap (c2Epatricia 2ETRANSFORM
A27b A27a) VOf) V1t))))))
(19)
Assume the following.

VA_27a.nonempty A_27a=YA_27b.nonempty A_27b=(

YVOf € (A2764-279) (VV 1t € (ty_2Epatricia_2Eptree
A_27a).(VV2k € ty_2Enum_2Enum.((ap (ap (c.2Epatricia 2ETRANSFORM
A27b A27a) VOf) (ap (ap (c2Epatricia 2EREMOV E A 27a) V1t) V2k)) =

(ap (ap (c-2Epatricia 2EREMOV E A_27b) (ap (ap (c-2Epatricia 2ETRANSFORM
A27b A27a) VOf) V1t)) V2k)))))
(20)
Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YVOf € (A27p4-279) (YV 1t € (ty_2Epatricia_2Eptree
A27a).((ap (c2Epatricia2ETRAVERSE A_27b) (ap (ap (c-2Epatricia 2ETRANSFORM
A27b A27a) VOf) V1t)) = (ap (c-2Epatricia 2ETRAVERSE A_27a) V1t))))
(21)



Assume the following.

(YVOt € (ty_2Epatricia2Eptree ty_2Eone_2Eone).(VV1k €
ty 2Enum_2Enum.(((p (ap (c2Epatricia 2E1S__PTREE ty 2FEone_2FEone)
VOt))A(p (ap (ap (c2Ebool_2EIN ty_2Enum_2Enum) V1k) (ap (c-2Elist 2ELIST_TO__SET
ty-2Enum_2Enum) (ap (c.2Epatricia 2ETRAV ERSE ty_ 2Eone_2Eone)
V0t)))))=(p (ap (ap (c2Esorting 2EPERM ty_2Enum_2Enum) (ap (
c2Epatricia 2ETRAVERSE ty 2Eone_2FEone) (ap (ap (c.2Epatricia 2EREMOV E
ty_2Fone_2FEone) VOt) V1k))) (ap (ap (c2Elist 2EFILTER ty 2Enum_2Enum)

(AV2zx € ty2Enum_-2Enum.(ap c_2Ebool 2E_7E (ap (ap (c.2Emin_2E_3D

ty2Enum_2Enum) V2x) V1k)))) (ap (c2Epatricia 2ETRAV ERSE ty_2Eone_2Eone)

Vo)) )

Theorem 1

VA 27a.nonempty A_27a=(VV Ot € (ty_2Epatricia_2Eptree
A_27a).(VV1k € ty 2Enum_2Enum.(((p (ap (c2Epatricia 2E1S__PTREE
A_27a) VOt))A(p (ap (ap (c2Ebool_2EIN ty_ 2Enum_2Enum) V1k) (ap
(c:2BElist 2ELIST_TO_SET ty_2Enum_2Enum) (ap (c2Epatricia 2ETRAVERSE
A_27a) V0t)))))=(p (ap (ap (c-2Esorting_2EPERM ty_2Enum_2Enum)

(ap (c2Epatricia 2ETRAVERSE A 27a) (ap (ap (c2Epatricia 2EREMOVE
A27a) VOt) V1k))) (ap (ap (c2Elist 2EFILTER ty 2Enum_2Enum)

(AV2zx € ty_2Enum_2Enum.(ap c2Ebool 2E_7E (ap (ap (c2Emin_2E_3D
ty_2Enum_2Enum) V2z) V1k)))) (ap (c2Epatricia 2ETRAVERSE A 27a)

Vo))



