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Definition 1 We define c2Emin_2E_3D to be \A. Az € A y € A.inj_o (x = y)
of type t=-t.

Definition 2 We define c_2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (A\V0z € 2.V0z)) (A\V1z € 2.V
Definition 3 We define c_2Ebool 2E_21 to be AA_27a : t.(A\VOP € (24-27%)(ap (ap (c.2Emin_2E_3D (24-27
Definition 4 We define c_2Ebool 2EF to be (ap (c_2Ebool 2E_21 2) (AV 0t € 2.V 01)).

Definition 5 We define c.2Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_o (p P=p Q)
of type ¢.

Definition 6 We define c.2Ebool 2E_7E to be (A\V 0t € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0¢) c_2Ebool 2EF
Let ty_2FEpatricia_2Eptree : 1= be given. Assume the following.

VA0.nonempty A0=nonempty (ty_2Epatricia_2Eptree A0) (1)
Let c.2Epatricia_2E Empty : 1= be given. Assume the following.

VA 27a.nonempty A_27a=-c_2Epatricia 2EEmpty A 27a € (ty_2Epatricia_2Eptree
A_27a)
(2)

Let ty 2FEone_2Eone : ¢« be given. Assume the following.

nonempty ty_2FEone_2FEone (3)

Definition 7 We define c 2Emin_2E_40 to be AAAP € 24.if (32 € Ap (ap P x)) then (the (\z.x € AAp
of type t=>t.

Definition 8 We define c.2Eone_2Eone to be (ap (c-2Emin_2E_40 ty_2Eone_2Eone) (A\VO0z € ty_2Eone_2E



Let ty 2Enum_2Enum : ¢ be given. Assume the following.

nonempty ty_2Enum_2Enum (4)
Definition 9 We define c.2Ebool 2E_2F_5C to be (AV0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t € ¢
Let ty_2FEpair 2Eprod : t1=>1=>1 be given. Assume the following.

VA0.nonempty A0=YAl.nonempty Al=nonempty (ty-2Epair_2Eprod
A0 A1)
(5)

Let c2Epair 2EABS __prod : 1=>1=>1 be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=-c 2Epair 2EABS__prod

A27a A2Tb € ((tnyEpaiTJEprod A27a A727b)((2A727b)A727a))
(6)

Definition 10 We define c2Epair 2E_2C to be N\A27a : t. AA27b : 1. AV0x € A27a AV1y € A27b.(ap (c-2
Let c2Epatricia 2EADD : 1= be given. Assume the following.

VA 27a.nonempty A_27a=c2Epatricia2EADD A 27a € (((ty-2Epatricia_2Eptree
A727a)(ty,2Epair,2Eprod ty_2Enum_2Enum A,27a))(ty,ZEpatm’cia,QEptree A,27a))

(7)
Definition 11 We define c_2Epatricia_2EINSERT__PTREE to be A\VOn € ty 2Enum_2Enum.\V1t € (ty-2F
Definition 12 We define c 2Ebool 2EIN to be AA_27a : 1.(AVO0x € A 27a.(A\V1f € (24-27%).(ap V1f VOz))
Definition 13 We define c_2Ebool 2E_5C_2F to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €
Let c2Epred__set 2EGSPEC : 1=1= be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=c 2Epred_set 2EGSPEC
A927a A27b € ((214,27(1)((ty,2Epair,2Eprod A_27a 2)A*27b))

(8)
Definition 14 We define c 2Epred__set 2EINSERT to be AA 27a : 1t.AVOx € A 27a. AV 1s € (24-27%).(ap (c-
Let ty_2Flist 2Elist : 1= be given. Assume the following.
YV AOQ.nonempty AO=nonempty (ty-2Elist 2Elist A0) (9)
Let ¢c.2Ebool 2EARB : 1= be given. Assume the following.
VA 27a.nonempty A_27a=>c_2Ebool 2EARB A_27a € A 27a (10)
Let ¢ 2Epred__set 2ECHOICE : 1= be given. Assume the following.

VA 27a.nonempty A27a=c 2Epred__set 2ECHOICE A_27a €

(A727a(2A,27a)) (11)



Definition 15 We define c_2Epred__set 2EEMPTY to be AA_27a : 1. (A\V 0z € A_27a.c_2Ebool_2EF).
Definition 16 We define c 2Epred__set 2EDIFF to be AA_27a : 1t.AV0s € (24-2T9) AV 1t € (24-27%) (ap (c_2.
Definition 17 We define c_2Epred__set 2EDELETE to be AA_27a : t.AV0s € (24-279) AV 1z € A 27a.(ap (a

Definition 18 We define c 2Epred__set 2EREST to be AA_27a : t.AV0s € (24-27%).(ap (ap (c_2Epred__set 2|

Let ¢ 2Elist 2ECONS : 1= be given. Assume the following.

VA 2Ta.nonempty A_27a=c2FElist 2ECONS A 27a € (((ty-2Elist 2Elist

A727CL) (ty_2Elist_2Elist A_27a) )A,27a)
(12)

Let ¢ 2Elist 2ENIL : 1= be given. Assume the following.

VA 27a.nonempty A 27a=c 2Elist 2ENIL A 27a € (ty 2Elist 2Elist
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A_27a) 1)
13

We define c2Ebool 2ECOND to be AA_27a : t.(AVOt € 2.(A\V1tl € A27a.(A\V2t2 € A 27a.(

We define c 2Epred__set 2EFINITE to be AA_27a : t.A\V0s € (24-27).(ap (c_2Ebool 2E_21 (2

We define c 2Ecombin_2EK to be AA_27a : t. \A27b : 1. (AVOx € A2Ta.(AV1y € A27b.V0x

We define c_2Ecombin_2ES to be NA_27a : t.AA_27b : 1L.AA27c : o (AVOf € ((A,27CA*27b)A72V

We define c_2Ecombin_2EI to be AA_27a, : 1.(ap (ap (c.2Ecombin_2ES A_27a (A_27a”-27") A

We define c_2Ebool 2E_3F to be AA_27a : 1.(AVOP € (24-27).(ap VOP (ap (c2Emin_2E_40
We define c_2Erelation 2EWF to be AA_27a : t.AVOR € ((24-279)"").(ap (c_2Ebool 2E_21
We define c_2Erelation 2ERESTRICT to be AA_27a : 1t.AA27b : L AVOf € (A276"-7) AV 1]
We define c_2Erelation 2ETC to be \A_27a : L AVOR € ((24-27)""") \V1a € A27a.\V2b
We define c_2Erelation_2Eapprox to be NA_27a : t.AA27b : L AVOR € (242707 A\v 1M
We define c_2Erelation_2Ethe__fun to be N\A_27a : t.AA_27b : L AVOR € (242747 A\V1]

We define c_2Erelation 2EWFREC to be NA_27a : t A\A_27b : LAVOR € ((24-270) T AV1]

We define c 2Elist 2ESET__TO__LIST to be N\A_27a : v.(ap (ap (c_2Erelation 2EWFREC (24~

We define c 2Ecombin_2EC to be AA_27a : t. NA27b : t. XA 2Tc : t.(AVOf € ((A,27CA*271’)A72



Let ¢ 2Elist 2EFOLDL : 1=1=- be given. Assume the following.

VA 2Ta.nonempty A_27a=VA_27b.nonempty A_27b=c 2Elist 2EFOLDL

A2Ta A27b € (((A27b(ty-2Blist 2Blist A,27a))A,27b)((A,27bA*27“)A’27b))
(14)

Definition 33 We define c_2Epatricia.2EPTREE__OF__NUMSET to be A\V 0t € (ty-2Epatricia_2Eptree ty_-
Let c2Epatricia 2E1S__PTREE : 1= be given. Assume the following.

VA 27a.nonempty A_27a=-c_2Epatricia 2E1S__PTREE A27a €
(Q(ty,ZEpatricia,QEptree A,27a)) (15)

Assume the following.

(VVOt € 2.(((TrueA(p VOt))<(p VOO))A((((p VO) AT rue)<
(p VOO)A(((Falsen(p VOt))=False)A((((p VOt)AFalse)< False)A  (16)
(((p VOO)A(p VOL))=(p V01)))))))

Assume the following.

VA_27a.nonempty A27a=(VV0zx € A27a.(VV1y €
A27a.(VOx = V1y)e(Viy = VOx))))

Assume the following.

(VVO0t € 2.(((Trues(p VOt))<(p VOt))
(p VOO))A(((Falses(p VOt))<=(—(p VOt)))

p V0)))))))

A(((p VOt)eTrue)<=
A(((p VOt)=False)<(—=( (18)

Assume the following.

(VVOt1 € 2.(VV1E2 € 2.(VV2t3 € 2.(((p VOt1)=
((p V1t2)=(p V2t3)))=(((p VOLL)A(p V1t2))=(p V213))))))

Assume the following,.

(VV0z € 2.(¥V1z.27 € 2.(¥V2y € 2.(YV3y.27 €
2.(((p VOz)=(p V1x27)A((p V1z27T)=((p V2y)<=(p V3y-27))))= (20)
(((p VOz)=(p V2y))=((p V1z27)=(p V3y-27))))))))

Assume the following.

VA 27a.nonempty A27a=(p (ap (c2Epatricia 2EIS__PTREE
A27a) (c.2Epatricia2EEmpty A_27a)))

Assume the following.

(VVOt € (ty-2Epatricia2Eptree ty_2Eone_2FEone).(YV1s €
(2ty-2Enum-2Enum) (¢\/9y € ty 2Enum_2Enum.(((p (ap (c2Epatricia 2EIS__PTREFE
ty_2Fone_2FEone) VOt))A(p (ap (c2Epred__set 2EFINITE ty_2Enum_2Enum)
V1s)))=-((ap (ap c_2Epatricia2EPTREE__OF_NUMSET V0¢) (ap (ap
(c-2Epred__set 2EINSERT ty_2Enum_2Enum) V2z) V1s)) = (ap (ap c_2Epatricia_2EINSERT__PTREE
V2z) (ap (ap c2Epatricia 2EPTREE__OF_NUMSET V0t) V'1s)))))))

(22)



Theorem 1

(VV0s € (2ty-2Bnum-2Enum) (¢\/ 12 € ty 2 Enum_2Enum.
((p (ap (c-2Epred__set_2EFINITE ty_2Enum_2Enum) V0s))=-((ap (
ap c_2Epatricia 2EPTREE__OF_NUMSET (c-2Epatricia_2E Empty
ty_2Eone 2Eone)) (ap (ap (c-2Epred__set 2EINSERT ty_2Enum_2Enum)
V1z) V0s)) = (ap (ap c_2Epatricia2EINSERT__PTREE V1) (ap (ap c_2Epatricia 2EPTREE__OF__NUMS
(c2Epatricia_2E Empty ty_ 2Eone_2Eone)) V0s))))))



