thm_2Epatricia 2EPTREE_TRAVERSE__EQ
(TMLWdSRkR7Ab7dfChKemTWgu6oR9i7xut3a)

October 26, 2020

Definition 1 We define c.2Emin_2E_3D to be AA.\x € A y € A.inj_o (z =vy)
of type L1=-t.

Definition 2 We define c_2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (A\V0z € 2.V0z)) (A\V1z € 2.V
Let ty 2FEone_2Fone : 1 be given. Assume the following.
nonempty ty_2Eone_2Eone (1)

Definition 3 We define c.2Emin_2E_40 to be \A.XP € 24.if (3z € A.p (ap P x)) then (the (\z.x € AAp
of type t=>t.

Definition 4 We define c_2Eone_2Eone to be (ap (c_2Emin_2E_40 ty_2Eone_2Eone) (AVO0z € ty_2Eone_2E
Definition 5 We define c 2Ebool 2E 3F to be A\A_27a : 1.(AVOP € (24-27%).(ap VOP (ap (c_2Emin_2E_40
Definition 6 We define c_2Ebool 2E_21 to be AA_27a : t.(AVOP € (24-27%).(ap (ap (c_2Emin_2E_3D (24-27
Definition 7 We define c.2Ebool_2EF to be (ap (c_2Ebool 2E_21 2) (AV Ot € 2.V 01)).

Definition 8 We define c.22Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_-o (p P=p Q)

of type ¢.

Definition 9 We define c.2Ebool 2E_7E to be (AV 0t € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0¢) c_2Ebool 2EF
Definition 10 We define c_2Ebool 2E_2F 5C to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €

Let ty 2Esum_2Esum : t=-1=1 be given. Assume the following.

VAO.nonempty A0=VAl.nonempty Al=nonempty (ty-2Esum_2Esum
A0 A1)

(2)
Let c2Esum 2EABS__sum : t=t=t be given. Assume the following.
VA 27a.nonempty A 27a=VA_27b.nonempty A_27b=c_ 2Esum _2FEABS__sum

A27a A27b € ((ty2Esum_2Esum A-27a A_27p)((*2™)"7)%)
(3)



Definition 11 We define c_2Esum_2EINR to be AA_27a : 1. NA_27b : 1.AV0e € A27b.(ap (c2Esum_2EABS
Let ty_ 2FEoption_2FEoption : 1=t be given. Assume the following.

VAO.nonempty A0=nonempty (ty_2FEoption_2FEoption A0) (4)
Let c_2Foption_2FEoption__ABS : 1= be given. Assume the following.

VA 2Ta.nonempty A_27a=-c2FEoption 2Eoption__ABS A 27a € (5)
((ty,2E0pti0n,2Eoption A727a) (ty2Esum_2Esum A_27a ty_2Eone_2FEone) )

Definition 12 We define c_2Eoption_2ENONE to be AA_27a : t.(ap (c-2Eoption_2Eoption__ABS A_27a) (c
Definition 13 We define c_2Esum_2EINL to be AA_27a : t. \A27b : 1. AV 0e € A 27a.(ap (c2Esum 2EABS
Definition 14 We define c 2Eoption_ 2ESOME to be AA_27a : 1. AV 0z € A_27a.(ap (c2Eoption_2Eoption__
Let ty_2FEpatricia_2Eptree : 1= be given. Assume the following.

VAO.nonempty AO=nonempty (ty_2Epatricia_2Eptree AQ) (6)
Let c.2Epatricia 2ETRANSFORM : 1=t=- be given. Assume the following.

VA 27a.nonempty A 27a=VA_27b.nonempty A_27b=-c_2FEpatricia 2ETRANSFORM
A27a A27b € (((ty2Epatricia_2Eptree A_27a)(tv-2Epatricia2Eptree A*27b))(A*27“A727b))

(7)

Let ty 2Flist 2Flist : 1= be given. Assume the following.
VA0.nonempty A0=nonempty (ty_2FElist 2Elist A0) (8)
Let ty 2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2Enum 9)
Let c.2Epatricia 2EPEEK : 1= be given. Assume the following.

VA 27a.nonempty A_27a=-c_ 2Epatricia 2EPEEK A 27a € (((
ty,2Eopti0n,2Eoption A727a)ty,2Enum,2Enum)(ty,ZEpatricia,ZEptree A,27a))
(10)
Let c2Eoption 2E1S__SOME : 1= be given. Assume the following.

VA 27a.nonempty A_27a=-c_2Eoption 2E1S_SOME A 27a € (
2(ty,2Eoption,2Eoption A,27a)) (11)

Let c2Epatricia 2ETRAVERSE : 1= be given. Assume the following.

VA 2Ta.nonempty A27a=c2Epatricia 2ETRAVERSE A 27a €

((ty2Elist 2Elist ty_ 2Enum_2Enum)(ty-2Epatricia2Eptree A-27a)) (12)
Let ¢ 2Elist 2ELIST_TO_SET : 1= be given. Assume the following.

VA 27a.nonempty A27a=c 2Elist 2ELIST_TO_SET A 27a €
((2A,27a)(ty,QElist,ZElist A,27a)) (13)



Definition 15 We define c 2Ebool 2EIN to be AA_27a : 1.(AVO0x € A 27a.(A\V1f € (24-27%).(ap V1f VOz))
Let c.2Epatricia2EIS__PTREE : 1=t be given. Assume the following.

VA 27a.nonempty A27a=-c2Epatricia 2EIS__PTREE A 27a €
(2(ty,2Epatricia,2Eptree A,27a)) (14)

Definition 16 We define c 2Ebool 2E 5C_2F to be (A\V0t1 € 2.(A\V'1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €

Assume the following.
True (15)

Assume the following.

(YVOLL € 2.(vV 112 € 2.(((p VOt1)=(p V112))=(((p

V1t2)=(p V011))=((p VOI)(p V112)))))) (16)

Assume the following.
(VVOt € 2.(False=(p V0t))) (17)

Assume the following.
VA_27a.nonempty A27a=(VVO0t € 2.((VV1x € (18)

A 27a.(p VOt))=(p VOI)))
Assume the following.

(YVOt € 2.(((Truen(p VOt))<=(p VOO))A((((p VOt)ATrue)<
(p VOO)A(((Falsen(p VOt))=False) AN((((p VOt)AFalse)<False) A (19)

t)
((p VOOA(p VOL))(p VOD)))))

Assume the following.

(VVOt € 2.(((True=(p VOt))=(p VO)A((((p VOt)=True)<
True)A(((False=(p VOt))oTrue) A((((p VOt)=(p VOt))=True)A((  (20)
(p VOt)=False)=(=(p V01))))))))

Assume the following.

((VVOt € 2.((=(—(p VOr))=(p VOO)))A(((-True)=False) A

((=False)=True))) (21)

Assume the following.
VA 27a.nonempty A27a=(VV0x € A27a.(V0z = V0x)) (22)

Assume the following.
VA 27a.nonempty A 27a=(VV0x € A27a.(V0x = V0z)& (23)

True))



Assume the following.

VA 27a.nonempty A 27a=(VV0zx € A27a.(VV1y €

A27a.(VOz = Vig)e(Vly = V0z)))) (24)
Assume the following.
((=(TruesFalse))N(—(False=True))) (25)

Assume the following.

(VVOt € 2.(((Trues(p VOt))<(p VOt))
(p VOO)A(((Falses(p VOt))<(—(p VOt)))

p V0i)))))))

A(((p VOt)eTrue)=
A(((p VOt)=False)(—=( (26)

Assume the following.

(VVOLl € 2.(VW 112 € 2.(vV2t3 € 2.(((p VOt1)=

(0 V12)=(p V23))((p VODA( V1E2)=(p V2I))) 20

Assume the following.

(VW0 € 2.(¥V12.27 € 2.(vV2y € 2.(¥V3y.27
2.((((p VOz)=(p V1z27)A((p V1z27)=((p V2y)=(p V3y-27))))= (28)
(((p VOx)=(p V2y))&((p V1z27)=(p V3y-27))))))))

Assume the following.
(VVOv € ty_2Eone_2Eone.(V0v = c_2Eone_2Eone)) (29)
Assume the following.

VA_27a.nonempty A_27a=(VV0opt € (ty_2Foption_2FEoption
A_27a).((VOopt = (c_2Eoption_2ENONE A_27a))Vv(IV1z € A 27a. (30)
(V0opt = (ap (c-2Eoption 2ESOME A_27a) V1x)))))

Assume the following.

VA 27a.nonempty A 27a=(VVO0zx € A27a.(VV1y €
A27a.(((ap (c-2Eoption2ESOME A_27a) V0x) = (ap (c-2Eoption_.2ESOME
A27a) V1y))=(Vix = V1y))))
(31)
Assume the following.

VA 27a.nonempty A27a=(VV0x € A_27a.(—((c_2Eoption_2ENONE

A27a) = (ap (c2Eoption 2ESOME A_27a) V0z)))) (32)

Assume the following.

VA_27a.nonempty A27a=((VV0x € A27a.((p (ap (c-2Eoption 2E1S__SOME
A_27a) (ap (c2Eoption 2ESOME A_27a) VO0z)))=True))A((p (ap (c2Eoption 2E1S_SOME
A_27a) (c_2Eoption_2ENONE A_27a)))< False))

(33)



Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YVOf € (A27b4-27%) (VV 1t € (ty_2Epatricia_2Eptree
A27a).((p (ap (c2Epatricia 2EIS__PTREE A27a) V1t))=(p (ap
(c22Epatricia2EIS__PTREE A27b) (ap (ap (c2Epatricia 2ETRANSFORM
A27b A27a) VOf) V1t))))))
(34)
Assume the following.

YA_27a.nonempty A27a=(VVO0t1 € (ty_2Epatricia_2Eptree
A_27a).(VV1t2 € (ty-2Epatricia_2Eptree A_27a).(((p (ap
(c2Epatricia 2EIS_PTREE A 27a) VOt1))A(p (ap (c2Epatricia_2E1S__PTREFE
A27a) V1t2)))=((VV2k € ty_2Enum_2Enum.((ap (ap (c2Epatricia 2EPEEK

A_27a) VOt1) V2k) = (ap (ap (c2Epatricia2EPEEK A27a) V1t2) V2k)))<
(VOtl = V1t2)))))
(35)
Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YVOf € (A2764-279) (YV 1t € (ty_2Epatricia_2Eptree
A27a).((ap (c2Epatricia 2ETRAVERSE A_27b) (ap (ap (c2Epatricia 2ETRANSFORM
A27b A27a) VOf) V1t)) = (ap (c-2Epatricia 2ETRAVERSE A_27a) V1t))))
(36)
Assume the following.

VA_27a.nonempty A27a=(VVO0t € (ty-2Epatricia_2Eptree
A_27a).(VV1k € ty2Enum_2Enum.((p (ap (c2Epatricia 2E1S__PTREE
A 27a) VOt))=((p (ap (ap (c-2Ebool_2EIN ty_2Enum_2Enum) V1k) (
ap (c2Elist 2ELIST_TO__SET ty_2Enum_2Enum) (ap (c.2Epatricia 2ETRAVERSE
A 27a) VOt))))<=(p (ap (c2Eoption 2EIS_SOME A 27a) (ap (ap (c.2Epatricia 2EPEEK
A27a) VOt) V1E)))))))

(37)

Assume the following,
(VV0t € 2.((—(=(p VO1)))=(p VO))) (38)

Assume the following,
(YV0A € 2.((p VOA)=((~(p VOA))= False))) (39)

Assume the following.

(YV0A € 2.(YV1B € 2.((=((p VOA)V(p V1B)))= False)e

((p VOA)=False)=((—(p V1B))=False))))) (40)

Assume the following.
(W04 € 2(WV1B € 2((~((~(p VOA)V(p VIB)) = False)s (1)

((p VOA)=((—(p V1B))=False)))))



Assume the following.
(VVO0A € 2.(((=(p VOA))=False)=(((p VOA)=False)=False))) (42)
Assume the following.

(VWOp € 2.(VV1g € 2.(
(p Vig)e(p V2r))e(((p VOop)V((p V1g)V(
p V2r))V(=(p V1g))A(((p V1g)V((=(p V2r)
((=(p V1g))V(=(p VOp)))

Assume the following.

(VVOp € 2.(WV1g € 2.(WV2r € 2.(((p VOp)<(
(p V1ig)=(p V2r)))=(((p VOp)V(p V1g))A(((
=(p V1g))V((p V2r)v(=(p V0p)))))))

Assume the following.
(VWop € 2.(VV1q € 2.((=((p VOp)=(p V1q)))=(p VOp)))) (45)

Assume the following.
(VWop € 2.(WW1g € 2.((=~((p VOp)=(p V1q)))=(=(p V1q)))))  (46)

Assume the following.
(VWop € 2.(VV1q € 2.((=((p VOp)V(p V1q)))=(=(p VOp))))) (47

Assume the following.
(VW0p € 2.(vW1g € 2.((~((p VOp)V(p V1q)))=(~(p V1q)))))  (48)

Assume the following.
(VV0p € 2.((=(=(p VOp)))=(p VOp))) (49)

Theorem 1

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YVO0tl € (ty_2Epatricia 2Eptree A 27a).(VV1t2 € (

ty_2Epatricia_2Eptree A27b).(((p (ap (c-2Epatricia 2EIS__PTREFE
A_27a) VOt1))A(p (ap (c2Epatricia2EIS__PTREE A27b) V1t2)))=
((VV2k € ty2Enum_2Enum.((p (ap (ap (c_2Ebool 2EIN ty_2Enum_2Enum)
V2k) (ap (c2Elist 2ELIST_TO_SET ty_2Enum_2Enum) (ap (c-2Epatricia 2ETRAVERSE
A27a) VO0t1))))<=(p (ap (ap (c_2Ebool 2EIN ty_2Enum_2Enum) V2k)
(ap (c2Elist 2ELIST_TO__SET ty2Enum_2Enum) (ap (c-2Epatricia 2ETRAVERSE
A_27b) V1t2))))))<((ap (c2Epatricia 2ETRAVERSE A27a) VOtl) =

(ap (c2Epatricia.2ETRAVERSE A 27b) V1t2))))))



