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Definition 1 We define c 2Emin_2E_3D to be \A Az € A y € A.inj_o (x = y)
of type t=-t.

Definition 2 We define c_2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (\V0z € 2.V0z)) (A\V1x € 2.V
Let ty_2FEone_2Fone : 1 be given. Assume the following.
nonempty ty_2Eone_2FEone (1)

Definition 3 We define c 2Emin_2E_40 to be NAAP € 24.if (32 € Ap (ap P x)) then (the (\z.x € AAp
of type 1=>t.

Definition 4 We define c_2Eone_2Eone to be (ap (c-2Emin_2E_40 ty_2Eone_2Eone) (A\VO0z € ty_2Eone_2E
Definition 5 We define c_2Ebool 2E 21 to be NA_27a : t.(A\VOP € (24-27%) (ap (ap (c_2Emin_2E_3D (24-27
Definition 6 We define c.2Ebool_2EF to be (ap (c_2Ebool 2E_21 2) (AV 0t € 2.V 01)).

Definition 7 We define c 2Emin_2E_3D_3D_3E to be AP € 2.0\Q € 2.inj_o (p P=p Q)

of type t.

Definition 8 We define c.2Ebool 2E_7E to be (AV 0t € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0¢) c_2Ebool 2EF
Definition 9 We define c_2Ebool _2E_2F _5C to be (A\V0t1 € 2.(AV'1t2 € 2.(ap (c-2Ebool _2E_21 2) (AV2t € ¢

Let ty 2Esum_2Esum : t=-1=-1 be given. Assume the following.

VAO.nonempty A0=VAl.nonempty Al=nonempty (ty_2Esum_2FEsum
A0 A1)

(2)
Let c2Esum 2EABS__sum : 1=>1=>¢ be given. Assume the following.
VA 27a.nonempty A 27a=VA_27b.nonempty A_27b=c_ 2Esum _2FEABS__sum

A27a A27b € ((ty2Esum_2Esum A-27a A_27p)((*2™)"7)%)
(3)



Definition 10 We define c2Esum_2EINR to be AA_27a : t. NA27b : t.AV0e € A27b.(ap (c2Esum 2EABS

Let ty_ 2FEoption_2FEoption : 1=t be given. Assume the following.
VAO.nonempty A0=nonempty (ty_2FEoption_2FEoption A0) (4)
Let c2Eoption_2Eoption__ABS : 1=t be given. Assume the following.

VA 27a.nonempty A27a=-c2Eoption_2FEoption__ABS A 27a € (5)
((ty,QEoptiononption A727CL) (ty2Esum_2Esum A_27a ty,ZEone,QEone))

Definition 11 We define c_2Eoption_2ENONE to be AA_27a : v.(ap (c-2Eoption_2Foption__ABS A_27a) (¢

Definition 12 We define c_2EpatternMatches 2EPMATCH__ROW__COND to be
AA27a : LAA2Th - LAV Opat € (A276*27) AV1guard € (24-27%).\V 2inp € A27Tb.\V3v € A_27a.(ap (ap

Definition 13 We define c_2Esum_2EINL to be NA_27a : 1t.NA_27b : 1.AV0e € A27a.(ap (c2Esum_2EABS
Definition 14 We define c 2Eoption_ 2ESOME to be AA_27a : 1. AV 0z € A_27a.(ap (c2Eoption_2Eoption__
Definition 15 We define c 2Ebool 2E 3F to be AA_27a : 1. (AVOP € (24-27).(ap VOP (ap (c_2Emin_2E_40
Definition 16 We define c_2Ebool 2ECOND to be NA_27a : t.(AVOt € 2.(AV1tl € A27a.(A\V2t2 € A27a.(
Definition 17 We define c_2Eoption_2Esome to be AA_27a : t.AVOP € (24-27®).(ap (ap (ap (c_2Ebool 2ECH
Let c.2FEoption 2EOPTION __M AP : t=1=> be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=c_2Foption 2EOPTION__M AP
A27a A27b € (((ty-2Eoption_2Eoption A_27b)(ty-2Eoption_2Eoption A-27a))(A-276"=7%))
(6)
Definition 18 We define c_2EpatternMatches 2EPMATCH__ROW to be AA 27a : t. AA_27Tb : 1t.NA 27c : L. AV
Let ty 2FElist_2FElist : 1= be given. Assume the following.
VA0.nonempty A0=nonempty (ty_2Elist 2Elist A0) (7)
Let ¢ 2Elist 2ECONS : 1= be given. Assume the following.

VA 27a.nonempty A27a=-c_2Elist 2ECONS A_27a € (((ty-2Elist 2Elist
A727a)(ty,2Elist,2Elist A,27a))A,27a)
(8)

Let c.2Ebool 2EARB : 1= be given. Assume the following.
VA _27a.nonempty A_2T7a=c_2Ebool 2EARB A_2T7a € A27a 9)

Definition 19 We define c_2EpatternMatches 2EPMATCH__INCOMPLETE to
be NA27a : 1.(c.22Ebool 2EARB A_27a).



Let ¢ 2Flist 2ENIL : 1= be given. Assume the following.

VA 27a.nonempty A27a=-c2Elist 2ENIL A 27a € (ty-2Elist 2Elist
A_27a)
(10)
Let c2FEoption 2E1S__SOME : 1=t be given. Assume the following.

VA 27a.nonempty A_27a=-c_2Eoption 2E1S_SOME A_27a € (
2(ty,2Eoption,2Eoption A,27a)) (11)

Let c2Elist 2ELIST_TO__SET : 1= be given. Assume the following.

VYA 27a.nonempty A27a=c2Elist 2ELIST_TO_SET A27a €
((2A,27a)(ty,QElist,ZElist A,27a)) (12)

Definition 20 We define c 2Ebool 2EIN to be AA_27a : 1.(AVO0x € A 27a.(A\V1f € (24-27%).(ap V1f VOz))
Let ¢ 2Elist 2EAPPEND : 1= be given. Assume the following.

VA 27a.nonempty A 27a=c 2FElist 2EAPPEND A 27a € (((ty_2Elist 2Elist
A_27q)(ty-2Blist 2Blist A_2Ta))(ty-2Elist-2Blist A-2Ta))

(13)
Let c.2EpatternMatches 2EPMATCH : 1=1= be given. Assume the follow-
ing.

VA 2Ta.nonempty A27a=YA_27b.nonempty A_27b=c_2EpatternMatches 2EPM ATCH
A27a A27b € ((A727a(ty,2Elist,2Elist ((ty-2FEoption_2Eoption A,27a)A*27b)))A,27b>

(14)
Definition 21 We define c_2Ebool 2E_5C_2F to be (AVO0t1 € 2.(A\V1¢2 € 2.(ap (c_2Ebool 2E_21 2) (A\V2¢ €

Assume the following.
True (15)

Assume the following.

(VVOtl € 2.(VV1i2 € 2.(((p VOtl)=(p V1t2))=(((p

V1t2)=(p VOt1))=((p VOt1)=(p V1t2)))))) (16)

Assume the following.
(VVOt € 2.(False=(p V0t))) (17)

Assume the following.
(VW0 € 2.((p VO£V (=(p VOI)))) (18)

Assume the following.
VA 27a.nonempty A27a= V0t € 2.(3V 1z € (19)

A27a.(p VOt))=(p VOL)))



Assume the following.

(YVOt € 2.(((Truen(p VOt))<=(p VOO))A((((p VOE)ATrue)<
(p VOO)A(((Falsen(p VOt))=False)AN((((p VOt)AFalse)<False)A  (20)

t)
(((p VOO)A(p VO))&(p VO01)))))))

Assume the following.

(VVO0t € 2.(((True=(p VOt))=(p VOt))A(((p VOt)=>True)&s
True)A(((False=(p VOt))=True) AN((((p VOt)=(p VOt))=True)A((  (21)
(p VOt)=False)=(=(p V01))))))))

Assume the following.

((VVOt € 2.((=(—(p VOt)))=(p VOL)) )A(((—True)<False) A\

((mFalse)=True))) (22)

Assume the following.
VA 27a.nonempty A27a=(VV0x € A27a.(VOzx = V0z)) (23)

Assume the following.

VA_27a.nonempty A27a=(VV0x € A27a.(V0z = V0z)&

True)) (24)

Assume the following.
VA 27a.nonempty A27a=(VV0x € A27a.(VV1y € (25)

A27a.(VOx = Viy)e(Viy = V0x))))
Assume the following.

(YVOt € 2.(((Trues(p VOt))=(p VOO))A(((p VOt)=True)<
(p VO)A(Falses(p VOt))<(=(p VOL)))A(((p VOt)& False)s(=( (26)

pV01))))))

Assume the following.

VA 27a.nonempty A 27a=(VV0tl € A27a.(VV1t2 €
A27a.(((ap (ap (ap (c-2Ebool 2ECOND A_27a) c_2Ebool 2ET) V0t1)
V1t2) = VOt1)A((ap (ap (ap (c_2Ebool 2ECOND A_27a) c_2Ebool 2EF)
VOtl) V1e2) = V1t2))))

(27)
Assume the following.
VA 27a.nonempty A27a=(VYV0x € A27a.((ap (c_2Emin_2E_40
A27a) (A\V1ly € A27a.(ap (ap (c2Emin_2E_3D A_27a) V1y) VOx))) =
Vox))
(28)



Assume the following.

VA_27a.nonempty A27a=(VVOP € (24-27%).((~(IV1x € 99
A27a.(p (ap VOP Vx))))e(VV22 € A27a.(—(p (ap VOP V2x)))))) (29)

Assume the following.

(VV0A € 2.(WV1B € 2.(((—((p VOAA(p V1B)))=((—(
p VOA)V(=(p V1B)))A((=((p VOA)V(p V1B)))=((—(p VOA)A(=(p Vlg());)))))
Assume the following.

(VVOt1 € 2.(YV 112 € 2.(vV2t3 € 2.(((p VOi1)= (31)
((p V1t2)=(p V2t3)))=(((p VOtA(p V1t2))=(p V2t3))))))

Assume the following.

(VVOP € 2.(VV1P_27 € 2.(VV2Q € 2.(VV3Q-27 €
2.((((p V2Q)=((p VOP)&(p V1P 27)))A((p VIP27)=((p V2Q)=(p V3Q.27))))=
(((p VOP)A(p V2Q))&=((p VIP2T)A(p V3Q-27)))))))) )
32
Assume the following.

YA_27a.nonempty A27a=(VVOP € 2.(VV1Q € 2.

(VV2x € A27a.(VV3x27 € A27a.(VV4y € A 27a.
(VVby 27 € A27a.((((p VOP)(p V1Q)A(((p V1Q)=(V2z = V32 27))A
((=(p V1Q))=(V4y = V5y_27))))=((ap (ap (ap (c_2Ebool 2ECOND A _27a)
VOP) V2z) V4y) = (ap (ap (ap (c-2Ebool 2ECOND A_27a) V1Q) V3z_27)

Vay21)))))
(33)
Assume the following.

VA 27a.nonempty A27a=-(VV0a € A27a.(3V1zx € (34)
A27a.(V1x =V0a)))

Assume the following.

VA 27a.nonempty A27a=(YVOP € (24-27?).(VV1a €
A27a.((3V2x € A27a.((V22 = V1a)A(p (ap VOP V2z))))<=(p ( (35)
ap VOP V1a)))))

Assume the following.

VA 27a.nonempty A_27a=(YVO0x € (ty_2FEoption_2FEoption
A27a).((=(p (ap (c2Eoption 2EIS__SOME A27a) VO0z)))=(V0x =
(c_2Eoption 2ENONE A_27a))))
(36)



Assume the following.

VA 27Ta.nonempty A_27a=YA_27b.nonempty A_27b=YA 27c.
nonempty A 27c¢c=YA_27d.nonempty A_27d=(VVO0v € A_27b.
(YV1p € (A2764-274) (VV2g € (24-279).(YV3r €
(A27c¢A-27d) (YVdrs € (ty_2Elist 2Elist ((ty_2Eoption_2FEoption
A27c)4-2%)) . (((ap (ap (c2EpatternMatches 2EPMATCH A 27a
A27b) VOv) (c2Elist 2ENIL ((ty-2Eoption_2Eoption A_27a)4-2"))) =
(c-2EpatternMatches 2EPMATCH__INCOMPLETE A_27a))A((ap (ap
(c-2EpatternMatches 2EPMATCH A27¢ A27b) VOv) (ap (ap (c-2Elist 2ECONS
((ty_2Eoption_2Eoption A_27¢)4-27)) (ap (ap (ap (c_2EpatternMatches 2EPMATCH__ROW
A27c A27d A27b) V1p) V2g) V3r)) Vdrs)) = (ap (ap (ap (c-2Ebool 2ECOND
A_27¢) (ap (c_2Ebool 2E_3F A_27d) (AVbx € A_27d.(ap (ap (ap (
ap (c_2EpatternMatches 2EPMATCH__ROW__COND A_27d A_27b) V1p)
V2g) VOv) V5z)))) (ap V3r (ap (c.2Emin 2E_40 A_27d) (A\V6z € A_27d.
(ap (ap (ap (ap (c2EpatternMatches 2EPMATCH__ROW__COND A_27d
A_27b) V1p) V2g) VOv) V6z))))) (ap (ap (c2EpatternMatches 2EPM ATCH
A27c A27b) VOv) Vdrs)))))))))
(37)
Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A 27b=(
YV0v € A27a.(VV1rowsl € (ty-2Elist_2Elist ((ty-2FEoption_2Eoption
A27b)A-272)) (VV 2rows2 € (ty2Elist 2Elist ((ty-2Eoption_2Eoption
A 276)4-272)) ((ap (ap (c_2EpatternMatches 2EPMATCH A27b A 27a)
VOv) (ap (ap (c2Elist 2EAPPEND ((ty_2FEoption_2Eoption A_27b)4-272))
Virowsl) V2rows2)) = (ap (ap (ap (c_2Ebool 2ECOND A_27b) (ap (c_2Ebool 2E_3F
((ty_2Eoption_2Eoption A_27b)4-27%)) (\V3r € ((ty_2Eoption_2Eoption
A27b)4-27%) (ap (ap c2Ebool 2E_2F 5C (ap (ap (c-2Ebool 2EIN
((ty_2Eoption_2Eoption A_27b)4-27%)) V3r) (ap (c2Elist 2ELIST_TO_SET
((ty_2Eoption_2Eoption A_27b)4-27%)) V1rowsl))) (ap (c.2Eoption 2E1S_SOME
A_27b) (ap V3r VOw)))))) (ap (ap (c-2EpatternMatches 2EPM ATCH
A27b A27a) VOv) Virowsl)) (ap (ap (c2EpatternMatches 2EPM ATCH
A27b A 27a) VOv) V2rows2))))))

(38)

Assume the following.
(YVO0t € 2.((~(~(p VO))) < (p VOL))) (39)

Assume the following.
(VV0A € 2.((p VOA)=((~(p VOA))=>False))) (40)

Assume the following.
(Y04 € 2.(WV1B € 2((~((p VOANV(p VIB))> False)ss ),

(((p VOA)=False)=((—(p V1B))=False)))))



Assume the following.

(VVOA € 2.(vV1B € 2.(((~((~(p VOA)V(p V1B)))=False)<

(p VOA)=((~(p V1B))=False))))) “2)

Assume the following.
(VVO0A € 2.(((—(p VOA))=False)=(((p VOA)=False)=False))) (43)
Assume the following.

(VVOp € 2.(VW1q € 2.(VV2r € 2.(((p VOp)=(
(p Vig)e(p V2r)))e(((p Vop)V((p Vig)V (

p V2r)V(=(p V1g) )A(((p V1V ((=(p V2r
((=(p V1g))V(=(p VOp))

Assume the following.

(VVOp € 2.(VV1g € 2.(VV2r € 2.(((p VOp)=(
(p Vig)V(p V2r)))=(((p VOp)V(—(p V1g)))A(((p VOp
((p V1ig)V((p V2r)V(=(p V0p))))))))))

Assume the following.

(VVOp € 2.(WV1g € 2.(WV2r € 2.(((p VOp)<(
(p V1ig)=(p V2r)))=(((p VOp)V(p V1g))A((( )
=(p V1g))V((p V2r)V(=(p V0p))))))))))

Assume the following.

(YVOp € 2.(VW1g € 2.(((p VOp)=(=(p V1g)))=(((p VOp)V

(b V1g)A(=(p V1g)V(~(p VOp))))) 47)
Assume the following.
(YVOp € 2.(vV1g € 2.((—((p VOp)=(p V1q)))=(p VOp)))) (48)

Assume the following.

(VWWop € 2.(vV1g € 2.((=((p VOp)=(p V19)))=(=(p V1q)))))  (49)
Assume the following.

(VWOp € 2.(VV1g € 2.((=((p VOp)V(p V1g)))=(=(p V0p)))))  (50)
Assume the following.

(VWWop € 2.(WV1g € 2.((=((p VOp)V(p V1g)))=(=(r V1g)))))  (51)

Assume the following.

(YVOp € 2.((=(=(p VOp)))=(p VOp))) (52)

7



Theorem 1

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=YA 27c.
nonempty A 27c=(NVV0v € A27a.(VV1rsl € (ty_2Elist_2Elist
((ty_2Eoption_2Eoption A_27b)A-27)) (VV2rs2 € (ty_2Elist 2Elist
((ty_2Eoption_2Eoption A_27b)A-274)).(YV3p € (A_27a"-27°).

(VVdg € (24-27¢).(YV5r € (A27b2-27¢).((VV 62l €
A27c.(VVT22 € A27c.(((ap V3p V621) = (ap V3p VT22))=(V6xl =
V722))))=((ap (ap (c2EpatternMatches 2EPMATCH A27b A_27a)
VOv) (ap (ap (c2Elist 2EAPPEND ((ty_2Eoption_2Eoption A_27b)A-272))
V1rsl) (ap (ap (c-2Elist 2ECONS ((ty-2Eoption_2Eoption A_27b)4-27%))
(ap (ap (ap (c-2EpatternMatches_2EPMATCH__ROW A_27b A_27¢ A_27a)
V3p) Vdg) Vi5r)) V2rs2))) = (ap (ap (c2EpatternMatches 2EPMATCH
A27b A_27a) VOv) (ap (ap (c2Elist 2EAPPEND ((ty-2Foption_2Eoption
A276)4-272)) V1rsl) (ap (ap (c2Elist 2ECONS ((ty-2FEoption_2Eoption
A27b)4-27)) (ap (ap (ap (c_2EpatternMatches 2EPMATCH__ROW
A2Tb A2Tc A-2Ta) V3p) (\V8z € A_27c.c.2Ebool 2ET)) (AV9z €
A27c.(ap (ap (ap (c-2Ebool 2ECOND A_27b) (ap V4g VIz)) (ap V5r V9zx))
(ap (ap (c2EpatternMatches 2EPMATCH A_27b A 27a) (ap V3p VIz))

V2rs2))))) V2rs2)))))))))))



