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Definition 1 We define c.2Emin_2E_3D to be A\A.\x € A ly € A.inj_o (z =y)
of type L1=-t.

Definition 2 We define c_2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (A\V0z € 2.V0z)) (A\V1z € 2.V
Definition 3 We define c 2Ebool 2E 21 to be AA_27a : 1. (AVOP € (24-27%).(ap (ap (c_2Emin_2E 3D (24-27
Definition 4 We define c_2Ebool 2EF to be (ap (c_2Ebool 2E_21 2) (AV 0t € 2.V 01)).

Definition 5 We define c 2Emin_2E_3D_3D_3E to be AP € 2.)\Q € 2.inj_o (p P=p Q)
of type t.

Definition 6 We define c.2Ebool 2E_7E to be (AV 0t € 2.(ap (ap c2Emin_2E_3D_3D_3E V0¢) c_2Ebool 2EF
Let ty_2Flist 2Elist : 1= be given. Assume the following.

VA0.nonempty A0=nonempty (ty_2FElist 2Elist A0) (1)
Let ¢ 2Elist 2EM AP : 1=-1=>1 be given. Assume the following.

VA 27a.nonempty A27a=VA_27b.nonempty A_27b=c_2FElist 2EM AP
A27a A27b € (((ty2Elist 2FElist A_27b)(ty-2Blist-2Elist A_27a))(A-276"-27%))

(2)

Definition 7 We define c 2Emin_2E_40 to be AAAP € 24.4f (32 € Ap (ap P x)) then (the (\z.x € AAp
of type t=>t.

Definition 8 We define c_2Ebool 2E_3F to be AA_27a : 1.(A\VOP € (24-27).(ap VOP (ap (c_2Emin_2E 40 -
Definition 9 We define c_2Ebool 2E_5C_2F to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c-2Ebool _2E_21 2) (AV2t € ¢
Let ty_2Fone_2Fone : 1 be given. Assume the following.

nonempty ty_2Eone_2FEone (3)



Definition 10 We define c_2Eone_2Eone to be (ap (c-2Emin_2E_40 ty_2Eone_2Eone) (A\VO0z € ty_2Eone_2
Definition 11 We define c_2Ebool 2E_2F 5C to be (A\V0t1 € 2.(AV1¢2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €
Let ty_2Esum_2FEsum : t=>t=>t be given. Assume the following.

VAO.nonempty A0=VAl.nonempty Al=nonempty (ty-2Esum_2FEsum
A0 A1)
(4)

Let c2Esum 2EABS__sum : 1=t=-t be given. Assume the following.

VA 27a.nonempty A27a=YA_27b.nonempty A27b=c 2Esum 2EABS__sum
_27a.\2
A27a A27b € ((ty2Esum_2Esum A_27a A,27b)(((2A727b)A 27a) )

(5)
Definition 12 We define c 2Esum_2EINR to be NA_27a : t.ANA27b: 1.AV0e € A_27b.(ap (c2Esum _2EABS
Let ty_2Foption_2FEoption : 1=t be given. Assume the following.
YV AO.nonempty A0=nonempty (ty_2FEoption_2FEoption A0) (6)
Let c2Eoption 2Eoption__ABS : 1= be given. Assume the following.

VA 27a.nonempty A_27a=-c_2Eoption_2Eoption__ABS A 27a € (7)
((ty,QEOptiOTL,2EOptiOTL A727a> (ty_2Esum_2Esum A_27a ty_2Eone_2Eone) )

Definition 13 We define c_2Eoption_2ENONE to be AA_27a : v.(ap (c-2Eoption_2Foption__ABS A_27a) (¢
Definition 14 We define c 2Esum_2EINL to be AA_27a : t. XA 27b : t.AV0e € A 27a.(ap (c.2Esum _2EABS
Definition 15 We define c 2Eoption_ 2ESOME to be AA_27a : 1. AV 0z € A_27a.(ap (c.2Eoption_2Eoption__

Definition 16 We define c_2Ecombin_2EK to be AA_27a : t.AA_27b : 1. (AVO0z € A27a.(A\V1y € A27b.VO0zx

Definition 17 We define c_2Ecombin_2ES to be \A_27a : tAA2Tb : LAA2Tc : 1. (AVOf € ((A27cA27)"

Definition 18 We define c_2Ecombin_2EI to be AA_27a : t.(ap (ap (c2Ecombin_2ES A_27a (A27a*-2"") A
Let c2Eoption 2Eoption._ CASE : 1=1=>1 be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=-c_2FEoption_2FEoption__ CASE
A927a A27b € (((A727b(A,27bA*27a))A,27b)(ty,QEoption,ZEoption A,27a))

(8)
Let ¢ 2Elist 2ECONS : 1=t be given. Assume the following.

VA 2Ta.nonempty A_27a=c2FElist 2ECONS A27a € (((ty-2Elist 2Elist
A727a’)(ty,2Elist,2Elist A,27a))A,27a)
(9)

Let ¢ 2Ebool 2EARB : 1= be given. Assume the following.

VA_27a.nonempty A_27a=c_ 2Ebool 2EARB A 27a € A 27a (10)



Definition 19 We define c_2EpatternMatches 2EPMATCH__INCOMPLETE to
be NA_27a : 1.(c.2Ebool 2EARB A_27a).

Let c2Elist 2ENIL : 1= be given. Assume the following.

VA 27a.nonempty A 27a=c 2Elist 2ENIL A 27a € (ty 2Elist 2Elist
A_27a)
(11)
Let c.2EpatternMatches 2EPM ATCH : 1=-1=>t be given. Assume the follow-
ing.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=c_2FEpatternMatches 2EPM ATCH
A927a A27b € ((A727a(ty,2Elist,2Elist ((ty-2FEoption_2Eoption A,27a)A*27l’)))A,27b)

(12)
Let c.2FEoption 2E1S__SOME : 1= be given. Assume the following.
VA_27a.nonempty A_27a=c2Eoption 2E1S__SOME A27a € (
2(ty,2Eoption,2Eoption A,27a)) (13)

Let c2Elist 2EEXISTS : 1= be given. Assume the following.

VA_27a.nonempty A2Ta=sc2Elist 2EEXISTS A27a € ((2(tv-2Blist-2Blist A-2Ta))(2"-7%))
(14)

Definition 20 We define c_2EpatternMatches 2EPMATCH__IS__EXHAUSTIVE
to be NA27a : LAA2Th : LAVOv € A27a. AV 1rs € (ty_2Elist 2Elist ((ty_2Eoption_2Eoption A_27b)"*-*"*

Let c2Eoption 2EOPTION __M AP : 1=-1=-1 be given. Assume the following.

VA 2Ta.nonempty A27a=YA_27b.nonempty A_27b=c_2Foption 2EOPTION__M AP
A27a A27b € (((ty_2Eoption_2Eoption A_27b)(ty-2Eoption2Eoption A*27“))(A*27bA727a))
(15)

Definition 21 We define c_2EpatternMatches.2EPMATCH__ROW__LIFT to be
AA27a s LAA2Th : LAA2Tc : LAVOS € (A2T4 2 AV 1r € ((ty_2Eoption_2Eoption A_27¢)*-2").(AV2;

Assume the following.
True (16)

Assume the following.
(VVOt € 2.(False=(p V0t))) (17)
Assume the following.

(VVOt € 2.(((TrueV(p VOt))eTrue) AN((((p VOt)VTrue)eTrue)A
(((FalseV(p VOt))(p VOEO)A((((p VOt)VFalse)=(p VOr)A(((p VO)V

(p VOI))&(p V01)))))))
(18)



Assume the following.

(YVOt € 2.(((True=(p VOt))=(p VOO)A((((p VOt)=True)<
True)A(((False=(p VOt))eTrue) A((((p VOt)=(p VOt))=True)A(( (19)
(p VOt)=False)=(=(p V01))))))))

Assume the following.

VA_27a.nonempty A27a=VV0zx € A27a.(V0x = V0z)&

True)) (20)

Assume the following.

VA_27a.nonempty A27a=(NVV0zx € A27a.(VV1y €

A27a.((VOz = Vig)s (Vg = V0z)))) (21)

Assume the following.

(VVOt € 2.(((Trues(p VOt))<(p VOt))
(p VO)A(((Falses(p VOt))=(—(p V0t)))

p V0i)))))))

A(((p VOt)eTrue)=
A(((p VOt)=False)s(=( (22)

Assume the following.

(VVOt1 € 2.(VV1t2 € 2.(VV2t3 € 2.(((p VOt1)=
((p V12)=(p V2t3)))=(((p VOIL)A(p V1E2))=(p V213))))))

Assume the following.

(VV0z € 2.(¥V1z.27 € 2.(¥V2y € 2.(YV3y.27 €
2.(((p VOz)=(p V1x27))A((p V1z27)=((p V2y)=(p V3y27))))= (24)
(((p VOz)=(p V2y))=((p V1z27)=(p V3y-27))))))))

Assume the following.

VA_27a.nonempty A-27a=(¥YV0x € A27a.((ap (c_2Ecombin_2El
A27a) V0z) = V0zx))

Assume the following.

YA_27a.nonempty A27a=VA_27b.nonempty A_27b=(
(YVOf € (A2764-27%) ((ap (ap (c2Elist 2EM AP A_27a A_27b)

VOf) (c2Elist 2ENIL A27a)) = (c.2Elist 2ENIL A2Tb)))ANYV1f €

(A27b4-27%) (YV2h € A27a.(VV 3t € (ty2Elist 2Elist
A27a).((ap (ap (c2Elist 2EM AP A_27a A27b) V1f) (ap (ap (c2Elist 2ECONS
A_27a) V2h) V3t)) = (ap (ap (c2Elist 2ECONS A27b) (ap V1f V2h))
(ap (ap (c2Elist 2EM AP A 27a A27b) V1f) V3t)))))))
(26)



Assume the following.

VA_27a.nonempty A27a=((YVOP € (24-2"*).((p (ap
(ap (c2Blist 2EEXISTS A_27a) VOP) (c2Elist 2ENIL A_27a)))<
False))A(VV1P € (24-279) (YV2h € A27a.(VV3t €
(ty2Elist 2Elist A-27a).((p (ap (ap (c2Elist 2EEXISTS A_27a)
V1P) (ap (ap (c2Elist 2ECONS A_27a) V2h) V3t)))<((p (ap V1P V2h))V
(p (ap (ap (c2Elist 2EEXISTS A 27a) V1P) V3t))))))))
(27)
Assume the following.

VA 27a.nonempty A_27a=(VVOP € (2(ty-2Elist 2Elist A27a))

(((p (ap VOP (c2Elist 2ENIL A27a)))AN(VYV1t € (ty-2Elist 2Elist
A27a).((p (ap VOP V1t))=(VV2h € A27a.(p (ap VOP (ap (ap (
¢2Elist 2ECONS A_27a) V2h) V1t)))))))=(VV 3l € (ty-2Elist 2Elist
A27a).(p (ap VOP V3I)))))

(28)
Assume the following.

VA_27a.nonempty A_27a=(VV0opt € (ty-2FEoption_2Eoption
A_27a).((VOopt = (c_2Eoption_2ENONE A_27a))Vv(IV1z € A 27a. (29)
(V0opt = (ap (c-2Eoption 2ESOME A_27a) V1x)))))

Assume the following.

YA_27a.nonempty A27a=VA_27b.nonempty A_27b=(
(VVOv € A27b.(YV1f € (A2764-27%) ((ap (ap (ap (c2Eoption 2Eoption__CASE
A 27a A27b) (c2Eoption_2ENONE A 27a)) VOv) V1f) = VOu)))A(VV 2z €
A27a.(WVV3v € A27b.(VV4f € (A2704-27%) ((ap (ap
(ap (c2Eoption_2Eoption._ CASE A 27a A27b) (ap (c_2Eoption_2ESOME
A_27a) V2z)) V3vu) VAf) = (ap VA4S V212))))))
(30)
Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=>(

(VVOf € (A2764-27%) (VW 1z € A27a.((ap (ap (c2Eoption 2EOPTION __M AP
A27a A27b) VOf) (ap (c2Eoption 2ESOME A_27a) V1z)) = (ap (c_2Eoption 2ESOME
A27b) (ap VOFf V12)))ANV2S € (A2764-27%) ((ap (ap (c2Eoption 2EOPTION__M AP
A27a A27b) V2f) (c_2Eoption 2ENONE A_27a)) = (c-2Eoption_2ENONE

A27))))
(31)
Assume the following.

VA_27a.nonempty A 27a=((VV0x € A27a.((p (ap (c.2Eoption 2EIS_SOME
A_27a) (ap (c2Eoption 2ESOME A_27a) VO0z)))=True))A((p (ap (c2Eoption 2E1S__SOME
A_27a) (c_2Eoption_2ENONE A_27a)))< False))

(32)



Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(

(VVOv € A27b.((ap (ap (c2EpatternMatches 2EPMATCH A 27a
A27b) VOv) (c2Elist 2ENIL ((ty_2Eoption_2Eoption A_27a)4-2™))) =
(c-2EpatternMatches 2EPMATCH__INCOMPLETE A_27a)))A(YV1v €
A27b.(YV2r € ((ty_2FEoption_2Eoption A_27a)4-2™).(VV3rs €
(ty_2Elist 2Elist ((ty_2Eoption_2Eoption A_27a)*-27)).((
ap (ap (c2EpatternMatches 2EPMATCH A 27a A27b) V1v) (ap (ap (
c2Elist 2ECONS ((ty_2Eoption_2Eoption A_27a)4-2™)) V2r) V3rs)) =
(ap (ap (ap (c2Eoption_2FEoption__ CASE A 27a A27a) (ap V2r V1v))
(ap (ap (c2EpatternMatches 2EPMATCH A 27a A27b) V1v) V3rs))
(c-2Ecombin_2El A_27a)))))))

(33)

Theorem 1

VA 2Ta.nonempty A_27a=VA_27b.nonempty A_27b=VA_27c.
nonempty A 27c=(VVOf € (A2764-27%) (YV1v € A 27c.
(VV2rows € (ty_2Elist 2Elist ((ty_2Eoption_2Eoption A_27a)4-27¢)).
((p (ap (ap (c_2EpatternMatches 2EPMATCH__IS__EXHAUSTIVE A_27¢
A_27a) V1v) V2rows))=((ap VOf (ap (ap (c2EpatternMatches 2EPM ATCH
A27a A27c) V1v) V2rows)) = (ap (ap (c-2EpatternMatches 2EPM ATCH
A27b A27c) V1v) (ap (ap (c2Elist 2EM AP ((ty-2Eoption_2Eoption
A_27a)4-%7¢) ((ty_2Eoption_2Eoption A_27b)*-27¢)) (ap (c_2EpatternMatches 2EPMATCH__ROW__LIFT
A27c A27b A_27a) VOf)) V2rows)))))))



