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Definition 1 We define c.2Emin_2E_3D to be A\A.\x € A ly € A.inj_o (z =y)
of type t1=-t.

Definition 2 We define c_2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (\V0z € 2.V0z)) (A\V1x € 2.V

Definition 3 We define c 2Ecombin_2EK to be AA_27a : t. N\A2Tb : 1. (AV0x € A 27a.(A\V1y € A27b.V0x))

Definition 4 We define c_2Ecombin_2ES to be AA_27a : 1. AA27b : 1. AA27c: 1. (AVOf € ((A,27CA*27b)A7270

Definition 5 We define c 2Ecombin_2El to be AA_27a : 1.(ap (ap (c_2Ecombin 2ES A 27a (A 27a”-27) A_
Let ty 2Enum_2Enum : ¢ be given. Assume the following.

nonempty ty_2Enum_2Enum (1)
Definition 6 We define c_2Ebool 2E 21 to be N\A_27a : t.(A\VOP € (24-27%) (ap (ap (c_2Emin_2E_3D (24-27
Definition 7 We define c_2Ebool 2EF to be (ap (c_2Ebool 2E_21 2) (AV 0t € 2.V 01)).

Definition 8 We define c.22Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_-o (p P=p Q)
of type ¢.

Definition 9 We define c_2Ebool 2E_7E to be (A\V Ot € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0t) c_2Ebool 2EF
Definition 10 We define c_2Ebool 2E_2F_5C to be (AVO0t1 € 2.(A\V1¢2 € 2.(ap (c_2Ebool 2E_21 2) (A\V2¢ €
Let c2Enum 2EREP__num : ¢ be given. Assume the following.

c2Enum 2EREP_num € (omegaty-2Fnum-2Enum) (2)
Let c2Enum 2ESUC__REP : 1 be given. Assume the following.
¢ 2Enum 2ESUC__REP € (omega®™®9%) (3)

Let c2Enum 2EABS__num : ¢ be given. Assume the following.
c2Enum 2EABS__num € (ty-2Enum_2Enum’™®) (4)



Definition 11

Definition 12
of type t=-t.

Definition 13
Definition 14
Definition 15

Definition 16

We define c2Enum_2ESUC to be \VOm € ty 2Enum_2Enum.(ap c2Enum_2EABS__num

We define c 2Emin_2E_40 to be \AAP € 24.if (3x € Ap (ap P 7)) then (the (\z.x € AN

We define c_2Ebool 2E_3F to be AA27a : 1. (A\VOP € (24-27).(ap VOP (ap (c2Emin_2E_40
We define c_2Eprim__rec_2E_3C to be A\VOm € ty_2Enum_2Enum.\V1n € ty_ 2Enum_2Enu
We define c_2Ebool 2E_5C_2F to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €

We define c 2Earithmetic 2E_3C_3D to be \VOm € ty 2Enum_2Enum. AV 1n € ty_2Enum_2

Let c2Enum 2EZFERO__REP : ¢ be given. Assume the following.

Definition 17

c2Enum 2EZERO__REP € omega (5)

We define c2Enum_2EQ to be (ap c2Enum_2EABS_num ¢ 2Enum 2EZERO__REP).

Let ty 2Erealax_2Ereal : ¢ be given. Assume the following.

nonempty ty_2Erealar_2Ereal (6)

Let c.2Ereal 2FEreal__of __num : ¢ be given. Assume the following.

c2Ereal 2Ereal _of —_num € (ty_2Erealax_2Ereql™V-2Fnum-2Enumy ()

Let ty_ 2Flist 2Elist : 1=t be given. Assume the following.

YV AOQ.nonempty A0=nonempty (ty_2Elist 2Elist A0) (8)

Let ¢ 2Elist 2ELENGTH : 1= be given. Assume the following.

VA 27a.nonempty A 27a=c2Elist 2ELENGTH A_27a € (ty 2Enum_2Enum/ (tv-2Elist-2Elist A-27a))

(9)

Let c2Elist 2ENIL : 1= be given. Assume the following.

VA 2Ta.nonempty A27a=c2FElist 2ENIL A 27a € (ty_2FElist_2Elist

A_27a) 0)
10

Let c.2Epoly_2Epoly : ¢ be given. Assume the following.

c,2Ep0ly,2Epoly c ((ty72Erealam72E7,.6alty,QE'realax,QE'real)(ty,QElist,QElist ty,2Erealaz,2Ereal))

Assume the following.

Assume the following.

(11)
True (12)
(VVOtl € 2.(VV1t2 € 2.(((p VOt)=(p V1t2))=(((p (13)

V1t2)=(p VOt1))=((p VOtl)<(p V1t2))))))



Assume the following.
(VVOt € 2.(False=(p VOt))) (14)

Assume the following.
(VVot € 2.((p VOr)V(=(p VOL)))) (15)

Assume the following.

VA 27a.nonempty A27a=(VYVO0t € 2.((VV1x €

A 27a.(p VO£ (p VOR))) (16)

Assume the following.
(VY0 € 2.(((p VO£)= False)=(~(p VOL))) (17)

Assume the following.
(VV0t € 2.((~(p VOL)=((p VOE)=False))) (18)

Assume the following.

(YVOt € 2.(((Truen(p VOt))<=(p VOO))A((((p VOt)ATrue)<
(p VOO)A(((Falsen(p VOt))=False)AN((((p VOt)AFalse)<False)A  (19)

t)
(((p VOO)A(p VO))&(p V01)))))))

Assume the following.

(VVOt € 2.(((TrueV(p VOt))eTrue) A(((p VOt)VTrue)=True) A
(((FalseV(p VOt))<=(p VOt))A((((p VOt)VFalse)<(p VO)A(((p VO)V

(p VO1))=(p V01)))))))
(20)
Assume the following.

(VVOt € 2.(((True=(p VOt))=(p VOt))A(((p VOt)=>True)&s
True)A(((False=(p VOt))=True) AN((((p VOt)=(p VOt))=True)A((  (21)
(p VOt)=False)=(=(p V01))))))))

Assume the following.

((VVOt € 2.((=(=(p VOt)))=(p VO)))A(((—True)<False) A

((-False)=True))) (22)
Assume the following.
VA 27a.nonempty A 27a=(VV0x € A27a.(V0x = V0z)&
True)) (23)
Assume the following.
VA 27a.nonempty A27a=(VV0x € A27a.(VV1y € (24)

A27a.(V0x = Viy)e(Viy = V0x))))

3



Assume the following.

(YVOt € 2.(((Trues(p VOt))<(p VOr))
(p VOO)A(((Falses(p VOt))<=(—(p VOt)))

p V01)))))))

((((p VOt)y&True)s

A
A(((p VOt)=False)<(—=( (25)

Assume the following.

VYA_27a.nonempty A27a=(VVOP € (24-27%).((~(VV 1z €

A27a.(p (ap VOP V1)) (3V2z € A27a.(~(p (ap VOP V2z))))) 20
Assume the following.
VA 27a.nonempty A 27a=(VVOP € (24-27%).((~(3V1x € (27)

A27a.(p (ap VOP V1z))))=(VV2 € A27a.(=(p (ap VOP V22))))))
Assume the following.

VA_27a.nonempty A27a=(VVOP € 2.(VV1Q € (
24-27a) (((p VOP)A(VV2z € A27a.(p (ap V1Q V2x))))=(VV3z € (28)
A27a.((p VOP)A(p (ap V1Q V3x)))))))

Assume the following.

VA 27a.nonempty A27a=(VVOP € 2.(vV1Q € (
24-27a) (((p VOP)V(3V2zx € A27a.(p (ap V1Q V2z))))=(3V3z e (29)
A27a.((p VOP)V(p (ap V1Q V31)))))))

Assume the following.

VA 27a.nonempty A 27a=(VVOP € 2.(VV1Q € (
24-27a) (V22 € A27a.((p VOP)A(p (ap V1Q V2x))))<=((p (30)
VOP)A(IV3z € A27a.(p (ap V1Q V3z)))))))

Assume the following.

VA_27a.nonempty A-27a=(YVOP € 2.(VV1Q € (
24-27a) (VV 2z € A27a.((p VOP)V(p (ap V1Q V21))))=((p (31)
VOP)V(VV3z € A27a.(p (ap V1Q V3x)))))))

Assume the following.

(VW0A € 2.(VV1B € 2.(¥V2C € 2.(((p VOA)V(

(b VIB)(p V2O))&(((p VOAW( VBV V2C))) O
Assume the following.
(VV0A € 2.(WW1B € 2.(((p VOA)V(p V1B))=((p V1B)V (33)

(p V0A)))))



Assume the following.

(VV0A € 2.(WV1B € 2.(((—((p VOAA(p V1B)))=((—(
p VOA)V(=(p V1B)))A((=((p VOA)V(p V1B)))=((—(p VOA)A(=(p Vlgig)))))
Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=>(
YVOP € ((24-270)A-2Ta) (VW 1z € A27a.(3V2y €
A27b.(p (ap (ap VOP V1) V2y))))e(3V3f € (A2764-272) (
VYVdx € A27a.(p (ap (ap VOP Vdx) (ap V3f V4x)))))))

(35)

Assume the following.

VA 27a.nonempty A27a=(VV0x € A27a.((ap (c.2Ecombin_2El (36)
A27a) VOz) = VO0x))

Assume the following.

(VVOn € ty 2Enum_2Enum.(VV1p € (ty_2Elist 2Elist
ty 2Erealax_2Ereal).(((=((ap c.22Epoly_2Epoly V1p) = (ap c_2Epoly_2Epoly
(c2Elist 2ENIL ty 2Erealax_2FEreal))))A((ap (c2Elist 2ELENGTH
ty 2Erealar 2Ereal) V1p) = VOn))=(3V2i € (ty 2Erealax_2Erealty-2Enum-2Enum)
(VV3zx € ty_2Erealax_2Ereal.(((ap (ap c-2Epoly-2Epoly V1p)
V3z) = (ap c2Ereal 2Ereal-_of _-num c.2Enum_2E0))=(3V4m €
ty_2Enum_2Enum.((p (ap (ap c2Earithmetic_2E_3C_3D V4m) VOn))A
(V3z = (ap V2i V4m))))))))))

(37)

Assume the following.
(VV0t € 2.((—(=(p VO1)))=(p VO))) (38)

Assume the following.
(VV0A € 2.((p VOA)=((—(p VOA))=False))) (39)

Assume the following.

(VW04 € 2.(vV1B € 2.((~((p VOAW(p V1B)))=False)<

((p VOA)= False)=((~(p V1B))=False))))) (40)

Assume the following.
(WO0A € 2(WV1B € 2((~(~(p VOA)V(p VIB))=False)es (1

((p VOA)=((=(p V1B))=False)))))
Assume the following.

(VV0A € 2.(((=(p VOA))=False)=(((p VOA)=False)=False))) (42)



Assume the following.

(VVOp € 2.(VW1qg € 2.(VV2r € 2.(((p VOp)=(
(p Vig)e(p V2r)))e(((p Vop)V((p Vig)V (

p V2r))V(=(p V1g))A(((p V1V ((=(p V2r
((=(p V1g))V(=(p VOp))

Assume the following.

Assume the following.

(VVOp € 2.(VV1g € 2.(VV2r € 2.(((p VOp)<(
(p V1g)V(p V2r)))<(((p VOp)V(=(p V1g)))A(((p VOp
((p V1ig)V((p V2r)V(=(p VO0p))))))))))

Assume the following.

(VVOp € 2.(WV1g € 2.(WV2r € 2.(((p VOp)<(
(p V1ig)=(p V2r)))=(((p VOp)V(p V1g))A(((p VOp)V(=(p V2r)))A((  (46)
—(p V1g))V((p V2r)V(=(p V0p))))))))

Assume the following.

(YVOp € 2.(VV1g € 2.(((p VOp)&(—(p V1g)))=(((p VOp)V

(0 V1g)A((p V1g)V(=(p VOp))))) (47)

Theorem 1

(VVOp € (ty2Elist 2Elist ty_2Erealax_2Ereal).((—((ap
c2Epoly 2Epoly VOp) = (ap c2Epoly_2Epoly (c2Elist 2ENIL ty_2Erealaxr_2Ereal))))=
(3V'1i € (ty_2Erealaxr_2ErealV-2Enum-2Enum) (g9, ¢
ty2Erealax_2Ereal.(((ap (ap c2Epoly_2Epoly VOp) V2x) = (ap c2Ereal 2Ereal __of __num
c2Enum_2E0))=(3V3n € ty_2Enum_2Enum.((p (ap (ap c2Earithmetic_2E_3C_3D
V3n) (ap (c2Elist 2ELENGTH ty_2Erealax_2Ereal) VOp)))A(V2x =

(ap V1i V3n)))))))))



