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Let ty_2FErealax_2Ereal : ¢ be given. Assume the following.
nonempty ty_2Erealar_2Ereal (1)
Let ty 2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2Enum (2)
Let c.2Ereal 2Epow : ¢ be given. Assume the following.
c.2Ereal 2Epow € ((ty_2Erealax_2ErealtV-2Enum-2Enum)ty_2Erealaz_2Ereal)
Let c2Enum 2EZERO__REP : 1 be given. Assume the following. @
c2Enum 2EZERO__REP € omega (4)
Let c2Enum 2EABS__num : ¢ be given. Assume the following.

c2Enum_2EABS_num € (ty-2Enum_2Enum®™") (5)

Definition 1 We define c 2Emin_2E_3D to be AA.\x € A \y € Ainj_o (z =vy)
of type 1=>t.

Definition 2 We define c2Enum_2EQ to be (ap c2Enum_2EABS_num ¢ 2Enum 2EZERO__REP).
Definition 3 We define c_2Earithmetic_2EZERO to be c_2Enum_2EQ.
Let c2Enum 2EREP__num : ¢ be given. Assume the following.
c2Enum 2EREP_num € (omegay-2Fnum-2Enum) (6)
Let c2Enum 2ESUC__REP : 1 be given. Assume the following.
c2Enum 2ESUC__REP € (omega®™®%) (7)

Definition 4 We define c 2Ebool 2ET to be (ap (ap (c_2Emin 2E_3D (22)) (A\V 0z € 2.V0z)) (\V1z € 2.V



Definition 5 We define c_2Ebool 2E_21 to be AA_27a : t.(AVOP € (24-27%).(ap (ap (c_2Emin_2E_3D (24-27
Definition 6 We define c 2Enum_2ESUC to be AVOm € ty 2Enum_2Enum.(ap ¢ 2Enum 2EABS__num
Let c.2Farithmetic2E 2B : 1 be given. Assume the following.
c2Earithmetic 2E 2B € ((ty_2Enum _2Enum!y-2Enum-2Enum)ty-2Enum-2Enum)
(8)

Definition 7 We define c_2Earithmetic_2EBIT1 to be A\VOn € ty_ 2Enum_2Enum.(ap (ap c-2Earithmetic_
Definition 8 We define c_2Earithmetic 2ENUMERAL to be A\VOx € ty_2Enum_2Enum.V0x.

Let c2FEarithmetic2E 2D : ¢ be given. Assume the following.

c.2Earithmetic2E 2D € ((ty_2Enum_2Enum!v-2Enum-2Enum)yty 2Enum 2Enum)
(9)
Definition 9 We define c 2Emin_2E_3D_3D_3E to be AP € 2.)\Q € 2.inj_o (p P=p Q)
of type t.
Let c.2FEreal 2Ereal__of __num : ¢ be given. Assume the following.
c2Ereal 2Ereal _of —_num € (ty_2Erealax_2EreqlV-2Frvm-2Enum) ()
Let ty 2FEhreal 2Ehreal : « be given. Assume the following.
nonempty ty_2Ehreal 2FEhreal (11)
Let ty_2Epair 2Eprod : t1=>1=>t be given. Assume the following.

VAO.nonempty A0=VYAl.nonempty Al=nonempty (ty-2Epair 2Eprod
A0 A1)
(12)
Let c2FErealax 2Ereal __REP__CLASS : ¢ be given. Assume the following.
c2FErealax 2Ereal . _REP__CLASS € ((Q(ty,2Epair,2Eprod ty_-2FEhreal_2FEhreal ty,QEhreal,QEhreal))ty,2E'reala:r
(13)
Definition 10 We define c 2Emin_2E_40 to be N\A.AP € 24.if (3z € A.p (ap P z)) then (the (\z.xz € AN
of type t=>t.
Definition 11 We define c 2Erealax_2Ereal __REP to be AV 0a € ty_2FErealax_2Ereal.(ap (c_.2Emin_2E_40 (¢

Let c.2Frealax_2Etreal__mul : ¢ be given. Assume the following.

c2Erealax_2Etreal__mul € (((ty-2Epair_2Eprod ty_2Ehreal 2Ehreal
ty,ZEhreal,QEhreal) (ty_2Epair_2Eprod ty_2Ehreal_2Ehreal ty_2Ehreal_2Ehreal) ) (ty_2Epair_2Eprod ty_2Ehreal _2Ehi

(14)
Let c.2Erealax_2Etreal__eq : 1 be given. Assume the following.
C,QETealax,ZEtreal,,eq c ((2(ty,2Epair,2Eprod ty_2Ehreal_2Ehreal ty,QEhreal,QEhreal))(ty,ZEpair,2Eprod ty_2Eh
(15)
Let c2Erealax 2Ereal __ABS__CLASS : 1 be given. Assume the following.

o(ty-2Epair_2Eprod ty-2Ehreal_2Ehreal ty-2Ehreal 2Ehy

(16)

c2Erealax 2Ereal__ABS_CLASS € (ty_2FErealax_2Ereal'



Definition 12 We define c_2Erealax_2Ereal __ABS to be A\VOr € (ty_2Epair 2Eprod ty-2Ehreal 2Ehreal ty
Definition 13 We define c_2Erealax_2Ereal__mul to be A\VOT1 € ty_2Erealax 2FEreal A\V1T2 € ty_2Ereala
Definition 14 We define c_2Epowser_2Ediffs to be \VOc € (ty_2Erealaz_2Ereal™¥-2Fmvm-2Enumy (\y 1y ¢

Let c.2Erealax_2Etreal__add : ¢ be given. Assume the following.

c2Erealax_ 2FEtreal__add € (((ty_2Epair 2Eprod ty 2Ehreal 2Ehreal
ty,QEhTCQZ,QEhTCQZ) (ty_2FEpair_2Eprod ty_-2Ehreal_2Ehreal ty_2Ehreal_2Ehreal) ) (ty_2Epair_2Eprod ty_2Ehreal _2Eh:

(17)
Definition 15 We define c_2Erealax_2Ereal__add to be A\VOT'1 € ty_ 2Erealar 2Ereal \V1T2 € ty_2FEreala
Definition 16 We define c_2Ebool 2E_2F 5C to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c2Ebool 2E_21 2) (AV2t €
Let c2Epair 2EABS __prod : 1=>1=>1 be given. Assume the following.

VA 2Ta.nonempty A27a=YA_27b.nonempty A_27b=c_2FEpair 2EABS__prod

A27a A27b € ((tyszpaiﬂQEprod A 27a A727b)((2A727b)A727a))
(18)

Definition 17 We define c 2Epair 2E 2C to be N\A27a : t. \A27b : 1. AVO0x € A2Ta AV 1y € A 27b.(ap (c2

Let c.2Ereal 2Esum : ¢ be given. Assume the following.

c2Ereal 2Esum € ((ty72E,r6alaxi2Ereal(ty,2E'realaa:,2Ereal“’*2E"“m*2E"“m))(ty,2EpaiT,2Eprod ty_2Enum_2En
(19)
Assume the following.

(YVOm € ty2Enum_2Enum.(VV1n € ty 2Enum_2Enum.(
((ap (ap c2Earithmetic.2E_2B c¢_2Enum_2E0) VOm) = VOm)A(((ap (
ap c2Earithmetic 2E_2B VOm) c_2Enum_2EQ) = VOm)A(((ap (ap c2Earithmetic.2E_2B
(ap c.2Enum_2ESUC VOm)) V1n) = (ap c.22Enum_2ESUC (ap (ap c2Earithmetic2E_2B
VOom) V1in)A((ap (ap c.2Earithmetic 2E 2B V0m) (ap c.22Enum_2ESUC
Vin)) = (ap c2Enum_2ESUC (ap (ap c2Earithmetic2E_2B VOm) V1n))))))))
(20)
Assume the following.

(VVOom € ty2Enum_2Enum.((ap (ap c2Earithmetic.2E_2D (
ap c2Enum_2ESUC VOm)) (ap c_2Earithmetic 2ENUMERAL (ap c_2Earithmetic_2EBIT1
c_2Earithmetic.2EZERO))) = V0m))

(21)

Assume the following.
True (22)

Assume the following.
VA_27a.nonempty A 27a=(VVO0t € 2.(VV1x € (23)

A27a.(p VOt))=(p VOL)))



Assume the following.

VA 27a.nonempty A 27a=(VV0x € A27a.(V0x = V0z)&
True))

Assume the following.

VA 27a.nonempty A 27a=(VV0x € A27a.(VV1y €
A27a.(VOz = V1y)e(V1y = VOx))))

Assume the following.

(VVOP € (2ty-2Enum-2Enum) (((p (ap VOP c_2Enum_2EQ))A
(VV1in € ty-2Enum_2Enum.((p (ap VOP V1n))=(p (ap VOP (ap c.2Enum_2ESUC
V1in))))))=(VV2n € ty2Enum_2Enum.(p (ap VOP V2n)))))
(26)
Assume the following.

(YV 0z € ty_2Erealax 2Ereal . (VV1y € ty 2Erealax_2Ereal.
(VV2z € ty 2Erealaxr_2Ereal.((ap (ap c_2Erealax_2Ereal__add
V0z) (ap (ap c2Erealax_2Ereal__add V1y) V2z)) = (ap (ap c_2Erealax_2Ereal__add
(ap (ap c_2Erealax_2Ereal__add VO0z) V1y)) V2z2)))))
(27)
Assume the following.

(VVO0x € ty 2Erealax_2Ereal.((ap (ap c_2Erealax_2Ereal__add (28)
(ap c2Ereal 2Ereal__of __num c_2Enum_2EQ)) V0x) = V0z))

Assume the following.

(VVO0x € ty 2Erealax 2Ereal.(VV 1y € ty 2Erealax_2Ereal.
(VV2z € ty_2Erealaxr_2Ereal.((ap (ap c-2Erealax_2Ereal__mul
V0z) (ap (ap c2Erealax_2Ereal__mul V1y) V2z2)) = (ap (ap c_2Erealax_2Ereal__mul
(ap (ap c2Erealax_2Ereal__mul V0z) V1y)) V2z)))))
(29)
Assume the following.

(VVO0x € ty_2Erealax_2Ereal.((ap (ap c_2Erealax_2Ereal__mul
(ap c2Ereal 2Ereal __of __num c_2Enum_2E0)) V0z) = (ap c2Ereal 2Ereal __of __num
c2Enum_2E0)))
(30)



Assume the following.

(VVOn € ty 2Enum 2Enum.(VV1f € (ty_2Erealax 2Ereqlty-2Enum-2Enum)
((ap (ap c2Ereal 2Esum (ap (ap (c_2Epair 2E_2C ty_2Enum_2Enum
ty_2Enum_2Enum) VOn) c.2Enum_2E0)) V1f) = (ap c2Ereal 2Ereal__of__num
c2Enum_2E0))))A(YV2n € ty2Enum_2Enum.(¥V3m €
ty 2Enum_2Enum.(VVAf € (ty_2Erealax_2ErealtV-2Enum-2Enum)

((ap (ap c2Ereal 2Esum (ap (ap (c2Epair_2E_2C ty_2Enum_2Enum
ty 2Enum_2Enum) V2n) (ap c.22Enum_2ESUC V3m))) V4f) = (ap (ap c_2Erealax_2Ereal__add
(ap (ap c2Ereal 2Esum (ap (ap (c_2Epair_2E_2C ty_2Enum_2Enum
ty_2Enum_2Enum) V2n) V3m)) VAf)) (ap VAf (ap (ap c2Earithmetic2E_2B
V2n) V3m)))))

(31)

Theorem 1

(VVOn € ty_2Enum_2Enum.(YV1c € (ty_2Erealax 2 Erealty-2Enum-2Enum)
(VV2z € ty_2Erealax 2Ereal.((ap (ap c.2Ereal 2Esum (ap
(ap (c_2Epair2E_2C ty_2Enum_2Enum ty_2Enum_2Enum) c_2Enum_2E0)
VOon)) (AV3n € ty-2Enum_2Enum.(ap (ap c_2Erealax_2Ereal__mul
(ap (ap c_2Epowser_2Ediffs V'1c) V3n)) (ap (ap c2Ereal 2Epow V2z)
V3n)))) = (ap (ap c_2Erealax_2Ereal__add (ap (ap c-2Ereal 2Esum
(ap (ap (c2Epair_2E_2C ty_2Enum_2Enum ty_2Enum_2Enum) c_2Enum_2E0)
VOon)) (A\W4an € ty_2Enum_2Enum.(ap (ap c_2Erealax_2Ereal__mul
(ap c2Ereal 2Ereal__of __num V4n)) (ap (ap c_2Erealax_2Ereal__mul
(ap V1c V4n)) (ap (ap c2Ereal 2Epow V2x) (ap (ap c2Earithmetic2E_2D
V4n) (ap c_2Earithmetic 2ENUMERAL (ap c_2Earithmetic_2EBIT1
c_2Earithmetic 2EZERO))))))))) (ap (ap c_2Erealax_2Ereal__mul
(ap c2Ereal 2Ereal__of __num VOn)) (ap (ap c_2Erealax_2Ereal__mul
(ap V1c VOn)) (ap (ap c2Ereal 2Epow V2x) (ap (ap c2Earithmetic 2E_2D
VOn) (ap c_2Earithmetic 2ENUMERAL (ap c_2Earithmetic_2EBIT1
c_2Earithmetic_2EZERO)))))))))))



