thm 2Epred_set 2EINJ__LINV_OPT (TMSoS-
RdCbibGSdzJ6wTkWXQjr1HRtaD4GUa)

October 26, 2020

Definition 1 We define c.22Emin_2E_3D to be AA.\x € A y € A.inj_o (z =vy)
of type t=>t.

Definition 2 We define c_2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (\VO0z € 2.V0z)) (A\V1x € 2.V
Definition 3 We define c_2Ebool 2E 21 to be N\A_27a : t.(A\VOP € (24-27%) (ap (ap (c_2Emin_2E_3D (24-27
Definition 4 We define c_2Ebool_2EF to be (ap (c_2Ebool 2E_21 2) (AVO0t € 2.V 0t)).

Definition 5 We define c.22Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_-o (p P=p Q)
of type ¢.

Definition 6 We define c_2Ebool 2E_5C_2F to be (AVO0t1 € 2.(AV1¢2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t € ¢
Definition 7 We define c_2Ebool 2E_7E to be (A\V 0t € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0t) c_2Ebool 2EF

Definition 8 We define c 2Emin_2E_40 to be AAAP € 24.4f (32 € A.p (ap P x)) then (the (\z.x € AAp
of type L1=-t.

Definition 9 We define c_2Ebool 2E_3F to be AA_27a : 1.(AVOP € (24-27).(ap VOP (ap (c_2Emin_2E_40 2
Definition 10 We define c_2Ebool 2EIN to be AA_27a : 1. (A\V0z € A27a.(A\V1f € (24-27%).(ap V1f VOx)
Definition 11 We define c_2Ebool 2E_2F 5C to be (A\V0t1 € 2.(AV 12 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €
Definition 12 We define c 2Epred__set 2EINJ to be AA_27a : tL.AA27b : LAVOS € (A27b-27") AV 1s € (24
Let ty 2FEone_2Eone : ¢« be given. Assume the following.

nonempty ty_2FEone_2Fone (1)

Definition 13 We define c_2Eone_2Eone to be (ap (c_2Emin_2E_40 ty_2FEone_2FEone) (A\V0x € ty_2Fone_2



Let ty 2Esum_2FEsum : t=>t=>¢ be given. Assume the following.

VAO.nonempty A0=VAl.nonempty Al=nonempty (ty-2Esum_2FEsum
A0 A1)
(2)

Let c2Esum 2EABS__sum : 1=t=-t be given. Assume the following.

VA 27a.nonempty A27a=YA_27b.nonempty A_27b=c 2Esum 2EABS__sum
—27a\2
A27a A27b € ((ty2Esum_2Esum A-27a A_27b)(2 2770y

(3)
Definition 14 We define c 2Esum_2EINR to be AA_27a : t. N\A27b : t.AV0e € A 27b.(ap (c.2Esum 2EABS
Let ty_2Foption_2Foption : 1=t be given. Assume the following.
VA0.nonempty A0=nonempty (ty_2Foption_2FEoption AQ) (4)

Let c2Eoption_2Eoption__ABS : 1= be given. Assume the following.

VA 2Ta.nonempty A_27a=-c2FEoption 2Eoption__ABS A 27a € (5)
((ty,2E0ption,2Eoption A727a) (ty2Esum_2Esum A_27a ty_2Eone_2FEone) )

Definition 15 We define c2Eoption_2ENONE to be AA_27a : t.(ap (c-2Eoption_2FEoption__ABS A_27a) (c
Definition 16 We define c_22Esum_2EINL to be AA_27a : t. N\A27b : 1. AV 0e € A 27a.(ap (c2Esum 2EABS
Definition 17 We define c 2Eoption_ 2ESOME to be AA_27a : 1. AV 0z € A_27a.(ap (c.2Eoption_2Eoption__
Let ty_2FEpair 2Eprod : t1=-1=>1 be given. Assume the following.

VA0.nonempty A0=YAl.nonempty Al=nonempty (ty-2Epair_2Eprod
A0 A1)
(6)

Let c2Epair 2EABS__prod : t=t=t be given. Assume the following.

VA 27a.nonempty A 27a=VA_27b.nonempty A_27b=-c_2Epair 2EABS__prod
A27a A2Tb € ((ty2Epair 2Eprod A-27a A276)(* ™)™
(7)
Definition 18 We define c 2Epair 2E 2C to be A\A27a : t. AA27b : 1. AVO0x € A2Ta AV 1y € A 27b.(ap (c2
Let c2Epred__set 2EGSPEC : 1=1= be given. Assume the following.

VA 2Ta.nonempty A27a=YA_27b.nonempty A_27b=c_2FEpred__set 2EGSPEC
A927a A27b € ((2A,27a)((ty,QEpair,2Eprod A_2Ta 2)A*27b))

(8)
Definition 19 We define c_2Epred__set 2EIMAGE to be AA_27a : 1t.AA27b : LAVOf € (A27b"-27) \V1s €

Definition 20 We define c 2Ebool 2ECOND to be AA_27a : 1. (A\VOt € 2.(A\V1tl € A 27a.(A\V2t2 € A_27a.(



Definition 21 We define c_2Epred__set 2ELINV__OPT to be AA_27a : t. AA27b : 1. AVOf € (A,27bA*27a).)\V

Assume the following.
True (9)

Assume the following.

(YVOLL € 2.(YV1t2 € 2.(((p VOt1)=(p V1£2))=(((p

V12)=(p VOI1))=((p VOtL)s(p V12)))))) (10)

Assume the following.
(VV 0t € 2.(False=(p V0t))) (11)

Assume the following,
(VVOt € 2.((p VOO)V(~(p VOL))) (12)

Assume the following.

(YVOt € 2.(((Truen(p VOt))<=(p VOO)A((((p VOt)ATrue)<
(p VOO)A(((Falsen(p VOt))=False)A((((p VOt)AFalse)< False)A  (13)

t)
((p VOOA(p VOL)(p VD))

Assume the following.

(YVOt € 2.(((TrueV(p VOt))=True) AN((((p VO)VTrue)=True) A
((FalseV(p VOt))e(p Vo) )A((((p VOt)VFalse)<(p VOr)A(((p VOt)V

(p VO1))=(p V01)))))))
(14)
Assume the following.

(YVOt € 2.(((True=(p VOt))=(p VOO)A((((p VOt)=True)<
True)A(((False=(p VOt))eTrue) A((((p VOt)=(p VOt))=True)A((  (15)
(p VOt)= False)=(=(p V01))))))))

Assume the following,.

((VVOt € 2.((=(—(p VOt)))=(p VOL)) )A(((—True)<False) A\

((=False)=True))) (16)
Assume the following.
VA 27a.nonempty A27a=(VV0x € A27a.(V0z = V0z)&
True)) (17)
Assume the following.
VA 2Ta.nonempty A27a=(VV0x € A27a.(VV1y € (18)

A27a.((VOxr = V1y)e(Viy = VOx))))

3



Assume the following.

(YVOt € 2.(((Trues(p VOr))=(p VOO))A((((p VOt)=True)<
(p VOO)IN(((Falses(p VOt))<(—(p VOO)))A(((p VOt)=False)=(—=(  (19)

pV01))))))

Assume the following.

VA 27a.nonempty A27a=(VV0tl € A27a.(VV1t2 €
A27a.(((ap (ap (ap (c-2Ebool 2ECOND A_27a) c_2Ebool 2ET) V0t1)
V1t2) = VOt1)A((ap (ap (ap (c_2Ebool 2ECOND A_27a) c_2Ebool 2EF)
VOtl) V1e2) = V1t2))))
(20)
Assume the following.

VA 27a.nonempty A27a=(YVOP € (24-27%) (VV1x €
A27a.(VV2y € A27a.((p (ap VOP V2y))=(V2y = Viz)))=((ap (21)
(c-2Emin_2E_40 A_27a) VOP) = V1x))))

Assume the following.

VA_27a.nonempty A27a=(VVOP € (24-27%) ((-(3V 1z €

A 27a.(p (ap VOP V1)) (¥V2z € A 27a.(~(p (ap VOP V22))))) 22

Assume the following.

(VV0A € 2.(WV1B € 2.(((—((p VOAA(p V1B)))=((—(
p VOA)V(=(p V1B)))A((=((p VOA)V(p V1B)))=((—(p VOA)A(=(p Vlgz)));)))))
Assume the following.

(VV0tl € 2.(VV1t2 € 2.(VV2t3 € 2.(((p VOt1)=

(p V12)=(p V23))((p VODA( V1E2)=(p V23))) 2D

Assume the following.

(VV0z € 2.(vV1z27 € 2.(VV2y € 2.(VV3y 27 €
2.((((p VOz)=(p V12 27))A((p V1z2T)=((p V2y)<(p V3y-27))))= (25)
(((p VOz)=(p V2y))&((p V1z2T)=(p V3y-27))))))))

Assume the following.

VA 27a.nonempty A27a=(VV0x € A27a.(VV1y €
A27a.(((ap (c_2Eoption 2ESOME A_27a) V0x) = (ap (c-2Eoption_2ESOME
A27a) V1y))e(Vor = Viy))))
(26)
Assume the following.

VA_27a.nonempty A27a=(VYV0x € A_27a.(—((c_2Eoption_2ENONE

A27a) = (ap (c-2Eoption 2ESOME A 27a) V0z)))) (27)



Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YV 0y € A27b.(VV1s € (24-279).(VV2f € (A 27pA-272),
((p (ap (ap (c-2Ebool 2EIN A_27b) VOy) (ap (ap (c_2Epred__set_2EIMAGE
A27a A27b) V2f) V1s)))e(3V3zx € A27a.(VOy = (ap V2f V3zx))A
(p (ap (ap (c2Ebool 2EIN A_27a) V3z) V1s))))))))
(28)

Theorem 1

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YVOf € (A2704-279) (VV 1s € (24-279) (VV2t €

(24-27) ((p (ap (ap (ap (c_2Epred_set 2EINJ A_27a A_27b) VOf)

Vis) V2t))=(VV3x € A27a.(WVdy € A27b.(((ap (ap (

ap (c_2Epred__set 2ELINV__OPT A_27a A_27b) VOf) V1s) V4y) = (ap
(c-2Eoption_2ESOME A_27a) V3x))<((V4y = (ap VOf V3x))A((p (ap (
ap (c_2Ebool 2EIN A_27a) V3z) V1s))A(p (ap (ap (c_2Ebool 2EIN A_27b)
Vi) V26))))



