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Definition 1 We define c 2Emin_2E_3D to be A\A.Xx € A y € A.inj_o (x = y)
of type t=>t.

Definition 2 We define c_2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (A\V0z € 2.V0z)) (A\V1xz € 2.V
Definition 3 We define c_2Ebool 2E_21 to be AA_27a : t.(AVOP € (24-27%) (ap (ap (c_2Emin_2E_3D (24-27
Definition 4 We define c_2Ebool 2EF to be (ap (c_2Ebool 2E_21 2) (AV Ot € 2.V 01)).

Definition 5 We define c.22Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_-o (p P=p Q)
of type ¢.

Definition 6 We define c_2Ebool 2E_7E to be (A\V 0t € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0t) c_2Ebool 2EF
Let ty 2Erealax_2Ereal : ¢ be given. Assume the following.

nonempty ty_2Erealax_2Ereal (1)
Let ty 2Epair_2Eprod : t=-1= be given. Assume the following.

VAO.nonempty A0=VYAl.nonempty Al=nonempty (ty_2Epair 2Eprod
A0 A1)

(2)

Let c.2Emeasure_2Emeasure : 1= be given. Assume the following.

VA 27a.nonempty A_27a=c_ 2Emeasure 2Emeasure A_27a € (
(ty,2ET6£LlaI,2ET€aZ(2A727a))(ty’2Epair’2EprOd (24-27%) (ty_2Epair_2Eprod (2(2A727a)) (ty,ZErealaa:,2Ereal(2Aiwa))

(3)
Definition 7 We define c_2Eprobability_2Eprob to be AA_27a : v.(c.22Emeasure_2Emeasure A_27a).

Let c.2Emeasure_2Emeasurable__sets : 1=-1 be given. Assume the following.

VA 2Ta.nonempty A27a=-c2Emeasure_2Emeasurable__sets
A27a € ((2(2‘4*27“))(ty,QEpair,2Ep7‘od (24-279) (ty_2Epair_2Eprod, (2(2A727a)) (ty,2E7‘ealaz,2Ereal(2A727E)))))

(4)



Definition 8 We define c_2Eprobability_2Eevents to be AA_27a : 1.(c.2Emeasure_2Emeasurable__sets A_2'
Definition 9 We define c_2Ebool 2EIN to be AA_27a : 1.(A\V0z € A27a.(AV1f € (24-27).(ap V1f V02)))
Let c2Enum 2EZERO__REP : 1 be given. Assume the following.
c2Enum 2EZERO__REP € omega (5)
Let ty 2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2Enum (6)
Let c.2Enum_2EABS__num : ¢ be given. Assume the following.
c2Enum 2EABS__num € (ty-2Enum_2Enum”™%) (7)
Definition 10 We define c_2Enum_2EQ to be (ap c.2Enum_2EABS_num c2Enum 2EZERO__REP).
Definition 11 We define c_2Earithmetic 2EZERO to be c_.2Enum _2EQ.
Let c2Enum 2EREP__num : ¢ be given. Assume the following.
c2Enum_2EREP_num € (omegat¥-2Enum-2Enum) (8)
Let c2Enum 2ESUC__REP : 1 be given. Assume the following.
c2Enum 2ESUC__REP € (omega®™®9%) (9)

Definition 12 We define c 2Enum_2ESUC to be A\VOm € ty 2Enum_2Enum.(ap c2Enum 2EABS__num

Let c2FEarithmetic2E 2B : 1 be given. Assume the following.

c.2Earithmetic 2E 2B € ((ty_2Enum_2Enumty-2Enum-2Enum )ty 2Enum_2Enum)
(10)

Definition 13 We define c 2Earithmetic_2EBIT1 to be A\VOn € ty 2Enum_2Enum.(ap (ap c_2Earithmetic
Definition 14 We define c_2Earithmetic 2ENUMERAL to be A\VO0x € ty_2Enum_2Enum.V0zx.
Let c.2Ereal 2Ereal__of __num : ¢ be given. Assume the following.
c2Ereal 2Ereal _of__num € (ty_2Erealax_2EreqltV-2Enum-2Enumy (17
Let c.2Emeasure 2Em__space : 1=t be given. Assume the following.

VA 27a.nonempty A_27a=c_2Emeasure 2Em__space A 27a €
((2A727a)(f,y,2Epair,2Eprod (24-27%) (ty_2Epair_2Eprod (2(2A727a)) (ty,QErealam,QEreal(2A727a)))))

(12)
Definition 15 We define c_2Eprobability_2Ep__space to be AA_27a : v.(c.22Emeasure_ 2Em__space A_27a).



Definition 16 We define c_2Epred__set 2EUNIV to be AA_27a : +.(A\V0x € A_27a.c_2Ebool 2ET).
Definition 17 We define c_2Ebool 2E_2F 5C to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €
Let c2Epair 2EABS __prod : 1=>1=>1 be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=c_2FEpair 2EABS __prod

A 27a A27b € ((ty-2Epair 2Eprod A 27a A,27b)((2A,27b)A,27a))
(13)

Definition 18 We define c2Epair 2E_2C to be N\A27a : t.AA27b : 1. AV0x € A27a AV1y € A27b.(ap (c-2
Let c.2Epred__set 2EGSPEC : 1=>1= be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=c_2FEpred__set 2EGSPEC
A27a A27b € ((2A727a)((ty,2Epair,2Eprod A_27a 2)A*27b))

(14)
Definition 19 We define c_2Epred__set 2EIMAGE to be AA_27a : 1t.AA27b : LAVOf € (A27b*27") \V1s €

Definition 20 We define c 2Emin_2E_40 to be A\A.AP € 24.if (3z € A.p (ap P z)) then (the (\z.z € AN
of type t=>t.

Definition 21 We define c 2Ebool 2E 3F to be AA_27a : 1.(AVOP € (24-27%).(ap VOP (ap (c2Emin_2E 40
Definition 22 We define c_2Epred__set 2EBIGUNION o be AA_27a : t.AVOP € (22" (ap (c2Epred.__
Definition 23 We define c_2Ecombin_2Eo to be NA_27a : 1t.AA27b : LAA2Tc : L.AVOSf € (A2767-27) AV,
Let c2Ereal 2Esum : ¢ be given. Assume the following.

c2Ereal 2Esum € ((ty72ET6alax72ET.eal(ty,2Ereala:z:,2Erealf‘yiE"“"l*zE"“’m) ) (ty-2Epair_2Eprod ty_2Enum_2En
(15)

Definition 24 We define c_2Eprim__rec_2E_3C to be AVOm € ty_ 2Enum_2Enum. AV 1n € ty_2Enum_2Enu
Definition 25 We define c_2Earithmetic_2E_3E to be A\VOm € ty 2Enum _2Enum \V1n € ty 2Enum_2En
Definition 26 We define c_2Ebool 2E_5C_2F to be (AV0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €
Definition 27 We define c_2Earithmetic_2E_3E_3D to be \VOm € ty 2Enum_2Enum.A\V1n € ty_2Enum_2
Let ty_2Fhreal 2Fhreal : ¢ be given. Assume the following.

nonempty ty_2Ehreal 2FEhreal (16)
Let c2Erealax 2Ereal __REP__CLASS : ¢ be given. Assume the following.

c2FErealax 2Ereal__REP__ CLASS € ((2(ty,2E'pai'r,2Eprod ty_2FEhreal_2Ehreal ty_2Ehreal_2Ehreal) )ty,QEreala:r
(17)



Definition 28 We define c_2Erealax_2Ereal__REP to be AV0a € ty_2Erealax_2Ereal.(ap (c22Emin_2E_40 (¢
Let c.2FErealax_2Etreal__neg : ¢ be given. Assume the following.

c2Erealax_2FEtreal_neg € ((ty-2Epair_2Eprod ty_2Ehreal 2Ehreal
ty,2Eh7‘€al,2EhT€al)(ty’QEpaiT’2EprOd ty_2Ehreal_2Ehreal ty,QEhT'eal,QEhTeal))

(18)
Let c.2FErealax_2Etreal__eq : 1 be given. Assume the following.

c2Erealaxr_2Etreal eq € ((Q(ty,QEpair,2Eprod ty_2Ehreal_2Ehreal ty,ZEhreal,2Ehreal))(ty,QEpair,2Eprod ty_2Eh

(19)
Let c.2Erealax 2Ereal __ABS_CLASS : 1 be given. Assume the following.

(Q(ty,zEpaw,zEpmd ty_2Ehreal_2Ehreal ty_2Ehreal _2Eh
(20)
Definition 29 We define c_2Erealax_2Ereal __ABS to be A\VOr € (ty_2Epair 2Eprod ty-2Ehreal 2Ehreal ty

c2Erealax 2Ereal__ABS__CLASS € (ty_2Erealax_2Ereal

Definition 30 We define c_2Erealax_2Ereal__neg to be \VOT'1 € ty_2Erealax_2Ereal.(ap c_2Erealax_2Ereal
Let c2Erealax_2Etreal__add : ¢ be given. Assume the following.

c2Erealax_2Etreal__add € (((ty-2Epair 2Eprod ty_2Ehreal 2Ehreal
ty72EhreaL?Ehreal)(ty,ZEpair,ZEprod ty_2Ehreal_2Ehreal ty,QEhreal,2Ehreal))(ty,ZEpair,2Eprod ty_2Ehreal _2Ehi

(21)
Definition 31 We define c_2Erealax_2Ereal__add to be A\VOT'1 € ty_ 2Erealar 2Ereal \V1T2 € ty 2Ereala
Definition 32 We define c_2Ereal_2Ereal__sub to be \VOx € ty 2Erealax 2Ereal AV 1y € ty 2Erealax 2E

Let c.2FErealax_2Etreal__It : « be given. Assume the following.

c2Brealax 2Etreal_lt € ((2(tv-2Bpair2Eprod ty 2Bhreal 2Bhreal ty 2Ehreal 2Bhreal))(ty-2Epair 2Bprod ty 2Bh:
(22)
Definition 33 We define c_2Erealax_2Ereal__It to be \VOT'1 € ty_ 2Erealar 2Ereal \V1T2 € ty 2FErealax_
Definition 34 We define c_2Ereal_2Ereal__lte to be \V0x € ty_2Erealax 2Ereal A\V1y € ty_2Erealax 2Er
Definition 35 We define c_2Ebool 2ECOND to be NA_27a : t.(AVOt € 2.(AV1tl € A27a.(A\V2t2 € A27a.(
Definition 36 We define c_2Ereal 2Eabs to be A\V0x € ty_2Erealax_2Ereal.(ap (ap (ap (c-2Ebool_2ECONI
Let c2Epair 2ESN D : 1=1= be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=c_2FEpair 2ESN D
A927a A27b € (A727b(ty,2Epair,2Eprod A_27a A,27b))
(23)
Let c2Epair 2EF ST : 1=-1=1 be given. Assume the following.

VA 27Ta.nonempty A_27a=VA_27b.nonempty A_27b=c_2Epair 2EFST

A927a A27b € (A727a(ty,2Epair,2Ep1‘od A_27a A,27b))
(24)



Definition 37 We define c_2Epair 2EUNCURRY to be AA_27a : t.AA2Tb : L. AA27c : LAVOS € ((A27¢A-7
Let ty_2Emetric_2Emetric : 1= be given. Assume the following.

YV AOQ.nonempty A0=nonempty (ty-2Emetric.2Emetric A0) (25)
Let c.2Emetric.2Emetric : 1=t be given. Assume the following.

YA_27a.nonempty A27a=-c_2Emetric.2Emetric A27a € ((ty-2Emetric2Emetric

A727a) (ty*QETealaz,QEreaﬂty*QEpaiTJET—'md A_27a A_27a) ))

(26)
Definition 38 We define c_2Emetric 2Emrl to be (ap (c-2Emetric2Emetric ty_2Erealax_2Ereal) (ap (c.

Let c.2Emetric 2Edist : 1=t be given. Assume the following.
VA 27a.nonempty A_27a=c_2Emetric2Edist A27a € ((ty_2Erealax_2Erealty-2Epair-2Eprod A-2Ta A2
Let ty_2FEtopology_2FEtopology : 1=t be given. Assume the following. 0
VAO.nonempty A0=nonempty (ty_2Etopology_2Etopology A0) (28)
Let c_2Etopology_2FEtopology : 1=t be given. Assume the following.

VA 27a.nonempty A_27a=-c_2Etopology_2FEtopology A_27a €

2A-27a 29
((ty_2Etopology_2Etopology A,27a)(2( 7 ))) (29)

Definition 39 We define c_2Emetric 2Emtop to be AA_27a : 1. AVOm € (ty_2Emetric_2Emetric A_27a).(ay
Let c2Enets 2Etends : t=-t=>1 be given. Assume the following.

VA 2Ta.nonempty A_27a=VA_27b.nonempty A_27b=c_2FEnets_2Etends
A27a A27h € (((2(ty,2Epair,2Eprod (ty-2Etopology-2Etopology A_27a) ((QA*Z%)AJ%)))A,27a)(A,27aA*27b))

(30)
Definition 40 We define c_2Eseq_2E_2D_2D_3E to be \V 0z € (ty_2Erealax_2Ereql'¥-2Emm-2Enumy \y1,
Definition 41 We define c_2Eseq_2Esums to be \VOf € (ty_2Erealax_2Ereal™-2Emum-2Enumy \yq g ¢ ¢y
Definition 42 We define c_2Epred__set 2EEMPTY to be AA_27a : ¢.(A\VO0x € A_27a.c_2Ebool_2EF).
Definition 43 We define c 2Epred_set 2EINTER to be AA_27a : 1t.AV0s € (24-2T9) AV 1t € (24-27%) (ap (c.
Definition 44 We define c 2Epred__set 2EDISJOINT to be AA_27a : 1. AV 0s € (24-279) AV 1t € (24-27).(ap

Definition 45 We define c 2Epred__set 2EFUNSET to be AA_27a : 1t.AA27b : L. A\VOP € (24-27%) A\V1Q € (
Definition 46 We define c_2Emeasure_2Ecountably__additive to be AA_27a : . A\VOm € (ty_2Epair 2Eprod

Definition 47 We define c_2Emeasure_2Epositive to be N\A_27a : 1.A\VOm € (ty_2Epair 2Eprod (24-27) (t;



Let c.2Emeasure 2Esubsets : 1= be given. Assume the following.

VA_27a.nonempty A27a=-c_2Emeasure_2Esubsets A 27a € (

(2(2A,27a) ) (ty-2Epair_2Eprod (2A,27a) (2(2A—27a)))) (31)

Definition 48 We define c 2Epred__set 2ESUBSET to be AA_27a : t.A\V0s € (24-277) AV 1t € (24-27%).(ap (
Definition 49 We define c 2Epred__set 2EINJ to be AA_27a : t.AA27b : LAVOS € (A270*-27") AV 1s € (24
Definition 50 We define c 2Epred__set 2Ecountable to be AA_27a : t.AV0s € (24-27%).(ap (c_2Ebool 2E 3F
Definition 51 We define c 2Epred__set 2EUNION to be AA_27a : 1. AV 0s € (24-27%) AV 1t € (24-27%).(ap (c

Let c.2Emeasure_2Espace : 1=1 be given. Assume the following.

, “ A_27a
VA_2Ta.nonempty A_27a=sc_2Emeasure_2Espace A_2Ta € ((2A-27a)(ty-2Bpair 2Eprod (22=27%) (227770)))
(32)

Definition 52 We define c _2Epred__set 2EDIFF to be AA_27a : 1.AV0s € (24-27%) A\V'1t € (24-27%).(ap (c-2.
Definition 53 We define c_2Emeasure_2Esubset__class to be AA_27a : t.AVOsp € (24-27) AV 1sts € (22"
Definition 54 We define c 2Emeasure_2Ealgebra to be AA_27a : 1.A\V0a € (ty_2Epair 2Eprod (24-27¢) (23
Definition 55 We define c 2Emeasure_2Esigma__algebra to be A\A_27a : 1.AV0a € (ty_2Epair 2Eprod (24-2
Definition 56 We define c_2Emeasure_2Emeasure__space to be A\A_27a : 1. A\VOm € (ty_2Epair 2Eprod (24

Definition 57 We define c_2Eprobability 2Eprob_space to be AA_27a : 1. AV Op € (ty_2Epair 2Eprod (24-"

Assume the following.
True (33)

Assume the following.

(YVOt € 2.(((Truen(p VOt))<=(p VOO)A((((p VOt)ATrue)<
(p VOO)A(((Falsen(p VOt))=False)A((((p VOt)AFalse)< False)A  (34)
((p VOO)A(p VO1)) = (p VO1)))))))

Assume the following.

(VVOt € 2.(((True=(p VOt))=(p VO)A((((p VOt)=True)<
True)A((False=(p VOt))True) A((((p VOt)=(p VOt))=True)A((  (35)
(p VOt)=False)<(—(p V01))))))))

Assume the following.

VA 27a.nonempty A27a=(VV0x € A27a.(VV1y €

A27a.(V0x = Viy)e(Viy = V0x)))) (36)



Assume the following.

(YVOt € 2.(((Trues(p VOt))<(p VOr))
(p VOO)A(((Falses(p VOt))<=(—(p VOt)))

p V01)))))))

A(((p VOt)eTrue)<
A(((p VOt)=False)<=(=( (37)

Assume the following.

(VVOtL € 2.(VV1t2 € 2.(vV2t3 € 2.(((p VOil)=

(0 V12)=(p V2B))((p VAR V1) = (p V23))) D)

Assume the following.

(VV0z € 2.(¥V 1227 € 2.(¥V2y € 2.(VV3y_2T €
2.((((p Voz)=(p V1z27)A((p V1z27)=((p V2y)=(p V3y-27))))= (39)
(((p VOx)=(p V2y))&((p V12 27)=(p V3y-27))))))))

Assume the following.

VA 27a.nonempty A_27a=(VVO0p € (ty_2Epair_2Eprod
(24-279) (ty_2Epair_2Eprod (2(214727@)) (ty,2Er6alax,2Ereal(2A727a)))).
(YV1s € (24-27%).(((p (ap (c_2Eprobability 2Eprob__space
A27a) VOp))A(p (ap (ap (c-2Ebool 2EIN (24-27%)) V'1s) (ap (c_2Eprobability_2Eevents
A27a) VOp))))=(p (ap (ap c2Ereal _2Ereal__lte (ap c.2Ereal 2Ereal__of __num
c_2Enum_2E0)) (ap (ap (c-2Eprobability_2Eprob A_27a) VO0p) V1s))))))
(10)
Assume the following.

(VVO0z € ty_2Erealax_2Ereal.(((ap c_2Ereal 2Eabs V0z) =
VO0z)<(p (ap (ap c-2Ereal 2Ereal__lte (ap c.2Ereal 2Ereal__of __num  (41)
c2Enum_2E0)) V0z))))

Theorem 1

VA_27a.nonempty A27a=(VVO0p € (ty-2Epair_2Eprod
(24-27a) (ty_2Epair 2Eprod (22" (ty_2Erealax 2Ereal®" ")),
(VV1s € (24-27%).(((p (ap (c_2Eprobability_2Eprob__space
A27a) VOp))A(p (ap (ap (c2Ebool 2EIN (24-272)) V'1s) (ap (c_2Eprobability_2Eevents
A_27a) VOp))))=((ap c_2Ereal 2Eabs (ap (ap (c_2Eprobability_2Eprob
A_27a) VOp) V1s)) = (ap (ap (c-2Eprobability_2Eprob A_27a) V0p)

V1s)))))



