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Definition 1 We define c 2Emin_2E_3D to be AA.Xx € A y € A.inj_o (x =vy)
of type t=>t.

Definition 2 We define c 2Ebool 2ET to be (ap (ap (c_2Emin 2E_3D (22)) (\V 0z € 2.V0z)) (\V1z € 2.V
Definition 3 We define c 2Ebool 2E 21 to be AA_27a : 1. (AVOP € (24-27).(ap (ap (c.2Emin_2E_3D (24-27
Definition 4 We define c_2Ecombin_2Eo to be AA_27a : 1t.AA27b : L.AA27c : L.AVOS € (A270-27) AV 1g
Definition 5 We define c_2Ebool 2EF to be (ap (c_2Ebool 2E_21 2) (AV 0t € 2.V 01)).

Definition 6 We define c.2Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_o (p P=p Q)
of type ¢.

Definition 7 We define c.2Ebool 2E_7E to be (AV 0t € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0¢) c_2Ebool 2EF

Definition 8 We define c 2Emin_2E_40 to be NAAP € 24.if (32 € Ap (ap P x)) then (the (\z.x € AAp
of type 1=>t.

Definition 9 We define c_2Ebool 2E_3F to be A\A_27a : 1.(A\VOP € (24-27%).(ap VOP (ap (c2Emin_2E_40

Definition 10 We define c_2EquantHeuristics 2EGUESS__FORALL__GAP to be
MNA27a 0 LAA2TD : L. AV0i € (A2764-2T) AV1P € (2427 (ap (c_2Ebool 2E_21 A_27b) (A\V2v € A_27b.(a

Definition 11 We define c_2EquantHeuristics 2EGUESS__FORALL__POINT to
be NA_27a : L XA27b : 1L.AV0i € (A2Tb*2") AV1P € (24-2™) (ap (c_2Ebool 2E 21 A 27a) (A\V2fv € A_2]

Let ty_2FEone_2Fone : 1 be given. Assume the following.
nonempty ty_2Eone_2Eone (1)

Definition 12 We define c 2EquantHeuristics 2EGUESS__FORALL to be A\A_27a : t.AA27b : 1. AV 0i € (A2



Definition 13 We define c_2EquantHeuristics 2EGUESS__EXISTS__GAP to be
AA27a 1 LAA2Th - LAV 0i € (A 27627 AV1P € (24-27).(ap (c2Ebool 2E_21 A_27b) (A\V2v € A_27b.(a

Definition 14 We define c_2EquantHeuristics. 2EGUESS__EXISTS to be AA_27a : t.AA27b : 1. AV 0i € (A27
Definition 15 We define c_2Ebool 2E_5C_2F to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €

Definition 16 We define c_2EquantHeuristics 2EGUESS__EXISTS__POINT to be
AA27a : LAA2TD 1 LAV 0i € (A2T642T) AV1P € (24-27) (ap (c_2Ebool 2E_21 A_27a) (AV2fv € A27a.

Definition 17 We define c_2Ebool 2E_2F 5C to be (\VO0t1 € 2.(AV1£2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €

Assume the following.

VA 2Ta.nonempty A27a=(VV0x € A27a.(VV1y € (2)
A27a.(VOx = Viy)e(Viy = V0x))))

Assume the following.

(VVO0A € 2.(YV1B € 2.(((p VOA)=(p V1B))((—(p VOA)V ;
(»p V1B))))) )

Assume the following.

(VVOtL € 2.(VV1t2 € 2.(VV2t3 € 2.(((p VOt1)= @
((p V12)=(p V2t3)))=(((p VOIL)A(p V1E2))=(p V213))))))

Assume the following.

(VWW0z € 2.(vV1z_27 € 2.(VV2y € 2.(VV3y_27 €
2.((((p VOoz)=(p V1z27))A((p V12 2T)=((p V2y)=(p V3y-27))))= (5)
(((p VOz)=(p V2y))=((p V1z27)=(p V3y-27))))))))

Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=V A 27c.
nonempty A 27c=(VVOf € (A2764-279).(VV1g € (A27a*-27¢). 6
(VV2z € A27c.((ap (ap (ap (c-2Ecombin_2Eo A_27¢ A27b A_27a) (6)
VOf) Vig) V2z) = (ap VOf (ap V1g V21))))))



Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(
VYV 0i € (A2764-272) (VV1P € (24-2").(((p (ap (ap
(c_2EquantHeuristics 2EGUESS__EXISTS A_27a A_27b) V0i) (A\V2zx €
A_27b.(ap c2Ebool 2E_TE (ap V1P V2z)))))<(p (ap (ap (c2EquantHeuristics 2EGUESS__FORALL
A27a A27b) VOi) (A\V3zx € A27b.(ap V1P V3x))))A(((p (ap (ap
(c_2EquantHeuristics 2EGUESS__FORALL A_27a A 27b) V0i) (\Vidz €
A_27b.(ap c2Ebool 2E_TE (ap V1P V4zx)))))<(p (ap (ap (c-2EquantHeuristics 2EGUESS__EXISTS
A27a A27b) V0i) (A\Vbz € A27b.(ap V1P V52)))A(((p (ap (ap
(c_2EquantHeuristics_ 2EGUESS__EXISTS__GAP A_27a A_27b) Vi)
(AV6x € A27b.(ap c.2Ebool 2E_7E (ap V1P V6x)))))<(p (ap (ap
(c_2EquantHeuristics. 2EGUESS__FORALL__GAP A 27a A_27b) V0i)
(AV7x € A27b.(ap V1P V7z))))A(((p (ap (ap (c-2EquantHeuristics 2EGUESS__FORALL__GAP
A27a A27b) VOi) (A\V8x € A27b.(ap c_2Ebool 2E_TE (ap V1P V8z)))))<
(p (ap (ap (c2EquantHeuristics 2EGUESS__EXISTS__GAP A_27a A_27b)
V0i) (A\V9x € A27b.(ap V1P V9z))))A(((p (ap (ap (c-2EquantHeuristics.22EGUESS__EXISTS__POIN
A27a A27b) VOi) (A\V10x € A-27b.(ap c2Ebool 2E_TE (ap V1P V10z)))))<
(p (ap (ap (c-2EquantHeuristics2EGUESS__FORALL__POINT A_27a
A_27b) V0i) (AWV1lz € A27b.(ap V1P V11x)))))A((p (ap (ap (c_2EquantHeuristics 2EGUESS__FORALL__|
A27a A27b) V0i) (A\V12x € A_27b.(ap c2Ebool 2E 7E (ap V1P V12x)))))&
(p (ap (ap (c2EquantHeuristics 2EGUESS__EXISTS__POINT A_27a
A27b) V0i) (A\V13x € A27b.(ap V1P V13z))))))))))))
(7)



Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=(
YV 0i € (A27b4-279) (VV1P € (24-2T).(VV2Q €
(24-2T0) (VV3iK € A27b.(VV4q € 2.(¥V5p €
2.(((p (ap (ap (c-2EquantHeuristics 2EGUESS__EXISTS__POINT
A27a A27b) VOi) (A\V6xz € A27b.(ap V1P V6x))))=(p (ap (ap (c-2EquantHeuristics 2EGUESS__EXIST!
A27a A27b) VOi) (A\VTz € A27b.(ap (ap c-2Ebool 2E_5C_2F (ap
V1P V7x)) (ap V2Q V72))))))A(((p (ap (ap (c2EquantHeuristics 2EGUESS__EXISTS__POINT
A27a A27b) VOi) (A\V8x € A_27b.(ap V2Q V8x))))=(p (ap (ap (c-2EquantHeuristics. 2EGUESS__EXIST
A27a A27b) VOi) (A\V9zx € A27b.(ap (ap c-2Ebool 2E_5C_2F (ap
V1P V9z)) (ap V2Q V92))))))A((((p (ap (ap (c2EquantHeuristics 2EGUESS__EXISTS
A27a A27b) V0i) (A\V10z € A27b.(ap V1P V10x))))A(p (ap (ap (
c_2EquantHeuristics 2EGUESS__EXISTS A 27a A 27b) V0i) (AV1lx €
A27b.(ap V2Q V11x)))))=(p (ap (ap (c_2EquantHeuristics 2EGUESS__EXISTS
A27a A27b) VOi) (A\V12z € A_27b.(ap (ap c-2Ebool 2E_5C_2F (
ap V1P V12z)) (ap V2Q V12x)))))A((((p (ap (ap (c-2EquantHeuristics.2EGUESS__EXISTS__GA
A27a A27b) Vi) (A\V13z € A27b.(ap V1P V13x))))A(p (ap (ap (
c_2EquantHeuristics 2EGUESS__EXISTS__GAP A_27a A_27b) V0i)
(A\V1dx € A27b.(ap V2Q V14x)))))=(p (ap (ap (c_2EquantHeuristics 2EGUESS__EXISTS__GAP
A27a A27b) VOi) (A\V1bx € A_27b.(ap (ap c-2Ebool 2E_5C_2F (
ap V1P V15z)) (ap V2Q V15x)))))A((((p (ap (ap (c-2EquantHeuristics.22EGUESS__FORALL
ty_2Fone_2Eone A_27b) (\V16xxx € ty 2Eone 2Eone. V3iK)) (A\V17x €
A27b.(ap V1P V17x))))A(p (ap (ap (c_2EquantHeuristics 2EGUESS__FORALL
ty_2Fone 2Eone A_27b) (\V18zxx € ty 2Eone 2Eone.V3iK)) (A\V19z €
A27b.(ap V2Q V19z)))))=(p (ap (ap (c_2EquantHeuristics 2EGUESS__FORALL
ty_2Fone_2Eone A_27b) (\V20zxzz € ty_2Eone2Eone.V3iK)) (A\V21x €
A_27b.(ap (ap c_2Ebool 2E_5C_2F (ap V1P V21z)) (ap V2Q V21x))))))A
(((p (ap (ap (c_2EquantHeuristics 2EGUESS__FORALL A_27a A_27b)
V0i) (A\V22x € A27b.(ap V1P V22x))))=(p (ap (ap (c.2EquantHeuristics 2EGUESS__FORALL
A27a A27b) VOi) (A\V23z € A27b.(ap (ap c_2Ebool 2E_5C_2F (
ap V1P V23z)) V4q)))))A(((p (ap (ap (c-2EquantHeuristics. 2EGUESS__FORALL
A27a A27b) V0i) (A\V24z € A27b.(ap V2Q V24x))))=(p (ap (ap (
c_2EquantHeuristics 2EGUESS__FORALL A_27a A_27b) V0i) (A\V25z €
A_27b.(ap (ap c.2Ebool 2E_5C_2F V'5p) (ap V2Q V25z))))))A((((p
(ap (ap (c-2EquantHeuristics 2EGUESS__FORALL__POINT A_27a A_27b)

V0i) (\V26x € A27b.(ap V1P V262))))A(p (ap (ap (c-2EquantHeuristics.2EGUESS__FORALL__POI
A27a A27b) VOi) (AV2Tz € A27b.(ap V2Q V27x)))))=(p (ap (ap
(c-2EquantHeuristics.2EGUESS__FORALL__POINT A_27a A_27b) V0i)

(A\V28xz € A_27b.(ap (ap c_2Ebool 2E_5C_2F (ap V1P V28z)) (ap V2Q
V28z))))N)A(((p (ap (ap (c-2EquantHeuristics. 2EGUESS__FORALL__GAP
A27a A27b) V0i) (AV29z € A27b.(ap V1P V29z))))=(p (ap (ap (
c_2EquantHeuristics 2EGUESS__FORALL__GAP A_27a A_27b) V0i)
(AV30x € A27b.(ap (ap c_2Ebool 2E_5C_2F (ap V1P V30z)) (ap V2Q
V30x))))A((p (ap (ap (c-2EquantHeuristics.2EGUESS__FORALL__GAP
A27a A27b) V0i) (A\V3lx € A27b.(ap V2Q V31z))))=(p (ap (ap (
c_2EquantHeuristics 2EGUESS__FORALL__GAP A_27a A_27b) V0i)
(AV32x € A27b.(ap (ap c.2Ebool 2E_5C_2F (ap V1P V32z)) (ap V2Q
4 V321))))))))))))))))))))) .






Theorem 1

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(
VYV 0i € (A2764-279) (VV1P € (24-2™).(VV2Q €
(24270 (VV3iK € A27b.(VV4q € 2.(VV5p €
2.(((p (ap (ap (c-2EquantHeuristics.2EGUESS__FORALL__POINT
A27a A_27b) V0i) (\V6x € A27b.(ap V1P V6z))))=(p (ap (ap (c-2EquantHeuristics 2EGUESS__EXIST
A27a A27b) V0i) (\VTz € A_27b.(ap (ap c2Emin_2E_3D_3D_3E
(ap VIP VT7z)) (ap V2Q V7z)))))A(((p (ap (ap (c.2EquantHeuristics 2EGUESS__EXISTS__POIN
A_27a A27b) V0i) (A\V8x € A27b.(ap V2Q V8x))))=(p (ap (ap (c-2EquantHeuristics2EGUESS__EXIST
A_27a A_27b) V0i) (A\V9zx € A27b.(ap (ap c.2Emin_2E_3D_3D_3E
(ap V1P V9z)) (ap V2Q VIz)))))A((((p (ap (ap (c-2EquantHeuristics 2EGUESS__FORALL
A27a A27b) V0i) (A\V10z € A27b.(ap V1P V10x))))A(p (ap (ap (
c_2EquantHeuristics 2EGUESS__EXISTS A_27a A_27b) V0i) (A\V1lz €
A_27b.(ap V2Q V1lx)))))=(p (ap (ap (c-2EquantHeuristics.22EGUESS__EXISTS
A_27a A_27b) V0i) (A\V12zx € A_27b.(ap (ap c.2Emin_2E_3D_3D_3E
(ap V1P V12z)) (ap V2Q V122)))))A((((p (ap (ap (c-2EquantHeuristics 2EGUESS__FORALL__G,
A27a A_27b) V0i) (A\V13z € A27b.(ap V1P V13x))))A(p (ap (ap (
c_2EquantHeuristics 2EGUESS__EXISTS__GAP A _27a A_27b) V0i)
(AV1dx € A27b.(ap V2Q V14x)))))=(p (ap (ap (c_2EquantHeuristics 2EGUESS__EXISTS__GAF
A_27a A_27b) V0i) (A\V15x € A_27b.(ap (ap c.2Emin_2E_3D_3D_3E
(ap V1P V15z)) (ap V2Q V152)))))A((((p (ap (ap (c-2EquantHeuristics 2EGUESS__EXISTS
ty_2Fone_2FEone A27b) (A\V16zzx € ty 2FEone 2Eone. V3iK)) (A\V17z €
A27b.(ap V1P V17x))))A(p (ap (ap (c2EquantHeuristics 2EGUESS__FORALL
ty_2Fone_2FEone A_27b) (\V18zxx € ty 2Eone2Eone.V3iK)) (A\V19z €
A27b.(ap V2Q V19x)))))=(p (ap (ap (c.2EquantHeuristics. 2EGUESS__FORALL
ty2FEone_2FEone A27b) (A\V20xzz € ty_2Eone_2Eone.V3iK)) (AV21zx €
A27b.(ap (ap c-2Emin_2E_3D_3D_3E (ap V1P V21z)) (ap V2Q V21z))))))A
(((p (ap (ap (c2EquantHeuristics 2EGUESS__EXISTS A_27a A_27b)
V0i) (A\V22zx € A27b.(ap V1P V22z))))=(p (ap (ap (c-2EquantHeuristics 2EGUESS__FORALL
A_27a A_27b) V0i) (A\V23x € A_27b.(ap (ap c.2Emin_2E_3D_3D_3E
(ap V1P V23z)) V4¢))))A(((p (ap (ap (c.2EquantHeuristics 2EGUESS__FORALL
A_27a A27b) V0i) (\V24x € A27b.(ap V2Q V24x))))=(p (ap (ap (
c_2EquantHeuristics 2EGUESS__FORALL A_27a A_27b) V0i) (A\V 25z €
A_27b.(ap (ap c.2Emin_2E_3D_3D_3E V5p) (ap V2Q V25x))))))A(((
(p (ap (ap (c_2EquantHeuristics 2EGUESS__EXISTS__POINT A_27a
A_27b) Vi) (A\V26x € A27b.(ap V1P V26z))))A(p (ap (ap (c_2EquantHeuristics. 2EGUESS__FORALL_
A27a A27b) V0i) (AV27x € A27b.(ap V2Q V27x)))))=(p (ap (ap
(c_2EquantHeuristics2EGUESS__FORALL__POINT A_27a A_27b) V0i)
(A\V28z € A_27b.(ap (ap c.2Emin_2E_3D_3D_3E (ap V1P V28z)) (ap
V2Q V282))))))A(((p (ap (ap (c-2EquantHeuristics 2EGUESS__EXISTS__GAP
A_27a A_27b) V0i) (A\V29z € A_27b.(ap V1P V29z))))=(p (ap (ap (
c_2EquantHeuristics 2EGUESS__FORALL__GAP A_27a A_27b) V0i)
(AV30z € A_27b.(ap (ap c2Emin_2E_3D_3D_3E (ap V1P V30z)) (ap
V2Q V302))))))A((p (ap (ap (c-2EquantHeuristics 2EGUESS__FORALL__GAP
A27a A27b) V0i) (A\V3lx € A27b.(ap V2Q V31x))))=(p (ap (ap (
c_2EquantHeuristics 2EGUESS__FORALL__GAP A_27a A_27b) V03)
(AV32z € A27b.(ap (ap c2Emin_2E_3D_3D_3E (ap V1P V32z)) (ap

6 V2Q V322))))))))))))))))))



