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We define c2Emin_2E_3D to be \AXx € ANy € Aiinj_o (x = y)
We define c.2Emin_2E_3D_3D_3E to be AP € 2.0Q € 2.inj_0 (p P=p Q)

We define c2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (2%)) (A\VO0z € 2.V0z)) (A\V1z € 2.V
We define c_2Ebool 2E_21 to be AA_27a : t.(AVOP € (24-27%) (ap (ap (c_2Emin_2E_3D (24-27
We define c_2Ebool 2E_2F 5C to be (AVO0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t € ¢

We define c 2Emin_2E_40 to be \AAP € 24.if (3x € A.p (ap P z)) then (the (\z.x € AAp

We define c_2Ebool 2E_3F to be NA_27a : 1.(AVOP € (24-27).(ap VOP (ap (c_2Emin_2E 40 2

We define c_2Ebool 2E_3F_21 to be NA_27a : 1. (AVOP € (24-27*).(ap (ap c_2Ebool 2E_2F_5C

Definition 9 We define c_2Ebool 2EF to be (ap (c_2Ebool 2E_21 2) (AV 0t € 2.V 01)).

Definition

Definition

Definition

Definition

Definition

Definition

Definition

10

11

12

13

14

15

16

We define c2Ebool 2E_TE to be (A\V 0t € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0t) c_2Ebool 2E

We define c.2Ecombin 2EW fo be AA_27a : t.AA27b : 1.AVOS € ((A2764-27)* 7" (a1

We define c_2Equotient_2Erespects to be AA_27a : t. N\A_27b : t.(c_2Ecombin 2EW A 27a A2
We define c_2Ebool 2EIN to be NA_27a : 1.(A\V0z € A27a.(AV1f € (24-27%) (ap V1f VOx)
We define c_2Ebool 2ERES__FORALL to be A\A_27a : 1.(AVOp € (24-27).(AV1m € (24-27)

We define c_2Ebool 2ERES__EXISTS to be NA_27a : 1.(AVOp € (24-272) (AV1m € (24-270).(

We define c_2Equotient 2ERES__EXISTS__EQUIV to be AA_27a : 1.(AVOR € ((24-27a)4-7).



Definition 17

Definition 18
Definition 19

Definition 20

Definition 21

We define c22Ecombin_2EK to be A\A_27a : t. NA27b : 1.(AV0z € A27a.(A\V1y € A27b.V0x,
We define c.2Ecombin_2ES o be \A_27a : t. A\A_27b : L AA2Tc : L.AVOS € ((A27cA-2T0)"
We define c 2Ecombin 2El to be AA 27a : v.(ap (ap (c_2Ecombin 2ES A 27a (A 27a”-27) A

We define c_2Equotient 2E_2D 2D _3E to be AA27a : t.AA27b : 1. XA 27c : t.NA27d : 1. AV

We define c_2Equotient 2EQUOTIENT to be AA_27a : t.AA27b : L.A\VOR € ((2Af27“)A’27a).)

Assume the following.

True (1)

Assume the following.

(VV0t1 € 2.(VV1#2 € 2.(((p VOt)=(p V1t2))=(((p

V1t2)=(p VOt1))=((p VOt ) (p V1t2)))))) (2)

Assume the following.

(VVOt € 2.(((Truen(p VOt))=(p VOO))A((((p VO)ATrue)<
(p VOO))A(((Falsen(p VOt))=False)A((((p VOt)AFalse)<False)A  (3)

(((p VOO)A(p VOt))&=(p VOL)))))))

Assume the following.

(VVOt € 2.((True=(p VOB (p VOO)A((((p VOH)=True) e

True)AN(((False=(p VOt))=True) AN((((p VOt)=

)
(p VOr)eTrue)AN(( (4)
(p VOt)=False)=(=(p V01))))))))

Assume the following.

VA 27a.nonempty A27a=(VV0x € A27a.(VV1y €

A27a.(V0z = Viy)a (Vg = V) (5)

Assume the following.

(VVOt € 2.(((Trues(p VOt))<(p VOr)A((((p VOt)eTrue)s

(p VOO)A(((Falses(p VOt))=(—

t
(p VOO)A(((p VOt)& False)e(=( (6)
p V01)))))))

Assume the following.

VA_27a.nonempty A27a=VA_27b.nonempty A_27b=(
YVOf € ((A27bA-270)A-2Ta) (W 1x € A27a.((ap (ap
(c-2Ecombin 2EW A_27a A_27b) VOf) V1x) = (ap (ap VOf Vix) Vix))))

(7)

Assume the following.

VA 27a.nonempty A27a=(VYV0x € A27a.((ap (c_2Ecombin_2EIl

A.270) V0z) = V0z) (8)



Assume the following.

VA 27a.nonempty A 27a=(YVOP € (24-279) (VW 1z €
A27a.((p (ap (ap (c.2Ebool 2EIN A_27a) V1x) VOP))<(p (ap VOP Vix)))))
(9)
Assume the following.
Y A_27a.nonempty A27a=VA_27b.nonempty A_27b=(
VVOR € ((24-274)A-279) (VV 1abs € (A27b4-27%).
(VV2rep € (A27a”-2").((p (ap (ap (ap (c2Equotient 2EQUOTIENT  (10)
A27a A27b) VOR) V1abs) V2rep))=(VV3a € A27b.((ap V1abs
(ap V2rep V3a)) = V3a))))))

Assume the following.

VA_27a.nonempty A_27a=YA_27b.nonempty A_27b=>(
VYVOR € ((24-270)A-279) (YV 1abs € (A27b4-27%).
(VV2rep € (A27a-27).((p (ap (ap (ap (c2Equotient 2EQUOTIENT  (11)
A27a A27b) VOR) Vlabs) V2rep))=(VV3a € A27b.(p (ap (ap
VOR (ap V2rep V3a)) (ap V2rep V3a))))))))

Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(
VYVOR € ((24-270)4-279) (VV 1abs € (A 27b4-27%).

(VV2rep € (A27a*-2™).((p (ap (ap (ap (c.2Equotient 2EQUOTIENT
A27a A27b) VOR) V1abs) V2rep))=(VYV3r € A27a.(VV4s €
A27a.((p (ap (ap VOR V3r) Vds))<((p (ap (ap VOR V3r) V3r))A((p (ap
(ap VOR V4s) V4s))A((ap V1abs V3r) = (ap V1abs V4s5)))))))))))

(12)
Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YVOR € ((24-270)A-2Ta) (v 1abs € (A_27bA-27a),

(VV2rep € (A27a*-27).((p (ap (ap (ap (c_2Equotient 2EQUOTIENT
A27a A27b) VOR) Vlabs) V2rep))=(VV3r € A27a.(VV4is €
A27a.((p (ap (ap VOR V3r) V3r))=((p (ap (ap VOR V4s) V4s))=((p (ap
(ap VOR V3r) Vds))<((ap V1abs V3r) = (ap V1abs V4s)))))))))))

(13)
Assume the following.

VA 27a.nonempty A 27a=VA_27b.nonempty A_27b=YA 27c.
nonempty A27c=VYA_27d.nonempty A27d=(VVOf € (A27cA-27%).
(VV1g € (A27d4-2™).(VV2h € (A2TbA-27¢).(VV 3z €
A27a.((ap (ap (ap (ap (c_2Equotient 2E_2D_2D_3E A_27a A27b A 27c
A27d) VOf) V1g) V2h) V3z) = (ap V1g (ap V2h (ap VOf V3z))))))))
(14)



Assume the following.

VA_27a.nonempty A27a=(VVOR € ((24-272)4-27a),
(YV1m € (24-27).((p (ap (ap (c_2Equotient 2ERES__EXISTS__EQUIV
A 27a) VOR) V1im))<((p (ap (ap (c2Ebool 2ERES__EXISTS A_27a) (
ap (c-2Equotient_2Erespects A_27a 2) VOR)) (A\V2zx € A_27a.(
ap V1im V2z))))A(p (ap (ap (c-2Ebool 2ERES__FORALL A_27a) (ap (c_2Equotient_2Erespects
A27a 2) VOR)) (A\V3x € A27a.(ap (ap (c-2Ebool 2ERES__FORALL
A_27a) (ap (c_2Equotient_2Erespects A 27a 2) VOR)) (A\V4y €
A27a.(ap (ap c2Emin_2E_3D_3D_3E (ap (ap c-2Ebool 2E_2F 5C (
o Vim Vi) ap Vim Vi) (o (o VOR Vi) Vi)
15
Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YVOR € ((24-270)A-279) (YV 1abs € (A27b4-27%).
(VV2rep € (A27a*-27).((p (ap (ap (ap (c_2Equotient 2EQUOTIENT
A27a A27b) VOR) V1abs) V2rep))=(VV3f € (24-27).((p (
ap (c-2Ebool 2E_3F A_27b) V3f))<(p (ap (ap (c-2Ebool 2ERES__EXISTS
A_27a) (ap (c_2Equotient_2Erespects A_27a 2) VOR)) (ap (ap (ap
(c_2Equotient_2E_ 2D _2D_3E A_27a 2 A_27b 2) V1abs) (c-2Ecombin_2El
2)) V3£))))))
(16)
Assume the following.

VA_27a.nonempty A27a=(YVOP € (24-272).(VV1f €
(24-27%) ((p (ap (ap (c_2Ebool 2ERES__FORALL A_27a) VOP) V1f))<
(VV2zx € A27a.((p (ap (ap (c2Ebool_2EIN A_27a) V2z) VOP))=

(p (ap V1f V22)))))))
(17)

Theorem 1

VA_27a.nonempty A 27a=YA_27b.nonempty A_27b=(
VYVOR € ((24-274)A4-279) (YV 1abs € (A_27b4-27%).
(VV2rep € (A27a-2").((p (ap (ap (ap (c2Equotient 2EQUOTIENT
A27a A27b) VOR) Vlabs) V2rep))=(VV3f € (24-27%).((p (
ap (c_2Ebool 2E_3F_21 A_27b) V3f))<(p (ap (ap (c_2Equotient_2ERES__EXISTS__EQUIV
A_27a) VOR) (ap (ap (ap (c_2Equotient_2E_2D_2D_3E A_27a 2 A_27)
2) V1abs) (c_2Ecombin_2El 2)) V31)))))))))



