thm_2Equotient__list 2ESOME__EL__RSP
(TMZKQS8MVT73tXHTVrhGvtN{20d92tpAXx2bn)

October 26, 2020

Definition 1 We define c.22Emin_2E_3D to be AA.\x € A y € A.inj_o (z =vy)
of type t=>t.

Definition 2 We define c.22Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_-o (p P=p Q)
of type ¢.

Definition 3 We define c 2Ebool 2ET to be (ap (ap (c.2Emin 2E_3D (22)) (A\V 0z € 2.V0z)) (A\V1z € 2.V
Definition 4 We define c_2Ebool 2E_21 to be AA_27a : t.(AVOP € (24-27%).(ap (ap (c_2Emin_2E_3D (24-27

Definition 5 We define c.2Ebool 2E_2F_5C to be (AV0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t € ¢

Definition 6 We define c_2Equotient 2EQUOTIENT to be NA_27a : t.AA27b : L.AVOR € ((24-27a)7%) A1
Definition 7 We define c_2Ebool_2EF to be (ap (c_2Ebool 2E_21 2) (AVO0t € 2.V 0t)).
Definition 8 We define c.2Ebool 2E_7E to be (AV 0t € 2.(ap (ap c2Emin_2E_3D_3D_3E V0¢) c_2Ebool 2EF
Definition 9 We define c_2Ebool 2E_5C_2F to be (AVO0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t € ¢
Let ty 2FElist 2FElist : 1= be given. Assume the following.
YV AOQ.nonempty A0=nonempty (ty-2Elist 2Elist A0) (1)
Let ¢ 2Elist 2EEXISTS : 1= be given. Assume the following.
VA_27a.nonempty A_2Ta=c 2Elist 2EEXISTS A27a € ((2(ty-2Blist-2Blist A-27a))(24-7))
Let ¢ 2Elist 2ECONS : 1=t be given. Assume the following. 2

VA 27a.nonempty A_27a=>c2Elist 2ECONS A27a € (((ty-2Elist 2Elist
A727a)(ty,2Elist,2Elist A,27a))A,27a)

(3)



Let ¢ 2Flist 2ENIL : 1= be given. Assume the following.

VA_27a.nonempty A27a=c2Elist 2ENIL A 27a € (ty2Elist 2Elist
A27a)

(4)
Let ¢ 2FElist 2ELIST__REL : 1=1= be given. Assume the following.

VA 2Ta.nonempty A27a=YA_27b.nonempty A_27b=c 2FElist 2ELIST__REL
A27a A2Tb € (((2(tv-2Plist-2Blist A2Tb))(ty-2Blist 2Elist A,27a))((2A*27b)A’27a))

(5)
Definition 10 We define c_2Equotient_2E_3D_3D_3D_3E to be AA_27a : t.NA27b: L. A\VOR1 € ((2‘4*27‘1)14’27
Assume the following.
True (6)
Assume the following,.

VA 27a.nonempty A27a=(VVO0t € 2.((VV1x € (7)
A27a.(p VOt))=(p VOL)))

Assume the following.

(VVOt € 2.(((Truen(p VOt))=(p VOEO)A((((p VO)ATrue)=
(p VOO)A(((Falsen(p VOt))=False)A((((p VOt)AFalse)< False)A  (8)

(((p VO)A(p VOt))=(p VO1)))))))

Assume the following.

(YV Ot € 2.(((True=-(p VOt))=(p VO£))A(
True)A(((False=(p VOt))=True) AN((((p VOt)=(p
(p VOt)= False)=(=(p V01))))))))

(((p VOt)=True)=
Voe))eTrue)A(( (9)

Assume the following.

((VVOt € 2.((=(—(p VOt)))=(p VO)))A(((—True)<False) A

((=False)=True))) (10)

Assume the following.

(YVOt € 2.(((Trues(p VOt))=(p VOO))A((((p VOt)=True)<
(p VOO)A(((Falses(p VOt))=(=(p VOL))A(((p VOt)& False)e(=( (1)

pV01))))))

Assume the following.

VA 27a.nonempty A27a=((YVOP € (24-27%).((p (ap
(ap (c2Elist 2EEXISTS A27a) VOP) (c-2Elist 2ENIL A_27a)))&
False))A(VV1P € (24-27%) (YV2h € A27a.(VV3t €
(ty2Elist 2Elist A27a).((p (ap (ap (c2Elist 2EEXISTS A_27a)
V1P) (ap (ap (¢ 2Elist 2ECONS A_27a) V2h) V3t)))<((p (ap V1P V2h))V
(p (ap (ap (c2Elist 2EEXISTS A 27a) V1P) V3t))))))))
(12)



Assume the following.

VA_27a.nonempty A27a=(YVOP € (2(ty-2Elist2Blist A27a)y,

(((p (ap VOP (c2Elist 2ENIL A_27a)))AN(YV1t € (ty_2Elist 2Elist
A27a).((p (ap VOP V1t))=(VV2h € A27a.(p (ap VOP (ap (ap (
c2Elist 2ECONS A_27a) V2h) V1t)))))))=(VV3l € (ty-2Elist 2Elist
A_27a).(p (ap VOP V3I)))))

(13)
Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YVOR € ((24-270)4-279) (VV1a € A27a.(VV2as €
(ty2BElist 2Elist A_27a).(YV3b € A_27b.(¥V4bs €
(ty2Elist_2Elist A_27b).(((p (ap (ap (ap (c-2Elist 2ELIST__REL
A27a A27b) VOR) (c2Elist 2ENIL A_27a)) (c2Elist 2ENIL A27b)))<
True)A(((p (ap (ap (ap (c-2Elist 2ELIST__REL A_27a A_27b) VOR)

(ap (ap (c2Elist 2ECONS A_27a) V1a) V2as)) (c2Elist 2ENIL A 27))))&
False)N(((p (ap (ap (ap (c2Elist 2ELIST__REL A 27a A_27b) VOR)
(c2Elist 2ENIL A 27a)) (ap (ap (c2Elist 2ECONS A_27b) V3b) V4bs)))<
False)A((p (ap (ap (ap (c-2Elist 2ELIST__REL A_27a A27b) VOR)

(ap (ap (c2Elist 2ECONS A_27a) V1a) V2as)) (ap (ap (c2Elist 2ECONS
A_27b) V3b) V4bs)))<((p (ap (ap VOR V1a) V3b))A(p (ap (ap (ap (c2Elist 2ELIST__REL
A27a A27b) VOR) V2as) V4bs))))))))))))

(14)

Theorem 1

VA_27a.nonempty A 27a=YA_27b.nonempty A_27b=(
VVOR € ((24-274)4-27a) (YV 1abs € (A27pA-272),
(VV2rep € (A27a-").((p (ap (ap (ap (c2Equotient 2EQUOTIENT
A27a A_27b) VOR) V1abs) V2rep))=(VYV3Il € (ty2FElist_2Elist
A 27a). (VW42 € (ty-2Elist_2Elist A27a).(VV5P1 €
(24-270) (VW6 P2 € (24-27).(((p (ap (ap (ap (ap (c2Equotient 2E_3D_3D_3D_3E
A_27a 2) VOR) (c-2Emin_2E_3D 2)) V5P1) V6P2))A(p (ap (ap (ap (c2Elist 2ELIST__REL
A27a A27a) VOR) V3I1) V4i2)))=((p (ap (ap (c2Elist 2EEXISTS
A27a) V5P1) V3I1))<=(p (ap (ap (c2Elist 2EEXISTS A27a) V6P2)

V4i2))))))))))))



