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Definition 1 We define c.2Emin_2E_3D to be AA.\x € A y € A.inj_o (z =vy)
of type t=>t.

Definition 2 We define c_2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (\VO0z € 2.V0z)) (A\V1x € 2.V
Definition 3 We define c_2Ebool 2E 21 to be N\A_27a : t.(A\VOP € (24-27%) (ap (ap (c_2Emin_2E_3D (24-27
Definition 4 We define c_2Ebool_2EF to be (ap (c_2Ebool 2E_21 2) (AVO0t € 2.V 0t)).
Let c2Enum 2EZFERO__REP : 1 be given. Assume the following.
c2Enum 2EZERO__REP € omega (1)
Let ty 2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2Enum (2)
Let c2Enum 2EABS__num : ¢ be given. Assume the following.
c2Enum_2EABS__num € (ty-2Enum_2Enum°™") (3)
Definition 5 We define cC2Enum_2EQ to be (ap c2Enum_2EABS_num c2Enum 2EZERO__REP).
Definition 6 We define c_2Earithmetic_ 2EZERO to be c_2Enum_2EO.
Let c2Enum 2EREP__num : ¢ be given. Assume the following.
c2Enum 2EREP_num € (omega'y-2Fnum-2Enum) (4)
Let c2Enum 2ESUC__REP : 1 be given. Assume the following.
c2Enum 2ESUC__REP € (omega®™®9%) (5)

Definition 7 We define c.22Enum_2ESUC to be AVOm € ty_2Enum_2Enum.(ap c2Enum 2EABS__num



Let c.2Farithmetic2E 2B : 1 be given. Assume the following.
c2Earithmetic 2E 2B € ((ty_2Enum _2Enumty-2Enum-2Enum)ty-2Enum-2Enum)
(6)
Definition 8 We define c_2Earithmetic_2EBIT1 to be A\VOn € ty_ 2Enum_2Enum.(ap (ap c2Earithmetic_
Definition 9 We define c_2Earithmetic 2ENUMERAL to be A\VOx € ty_2Enum_2Enum.V0x.
Let ty 2FEinteger 2Eint : v be given. Assume the following.
nonempty ty_2FEinteger 2Eint (7)
Let c.2Finteger 2Eint__of __num : ¢ be given. Assume the following.
c2Finteger 2Eint__of _num € (ty_2Einteger 2Fint'¥-2Enum-2Enumy gy

Definition 10 We define c 2Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_o (p P=p Q)
of type ¢.
Definition 11 We define c 2Ebool 2E_2F 5C to be (A\V0t1 € 2.(A\V'1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €
Let ty_2FEpair_2Eprod : t1=>t=>t be given. Assume the following.
VAO.nonempty A0=VYAl.nonempty Al=nonempty (ty-2Epair 2Eprod
A0 A1)
(9)
Let c2Epair 2EABS __prod : t=1=1 be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=c_2FEpair 2EABS __prod

A 27a A27b € ((ty-2Epair 2Eprod A 27a A,27b)((2A,z7b)A,27a))
(10)

Definition 12 We define c 2Epair 2E_2C to be N\A27a : t.AA27b : 1. AVO0x € A27a AV1y € A27b.(ap (c-2
Let ty 2F frac2E frac : ¢ be given. Assume the following.

nonempty ty 2F frac 2E frac (11)
Let ¢c2F frac.2FEabs__frac : v be given. Assume the following.

c2E frac2Eabs__frac € (ty 2F frac2E fr ac(ty-2Epair 2Eprod ty_2Einteger_2Eint ty,2Emteger,2Emt))
(12)

Definition 13 We define c_2Efrac_2Efrac__1 to be (ap c2E frac2Eabs__frac (ap (ap (c_2Epair2E_2C ty_2
Let c2F frac2Erep__frac : ¢ be given. Assume the following.

c2E frac2Erep__frac € ((ty_2Epair 2Eprod ty_2FEinteger 2Fint

ty_2Einteger 2Eint)V-2Ffrac-2Bfrac) (13)

Let c2Epair 2ESND : 1=-1=>1 be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=-c_2FEpair 2ESN D
A927a A27b € (A727b(ty,2Epair,2Eprod A_27a A,27b))
(14)



Definition 14 We define c_2Efrac_2Efrac__dnm to be A\VOf € ty 2F frac2E frac.(ap (c.2Epair 2ESND t
Let c2Epair 2EF ST : 1=1=- be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=c_2FEpair 2EFST
A927a A27b € (A727a(ty,2Epair,2Eprod A_27a A,27b))
(15)

Definition 15 We define c_2Efrac_2Efrac__nmr to be \VOf € ty 2F frac 2E frac.(ap (c.2Epair 2EFST ty
Let c.2FEinteger 2FEint__ REP__CLASS : . be given. Assume the following.

C,QEinteger,2Eint,,REP,,C’LASS c ((Q(ty,QEpair,QEprod ty_2Enum_2Enum ty_2Enum_2Enum) )ty,ZEinteger,Z
(16)

Definition 16 We define c 2Emin_2E_40 to be A\A.AP € 24.if (32 € A.p (ap P z)) then (the (\z.x € AN,
of type t=-t.

Definition 17 We define c_2Einteger 2Eint__REP to be AV 0a € ty_2Finteger_2FEint.(ap (c-2Emin_2E_40 (¢
Let c.2FEinteger 2Etint__mul : ¢ be given. Assume the following.

c2Einteger 2Etint__mul € (((ty-2Epair 2Eprod ty-2Enum_2Enum
)(ty,ZEpui'r,ZEp'rod ty_2Enum_2Enum ty,QEnum,QE‘num))(tylEpair,ZEprod ty_2Enum_2Enum t1

(17)

ty2Enum_2Enum

Let c_2FEinteger 2FEtint__eq : ¢ be given. Assume the following.

c 2Einteger 2Etint eq € ((2(ty,2Epair,2Eprod ty_2Enum_2Enum ty,2Enum,2Enum))(ty,QEpair,2Eprod ty_2Enum

(18)
Let c.2FEinteger 2Fint_ABS__CLASS : i be given. Assume the following.

(ty—2Epair_2Eprod ty—2Enum_2Enum ty_2Enum_2Enum)

(19)

c2Einteger 2Fint_ABS__CLASS € (ty 2FEinteger 2Fint(?

Definition 18 We define c_2Einteger_2Eint__ABS to be A\VOr € (ty_2Epair 2Eprod ty_2Enum_2Enum ty-
Definition 19 We define c_2Einteger 2Eint__mul to be A\VOT'1 € ty_2FEinteger 2Eint. \V1T2 € ty_2FEinteg
Definition 20 We define c_2Erat_2Erat__equiv to be \VOf1 € ty 2F frac2E frac.A\V1f2 € ty 2FE frac 2F |
Let ty 2Erat 2Erat : ¢ be given. Assume the following.

nonempty ty_2Erat_ 2Erat (20)

Let c2Erat 2Eabs_rat__CLASS : 1 be given. Assume the following.

2ty,2Efrac,2EfraC)

c2Erat 2Eabs_rat__CLASS € (ty 2Erat 2Erat’ ) (21)
Definition 21 We define c_2Erat_2Eabs__rat to be A\VOr € ty_2E frac 2E frac.(ap c.2Erat_2Eabs__rat__C]1

Definition 22 We define c_2Erat_2Erat__1 to be (ap c_2Erat_2Eabs__rat c_2Efrac_2Efrac__1).



Let c2Erat 2Erep_rat__ CLASS : 1 be given. Assume the following.

c2Erat 2Erep_rat__CLASS € ((2’5”*2Efmc*2Ef7’“c)ty*QEMtJEMt

) (22)
Definition 23 We define c2Erat_2Erep__rat to be AV 0a € ty_2Erat_2Erat.(ap (c.2Emin_2E_40 ty_2F frac.

Let c.2FEinteger 2Etint__add : + be given. Assume the following.

c2Einteger 2Etint__add € (((ty-2Epair_2Eprod ty_2Enum_2Enum
ty72Enum72Enum)(ty,2Epair,2Eprod ty_2Enum_2Enum ty,2Enum,2Enum))(ty,ZEpair,QEprod ty_2Enum_2Enum t1

(23)
Definition 24 We define c_2Einteger 2Eint__add to be \VOT'1 € ty_ 2Finteger 2Eint. A\V1T2 € ty_2FEinteg
Definition 25 We define c_2Efrac_2Efrac__add to be A\VOf1 € ty 2E frac2E fracA\V1f2 € ty 2E frac 2F|
Definition 26 We define c2Erat_2Erat__add to be A\VOrl € ty_2Erat 2Erat. \V1r2 € ty_2Erat_2Erat.(ap

Definition 27 We define c 2Ecombin_2EK to be AA_27a : t. \A27b : 1.(AVO0x € A 2Ta.(A\V1y € A27b.V0x

Definition 28 We define c.2Ecombin_2ES fo be AA_27a : LAA2Th : LAA27c : 1. AVOf € ((A27c¢A-2)"

Definition 29 We define c 2Ecombin 2E| to be AA_27a : 1.(ap (ap (c_2Ecombin 2ES A 27a (A 27a”-27) A
Let c2FEarithmetic2Enum__CASE : 1= be given. Assume the following.

VA 27a.nonempty A_27a=c_2FEarithmetic2Enum__CASE A27a €
(((A727a(A,27aty*2E"“m*2E"”m))A,27a)ty,2Enum,2Enum)

(24)

Definition 30 We define c_2Efrac_2Efrac__0 to be (ap c2E frac2Eabs__frac (ap (ap (c_2Epair2E_2C ty_2
Definition 31 We define c_2Erat_2Erat__0 to be (ap c_2Erat_2Eabs__rat c_2Efrac_2Efrac_0).

Definition 32 We define c_2Ebool 2E_TE to be (A\VOt € 2.(ap (ap c_2Emin_2E_3D_3D_3E V0t) c_2Ebool 2E

Definition 33 We define c 2Ebool 2E_3F to be AA_27a : 1. (AVOP € (24-27%).(ap VOP (ap (c.2Emin_2E_40

Definition 34 We define c_2Erelation 2EWF to be AA_27a : LAVOR € ((24-27)**"") (ap (c_2Ebool 2E_21
Let ¢.2Ebool 2EARB : 1= be given. Assume the following.
VA 27a.nonempty A_27a=c_ 2Ebool 2EARB A 27a € A 27a (25)

Definition 35 We define c_2Ebool 2ECOND to be AA_27a : t.(AVOt € 2.(AV1tl € A27a.(A\V2t2 € A27a.(
Definition 36 We define c_2Erelation 2ERESTRICT to be AA_27a : t.NA27b : L AVOf € (A,27bA*27a).)\V11

Definition 37 We define c_2Erelation 2ETC to be A\A_27a : L AVOR € ((24-270)" ") \V1a € A_27a.\V2b

Definition 38 We define c_2Erelation_2Eapprox to be NA_27a : t.AA27b : L AVOR € ((24-27)* 7" \V1M



Definition 39 We define c_2Erelation_2Ethe__fun to be A\A_27a : L. AA_27b : L AVOR € ((24-270)-27) A\V11

A_27a

Definition 40 We define c_2Erelation 2EWFREC to be AA_27a : t.AA_27b : L. \VOR € ((24-27%) ).AVIA

Definition 41 We define c 2Erat_2Erat__of __num to be (ap (ap (c-2Erelation 2EWFREC ty_2Enum_2Enum
Let c_2FEinteger 2Etint__neg : ¢ be given. Assume the following.

c2Einteger 2Etint__neg € ((ty_2Epair 2Eprod ty_2Enum_2Enum
ty,QEnum,ZEnum) (ty-2Epair_2Eprod ty_2Enum_2Enum ty,2Enum,2Enum))

(26)
Definition 42 We define c 2Einteger 2Eint__neg to be A\VOT'1 € ty_2Finteger_2Eint.(ap c_2Einteger 2Eint.
Definition 43 We define c 2Efrac_2Efrac__ainv to be \VOf1 € ty 2E frac 2E frac.(ap ¢ 2E frac 2Eabs__f1
Definition 44 We define c_2Erat_2Erat__ainv to be A\VOrl € ty_2Erat_2FErat.(ap c_2Erat_2Eabs__rat (ap c_
Definition 45 We define c_2Efrac_2Efrac_mul to be A\VOf1 € ty 2FE frac2E fracA\V1f2 € ty 2F frac 2F,
Definition 46 We define c 2Erat 2Erat_mul to be A\VOrl € ty 2Erat 2Erat.\V1r2 € ty 2Erat 2Erat.(ap
Let ty_2FEring 2Ering : 1=t be given. Assume the following.
VA0.nonempty A0=nonempty (ty_2Ering 2Ering A0) (27)
Let c.2Ering 2Erecordtype_ 2Ering : 1=t be given. Assume the following.

VA 27a.nonempty A_27a=c2Ering_2FErecordtype 2Ering

A27a € (((((ty-2Ering 2Ering A,27a)(A*27aA727a))((AJMAJM)AJM))((A*”“A*z“)mzn))A*27“)A*27“)
(28)
Let c.2Ering 2Ering_._RN : 1=t be given. Assume the following.

VA_27a.nonempty A27a=c2Ering 2Ering._RN A_27a € ((A27a4-27¢)(ty-2Ering 2Ering A_27a))
(29)
Let c2Ering 2Ering__R1 : 1= be given. Assume the following.

VA 27a.nonempty A_27a=>c2Ering 2Ering._R1 A_27a € (A_27q(ty-2Ering-2Ering A-2Ta))
(30)
Let ¢ 2Ering 2Ering__R0 : 1= be given. Assume the following.

VA 27a.nonempty A_27a=c_2Ering 2Ering__R0 A_27a € (A_27q(ty-2Ering-2Ering A-2Ta))

(31)
Let c2Ering 2Ering__RM : 1= be given. Assume the following.
VA_27a.nonempty A27a=c2Ering 2Ering__RM A_27a € (((
A727aA,27a)A,27a)(ty,QETing,2Ering A,27a)) (32)
Let c.2Ering 2Ering__RP : 1= be given. Assume the following.
VA 27a.nonempty A27a=c2Ering 2Ering__RP A27a € ((( (33)

A,Z?CLA’27G)A*270’) (ty_2Ering_2Ering A_27a) )



Definition 47 We define c_2Ering_2Eis__ring to be A\A27a : 1. AV Or € (ty-2Ering 2Ering A-27a).(ap (ap c
Assume the following.

VA_27a.nonempty A 27a=(VVO0t € 2.((VV1x €

A 27a.(p VOB (p VOR)) (34)

Assume the following.

(YVOt € 2.(((Truen(p VOt))<=(p VOO))A((((p VOt)ATrue)<
(p VOO))A(((Falsen(p VOt))=False)A((((p VOt)AFalse)< False)A  (35)

t)
(((p VOO)A(p VO))&(p V01)))))))

Assume the following.

VA_27a.nonempty A27a=(VV0x € A27a.(V0z = V0z)&=
True))

Assume the following.

(VV0a € ty2Erat 2Erat.(VV1b € ty_2Erat_2Erat.(
VV2¢ € ty 2Erat 2Erat.((ap (ap c_2Erat_2Erat__add V0a)
(ap (ap c-2Erat_2Erat__add V'1b) V2¢)) = (ap (ap c_2Erat_2Erat__add
(ap (ap c2Erat_2Erat__add V0a) V1b)) V2¢)))))

(37)

Assume the following.

(VVO0a € ty 2Erat 2Erat.(VV1b € ty 2Erat 2Erat.(
VV2c € ty2Erat2Erat.((ap (ap c-2Erat_2Erat__mul V0a)
(ap (ap c2Erat_2Erat__mul V'1b) V2¢)) = (ap (ap c_2Erat_2Erat__mul
(ap (ap c2Erat_2Erat__mul V0a) V'1b)) V2¢)))))

Assume the following.

(VV0a € ty_2Erat 2Erat.(NV1b € ty_2Erat_2Erat.(
(ap (ap c-2Erat_2Erat__add V0a) V1b) = (ap (ap c_2Erat_2Erat__add (39)
V1b) V0a))))

Assume the following.

(VVO0a € ty 2Erat 2Erat.(VV1b € ty 2Erat 2Erat.(
(ap (ap c_2Erat_2Erat__mul V0a) V1b) = (ap (ap c_2Erat_2Erat__mul (40)
V1b) V0a))))

Assume the following.

(VV0a € ty2Erat2Erat.((ap (ap c.2Erat_2Erat__add (ap
c_2Erat_2Erat__of__num c_2Enum_2E0)) V0a) = V0a))



Assume the following.

(VV0a € ty 2Erat 2Erat.((ap (ap c_2Erat_2Erat_mul (ap
c_2Erat_2Erat__of __num (ap c_2Earithmetic 2ENUMERAL (ap c_2Earithmetic 2EBIT1
c_2Earithmetic.2EZERO)))) V0a) = V0a))
(12)
Assume the following.

(VV0a € ty 2Erat_2Erat.((ap (ap c_2Erat_2Erat__add V0a)
(ap c_2Erat_2Erat__ainv V0a)) = (ap c-2Erat_2Erat__of __num c_2Enum_2E0)))
(43)
Assume the following.

(VV0a € ty_2Erat 2Erat.(VV1b € ty_2Erat 2Erat.(
VV2c € ty2Erat 2Erat.((ap (ap c.2Erat_2Erat_mul (ap (
ap c2Erat 2Erat__add V0a) V1b)) V2¢) = (ap (ap c-2Erat 2Erat__add  (44)
(ap (ap c-2Erat_2Erat__mul V0a) V2¢)) (ap (ap c_2Erat_2Erat__mul
V1b) V2¢))))))

Assume the following.

VA 27a.nonempty A27a=((VV0a € A27a.(WVV1a0 €
A27a.(VV2f € ((A27a"-272)A-270) (Y3 f0 € ((A27aA-2Ta)A-2Ta),
(YV4f1 € (A27a-2").((ap (c2Ering 2Ering._R0 A_27a)

(ap (ap (ap (ap (ap (c2Ering-2Erecordtype2Ering A-27a) V0a) V1a0)
V2f) V3f0) V4f1)) =V0a))))))A((¥V5a € A27a.(VV6a0 €
A27a.(WVTF € ((A2TaA-2T0)A2Tay (Y8 0 € ((A_27q"-27a)A-2Tay,
(YV9f1 € (A27a*-%").((ap (c2Ering 2Ering__R1 A_27a)

(ap (ap (ap (ap (ap (c2Ering 2Erecordtype 2Ering A_27a) V5a) V6a0)
V7f) V8f0) VI9f1)) = V6a0))))))A((VV10a € A27a.(VV11a0 €
A27a.(YV12f € ((A27aA-279)A-2Ta) (V13 f0 € ((
A27aA-270)A-2Ta) (Y1411 € (A27a”-*7%).((ap (c2Ering 2Ering__RP
A27a) (ap (ap (ap (ap (ap (c-2Ering-2Erecordtype 2Ering A_27a)
V10a) V1la0) V12f) V13£0) V14f1)) = V12f))))))A((¥V15a €
A27a.(VV16a0 € A27a.(VV17f € ((A27aA-270)A-27Ta),
(VV18£0 € ((A27a4-272)A-270) (YV19f1 € (A_27a*-279).

((ap (c2Ering 2Ering-_RM A_27a) (ap (ap (ap (ap (ap (c-2Ering-2Erecordtype_2Ering
A27a) V15a) V16a0) V17f) V18£0) V19£1)) = V18£0))))))A(¥V20a €
A27a.(VV21a0 € A27a.(VV22f € ((A27aA-27a)A-2Ta),
(VV23£0 € ((A27a"-272)A-270) (YV24f1 € (A_27a"-2T9).

((ap (c.2Ering 2Ering__RN A_27a) (ap (ap (ap (ap (ap (c2Ering_2Erecordtype 2Ering
A27a) V20a) V21a0) V22f) V23£0) V24£1)) = V24£1))))))))))

(45)



Theorem 1

(p (ap (c-2Ering_2Eis__ring ty_2Erat_2Erat) (ap (ap (ap (ap (ap
(c2Ering_2Erecordtype 2Ering ty 2Erat_2Erat) (ap c_2Erat_2Erat__of __num
c_2Enum_2EQ)) (ap c_2Erat_2Erat__of__num (ap c_2Earithmetic 2ENUMERAL
(ap c_2Earithmetic 2EBIT1 c_2Earithmetic_2EZERO)))) c_2Erat_2Erat__add)
c_2Erat_2Erat__mul) c_2Erat_2Erat__ainv)))



