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Definition 1 We define c 2Emin_2E_3D to be A\A.\x € A y € Ainj_o (x = y)
of type t=>t.

Definition 2 We define c_2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (\VO0z € 2.V0z)) (A\V1x € 2.V
Let ty 2F frac2E frac : ¢ be given. Assume the following.
nonempty ty_2F frac2F frac (1)
Let ty_2FErat_2FErat : ¢ be given. Assume the following.
nonempty ty_2Erat 2Erat (2)

Let c2Erat 2Erep_rat_CLASS : ¢ be given. Assume the following.

ty_2Erat_2Erat

c2Erat 2Erep_rat_CLASS e ((2tv-2Efrac-2Efracy ) (3)

Definition 3 We define c 2Emin_2E_40 to be \AAP € 24.if (32 € Ap (ap P x)) then (the (\z.x € AAp
of type t=>t.

Definition 4 We define c 2Ebool 2E 21 to be AA_27a : 1. (AVOP € (24-27%).(ap (ap (c.2Emin_2E_3D (24-27
Definition 5 We define c_2Erat 2Erep__rat to be \V0a € ty_2FErat_2Erat.(ap (c2Emin_2E_40 ty 2F frac_2
Let ty 2FEinteger 2FEint : ¢ be given. Assume the following.

nonempty ty_2FEinteger 2Eint (4)
Let ty_2FEpair 2Eprod : t1=-1=1 be given. Assume the following.

VAO.nonempty A0=VAl.nonempty Al=nonempty (ty-2Epair 2Eprod
A0 A1)
(5)
Let c2FE frac2Erep__frac : ¢ be given. Assume the following.

c2E frac2Erep__frac € ((ty-2Epair_2Eprod ty-2Finteger_2Eint (6)
ty_2Einteger 2Eint)W-2Ffrac-2Bfrac)



Let c2Epair 2ESN D : t=-1=>1 be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=-c_2FEpair 2ESN D
A927a A27b € (A727b(ty,2Epair,2Eprod A_27a A,27b))

(7)
Definition 6 We define c_2Efrac_2Efrac__dnm to be A\VOf € ty 2F frac 2E frac.(ap (c.2Epair 2ESND ty

Let ty 2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2Enum (8)
Let c.2FEinteger 2Fint_REP__CLASS : 1 be given. Assume the following.

c,2Einteger,ZEmt,,REP,,C’LASS c ((Q(ty,2Epair,2Eprod ty_2Enum_2Enum ty,QEnum,QEnum))ty,2Einteger,2
(9)
Definition 7 We define c_2Einteger 2Eint__REP to be AV 0a € ty_2FEinteger 2Fint.(ap (c_2Emin_2E_40 (ty.

Let c2FEinteger 2Etint__mul : + be given. Assume the following.

c2Einteger 2Etint__mul € (((ty-2Epair 2Eprod ty-2Enum_2Enum
)(ty,QEpai7',2Ep7'od ty_2Enum_2Enum ty,QEnum,QE'nu’m))(ty,QEpair,QEprod ty_2Enum_2Enum t1

(10)

ty2Enum_2Enum

Let c.2Finteger 2Etint__eq : ¢ be given. Assume the following.

c 2Eintege7“ 2Etint eq € ((2(ty,2Epai7',2Ep7'od ty_2Enum_2Enum ty,QEnum,QEnum))(ty,2Epair,2Eprod ty_2Enum

(11)
Let c_2FEinteger 2Fint__ABS__CLASS : i be given. Assume the following.

9(ty-2Epair_2Eprod ty_2Enum_2Enum ty_2Enum_2Enum)

(12)

c2Einteger 2Fint__ABS_CLASS € (ty 2Einteger 2Eint!

Definition 8 We define c_2Einteger 2Eint__ABS to be A\VOr € (ty-2Epair_2Eprod ty_2Enum_2Enum ty_2
Definition 9 We define c_2Einteger 2Eint_mul to be \VOT'1 € ty 2FEinteger 2Eint. A\V1T2 € ty_2FEinteges
Let c2Epair 2EF ST : 1=1= be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=c_2Epair 2EFST
A 270 A2Tb € (A727a(ty,2Epair,2Eprod A_27a A,27b))
(13)

Definition 10 We define c 2Efrac_2Efrac__nmr to be \VOf € ty 2F frac 2E frac.(ap (c_2Epair 2EFST ty

Definition 11 We define c 2Emin_2E_3D_3D_3E to be AP € 2.)\Q € 2.inj_o (p P=p Q)
of type ¢.

Definition 12 We define c_2Ebool 2E_2F 5C to be (A\V0t1 € 2.(AV 12 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €



Let c2Epair 2EABS__prod : t=t=-t be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=c 2FEpair 2EABS __prod
A27a A27b € ((ty-2Epair 2Eprod A-2Ta A_27b)(2*=™) 1)
(14)
Definition 13 We define c_2Epair 2E_2C to be AA27a : t.AA2Tb : 1. AVO0zx € A27a.\V1y € A27b.(ap (c-2
Let ¢ 2E frac2Eabs__frac : v be given. Assume the following.

c,2Efrac,2Eabs,,frac c (ty,2Ef7"aC,2EfTaC(ty’2EpaiT*2EpTOd ty_2Einteger_2Eint ty,2Einteger,2Eint))
(15)

Definition 14 We define c_2Efrac_2Efrac_mul to be A\VOf1 € ty 2F frac 2E frac.A\V1f2 € ty 2F frac2FE,
Definition 15 We define c_2Erat_2Erat__equiv to be A\VOf1 € ty 2F frac2E fracA\V1f2 € ty 2E frac 2F |
Let c2Erat 2FEabs_rat__CLASS : . be given. Assume the following.

2ty,2Ef7‘ac,2Ef7‘ac)

c2Frat 2Eabs_rat__CLASS € (ty_2FErat 2Erat’ ) (16)
Definition 16 We define c_2Erat_2Eabs__rat to be A\VOr € ty_2E frac 2E frac.(ap c.2Erat_2Eabs__rat__C]
Definition 17 We define c_2Erat_2Erat__mul to be A\VOrl € ty_ 2Erat_ 2Erat. \V1r2 € ty 2Erat_ 2Erat.(ap

Assume the following.
True (17)

Assume the following.

VA_27a.nonempty A27a=(VVO0t € 2.((VV1x €

A27a.(p VOI)&(p VOE)) (18)

Assume the following.

VA 27a.nonempty A 27a=(VYV0x € A27a.(V0z = VOz)&

True)) (19)

Assume the following.

(VVO0a € ty 2E frac2E frac.(NV1b € ty 2FE frac2E frac.
(VV2¢ € ty 2F frac2E frac.((ap (ap c2Efrac_2Efrac_mul
V0a) (ap (ap c_2Efrac_2Efrac_mul V1b) V2¢)) = (ap (ap c_2Efrac_2Efrac_mul
(ap (ap c2Efrac_2Efrac_mul V0a) V'1b)) V2¢)))))
(20)
Assume the following.

(VVO0x € ty 2E frac2E frac.(VV1y € ty 2E frac 2E frac.
((ap c_2Erat_2Eabs__rat (ap (ap c_2Efrac_2Efrac_mul (ap c_2Erat_2Erep__rat
(ap c2Erat_2Eabs__rat V0x))) V1y)) = (ap c2Erat_2Eabs__rat (
ap (ap c2Efrac_2Efrac_mul VO0z) V1y)))))A(VV 2z € ty 2E frac2E frac.
(VV3y € ty2E frac2E frac.((ap c_2Erat_2Eabs__rat (ap (
ap c_2Efrac_2Efrac_mul V2x) (ap c_2Erat_2Erep__rat (ap c_2Erat_2Eabs__rat
V3y)))) = (ap c_2Erat_2Eabs__rat (ap (ap c_2Efrac_2Efrac__mul

V2x) V3y))))))
(21)



Theorem 1

(VVO0a € ty 2Erat 2Erat.(VV'1b € ty_2Erat 2Erat.(
VV2c € ty 2Erat 2Erat.((ap (ap c2Erat_2Erat_mul V0a)
(ap (ap c2Erat_2Erat__mul V'1b) V2c¢)) = (ap (ap c-2Erat_2Erat_mul
(ap (ap c2Erat_2Erat__mul V0a) V'1b)) V2¢)))))



