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Let ty_2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2Enum (1)
Let ty_2FEpair_2Eprod : t1=>t= be given. Assume the following.

YV AO.nonempty A0=VAl.nonempty Al=nonempty (ty_2Epair 2Eprod
A0 A1)

Let ty_2FEinteger 2Eint : « be given. Assume the following.
nonempty ty_2Finteger 2FEint (3)
Let c.2FEinteger 2Fint__ REP__CLASS : i be given. Assume the following.

0,2Einteger,QEint,,REP,,C’LASS c ((2(ty,2Epair,2Eprod ty_2Enum_2Enum ty_2Enum_2Enum) )ty,QEinteger,Q
(4)

Definition 1 We define c_2Emin_2E_40 to be \A.XP € 24.if (3z € A.p (ap P x)) then (the (\z.x € ANp
of type t=-t.

Definition 2 We define c2Emin_2E_3D to be \A.Ax € ANy € A.inj_o (x = y)
of type t=-t.

Definition 3 We define c_2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (A\V0z € 2.V0z)) (A\V1z € 2.V
Definition 4 We define c_22Ebool 2E_21 to be A\A_27a : t.(A\VOP € (24-27%) (ap (ap (c.2Emin_2E_3D (24-27
Definition 5 We define c_2Einteger 2Eint__REP to be AV 0a € ty_2FEinteger 2Fint.(ap (c_2Emin_2E_40 (ty.

Let c.2FEinteger 2Etint__t : v be given. Assume the following.

c,QEinteger,QEtmt,,lt c ((Q(ty,QEpai7',2Ep7'od ty_2Enum_2Enum ty,2Enum,2Enum))(ty,QEpair,QEprod ty_2Enum.
(5)
Definition 6 We define c_2Einteger 2Eint__It to be A\VOT'1 € ty_2FEinteger 2Eint. \V1T2 € ty_2FEinteger 2



Definition 7 We define c_2Einteger 2Eint__gt to be \V 0z € ty_2FEinteger 2Eint. \V 1y € ty_2Finteger 2E'
Let c2Enum 2EZERO__REP : . be given. Assume the following.
c2Enum 2EZERO__REP € omega (6)
Let c2Enum 2EABS__num : ¢ be given. Assume the following.
c2Enum_2EABS__num € (ty-2Enum_2Enum®™") (7)
Definition 8 We define c.2Enum_2EQ to be (ap c.2Enum_2EABS_num c2Enum 2EZERO__REP).
Definition 9 We define c_2Earithmetic_ 2EZERO to be c_2Enum_2EO.
Let c2Enum 2EREP__num : ¢ be given. Assume the following.
c2Enum 2EREP_num € (omegay-2Fnum-2Enum) (8)
Let c2Enum 2ESUC__REP : 1 be given. Assume the following.
c2Enum 2ESUC_REP € (omega®™9%) (9)

Definition 10 We define c 2Enum_2ESUC to be AVOm € ty_ 2Enum_2Enum.(ap c2Enum_2EABS__num

Let c.2Farithmetic2E 2B : 1 be given. Assume the following.

c.2Earithmetic 2E 2B € ((ty_2Enum_2Enum!y-2Enum-2Enum )ty 2Enum_2Enum)
(10)

Definition 11 We define c_2Earithmetic 2EBIT1 to be A\VOn € ty_ 2Enum_2Enum.(ap (ap c2Earithmetic
Definition 12 We define c_2Earithmetic 2ENUMERAL to be A\V 0z € ty_2Enum_2Enum.V0x.
Let c_2FEinteger 2Eint__of __num : ¢ be given. Assume the following.
c2Finteger 2Fint__of _num € (ty 2Einteger 2Eint"¥-2Emum-2Enumy (17)
Let c_2Finteger 2Etint_neg : ¢ be given. Assume the following.

c2Einteger 2Etint_neg € ((ty_2Epair 2Eprod ty_2Enum_2Enum
ty,QEnum,QEnum) (ty-2Epair_2Eprod ty_2Enum_2Enum ty,2Enum,2Enum))

(12)
Let c.2Finteger 2Etint__eq : ¢ be given. Assume the following.

c 2Eintege7“ 2Etint eq € ((2(ty,2Epair,2Eprod ty_2Enum_2Enum ty,ZEnum,QEnum))(ty,2Epair,2Eprod ty_2Enun

(13)
Let c_2FEinteger 2FEint__ABS__CLASS : i be given. Assume the following.

o(ty—2Bpair_2Eprod ty_2Bnum_2BEnum ty_2Enum_2Enum)

(14)

c2Einteger 2Fint__ABS__CLASS € (ty 2Einteger 2FEint(



Definition 13
Definition 14
Definition 15

Definition 16
of type ¢.

Definition 17
Definition 18
Definition 19
Definition 20
Definition 21
Definition 22

Definition 23

We define c_2Einteger_2Eint__ABS to be AVOr € (ty_2Epair 2Eprod ty_2Enum_2Enum ty-
We define c_2Einteger_2Eint__neg to be A\VOT'1 € ty_2Finteger_2Eint.(ap c_2Einteger_2Eint.
We define c_2Ebool _2EF to be (ap (c_2Ebool 2E_21 2) (AV Ot € 2.V 0t)).

We define c 2Emin_2E_3D_3D_3E to be AP € 2.)\Q € 2.inj_o (p P=p Q)

We define c_2Ebool 2E_2F 5C to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c2Ebool 2E_21 2) (AV2t €
We define c22Ebool_2ECOND to be AA_27a : t.(AV Ot € 2.(A\V1tl € A_27a.(A\V2t2 € A27a.(
We define c_2EintExtension_2ESGN to be AV 0x € ty_2FEinteger 2Eint.(ap (ap (ap (c-2Eboc
We define c_2Ebool _2E_TE to be (A\V 0t € 2.(ap (ap c_2Emin_2E_3D_3D_3E V0t) c_2Ebool 2E
We define c_2Ebool 2E_3F to be AA_27a : 1.(AVOP € (24-27%).(ap VOP (ap (c2Emin_2E_40
We define c 2Eprim__rec_2E_3C to be A\VOm € ty_2Enum_2Enum. AV 1n € ty_2Enum_2Enu

We define c 2Earithmetic_2EBIT2 to be A\VOn € ty 2Enum_2Enum.(ap (ap c_2Earithmetic

Let ty 2F frac2E frac : ¢ be given. Assume the following.

nonempty ty_2F frac2F frac (15)

Let ty 2FErat_2Erat : ¢ be given. Assume the following.

nonempty ty_2Erat 2Erat (16)

Let c2Erat 2Erep_rat__CLASS : . be given. Assume the following.

c2Frat 2Erep_rat__CLASS € ((2t-2E/rac-2Efrac)

Definition 24

ty_2Erat_2Erat

) (A7)
We define c_2Erat_2Erep__rat to be AV 0a € ty_2Erat_2Erat.(ap (c22Emin_2E_40 ty_2FE frac.

Let ¢c2F frac2Erep__frac : ¢ be given. Assume the following.

c2E frac2Erep__frac € ((ty-2Epair 2Eprod ty_2Einteger_2Eint

ty 2Einteger 2Eint)tv-2Ffrac-2Efrac) (18)

Let ¢ 2Epair 2EF ST : 1=1=- be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=c_2Epair 2EFST
A927a A27b € (A727a(ty,2Epair,2Eprod A_27a A,27b))

Definition 25

Definition 26

(19)
We define c_2Efrac_2Efrac__nmr to be A\VOf € ty 2F frac 2E frac.(ap (c_2Epair 2EFST ty

We define c 2Efrac_2Efrac__sgn to be \VOf1 € ty 2F frac2E frac.(ap c_2EintExtension_2ES



Definition 27 We define c_2Erat_2Erat__sgn to be \VOr € ty_ 2Erat_2Erat.(ap c_2Efrac_2Efrac__sgn (ap c:
Let c2Epair 2ESND : 1=1=>1 be given. Assume the following.

VA 27a.nonempty A27a=YA_27b.nonempty A_27b=c_2FEpair 2ESN D
A927a A2Th € (A727b(ty,2EpaiT;2Ep7'od A_2Ta A,27b))
(20)

Definition 28 We define c 2Efrac_2Efrac__dnm to be A\VOf € ty 2F frac2E frac.(ap (c2Epair 2ESND t

Let c.2Epair 2EABS __prod : t=t=t be given. Assume the following.

VA 2Ta.nonempty A27a=YA_27b.nonempty A_27b=c_2FEpair 2EABS__prod

A27a A27b € <(t972Epai7“72Eprod A 27a A727b)((2A727b)A727a))
(21)

Definition 29 We define c 2Epair 2E 2C to be N\A 27a : t. \A27b : 1. AVO0x € A27a AV1y € A 27b.(ap (c2

Let c2E frac2Eabs__frac : v be given. Assume the following.

c,2Efrac,2Eabs,,f7"ac c (ty72Ef7na672Ef,,,ac(ty,QEpair,ZEprod ty_2Einteger_2Eint ty,QEinteger,ZEint))
(22)

Definition 30 We define c_2Efrac_2Efrac__ainv to be A\VOf1 € ty 2E frac2E frac.(ap ¢2E frac.2Eabs__f1
Let c.2FEinteger 2Etint__mul : ¢ be given. Assume the following.

c2Einteger 2Etint_mul € (((ty_2Epair 2Eprod ty_2Enum_2Enum
(ty_2Epair_2Eprod ty-2Enum_2Enum ty,2Enum,2Enum))(ty,2Epair,2Eprod ty_2Enum_2Enum ty

(23)
Definition 31 We define c_2Einteger 2Eint__mul to be A\VOT'1 € ty_2FEinteger 2Eint. \V1T2 € ty_2Finteg

ty_2Enum_2Enum)

Let c.2Finteger 2Etint__add : + be given. Assume the following.

c2Einteger 2Etint__add € (((ty-2Epair_2Eprod ty-2Enum_2Enum
)(ty,QEpair,2EpT0d ty_2Enum_2Enum ty,2Enum,2Enum))(ty,2Epair,2Eprod ty_2Enum_2Enum ty

(24)

ty_ 2Enum_2Enum

Definition 32 We define c_2Einteger 2Eint__add to be \VOT'1 € ty_ 2Finteger 2Eint A\V1T2 € ty_2FEinteg
Definition 33 We define c_2Efrac_2Efrac__add to be A\VOf1 € ty 2E frac2E fracA\V1f2 € ty 2FE frac 2F|
Definition 34 We define c_2Efrac_2Efrac__sub to be \VOf1 € ty 2F frac 2E frac.A\V1f2 € ty 2E frac 2F |
Definition 35 We define c_2Erat_2Erat__equiv to be \VOf1 € ty 2F frac 2E frac.A\V1f2 € ty 2E frac 2FE |
Let c2Erat 2FEabs_rat__CLASS : ¢ be given. Assume the following.

c2Erat 2Eabs_rat__CLASS € (ty,QETat,ZErat(TyJEfmchfmc)) (25)

Definition 36 We define c 2Erat 2Eabs__rat to be \VOr € ty 2F frac 2FE frac.(ap c.2Erat_ 2Eabs__rat__C



Definition 37
Definition 38
Definition 39
Definition 40
Definition 41
Definition 42
Definition 43

Definition 44

Definition 45

Definition 46

We define c_2Erat_2Erat__sub to be \VOrl € ty 2Erat 2Erat. \V1r2 € ty 2Erat 2Erat.(ap

We define c_2Erat_2Erat__les to be A\VOrl € ty 2Erat 2Erat.\V1r2 € ty 2Erat 2Erat.(ap (
We define c 2Erat 2Erat__gre to be \VOrl € ty 2Erat 2Erat. \V1r2 € ty_ 2Erat 2Erat.(ap

We define c_2Erat_2Erat__ainv to be \VOrl € ty_2Erat_2Erat.(ap c_2Erat_2Eabs__rat (ap c_:
We define c 2Erat 2Erat__add to be A\VOrl € ty 2Erat 2Erat. \V1r2 € ty_ 2Erat_2Erat.(ap
We define c_2Efrac_2Efrac__1 to be (ap ¢ 2E frac2Eabs__frac (ap (ap (c2Epair_2E_2C ty_2
We define c_2Erat_2Erat__1 to be (ap c_2Erat_2Eabs__rat c_2Efrac_2Efrac__1).

We define c 2Ecombin_2EK to be AA_27a : t. \A2Tb : 1.(AVO0x € A2Ta.(A\V1y € A27b.V0x

We define c_2Ecombin_2ES to be NA_27a : t.NA_27b : L.AA2Tc : 1. (AVOf € ((A,27CA*27b)A72V

We define c 2Ecombin 2El to be AA 27a : 1.(ap (ap (c_2Ecombin 2ES A 27a (A 27a”-27) A

Let c2FEarithmetic2Enum__CASE : 1= be given. Assume the following.

YA 27a.nonempty A_27a=c2FEarithmetic2Enum__CASE A 27a €
( ( (A727a(A,27(1”’*2]9""“”*2E’””” ) >A727a ) ty,QEnum,QEnum)

Definition 47

Definition 48

Definition 49

(26)

We define c 2Efrac_2Efrac__0 to be (ap ¢ 2E frac_2FEabs__frac (ap (ap (c_2Epair_2E_2C ty_2

We define c_2Erat_2Erat__0 to be (ap c-2Erat_2Eabs__rat c_2Efrac_2Efrac_.0).

We define c_2Erelation 2EWF to be AA_27a : t.AVOR € ((24-279)"").(ap (c_2Ebool 2E_21

Let ¢c.2Ebool 2EARB : 1= be given. Assume the following.

VA 27Ta.nonempty A27a=c2Ebool 2EARB A 27a € A27a

Definition 50

Definition 51

Definition 52

Definition 53

Definition 54

Definition 55

Definition 56

(27)

We define c_2Erelation 2ERESTRICT to be AA_27a : 1t.AA27b : L AVOf € (A276"-7) AV 1]
We define c_2Erelation 2ETC to be AA_27a : LAVOR € ((24-270)" ") \V1a € A 27a.\V2b
We define c_2Erelation_2Eapprox to be NA_27a : t.AA_27b : L AVOR € (242707 AV 1M
We define c_2Erelation_2Ethe__fun to be \A_27a : t.AA_27b : L AVOR € (2427047 AV1]

We define c_2Erelation 2EWFREC to be NA_27a : t. AA_27b : LAVOR € ((24-270) T \V1]

We define c_2Erat_2Erat__of __num to be (ap (ap (c-2Erelation 2EWFREC ty_2FEnum_2Enum

We define c_2Ebool _2E_5C_2F to be (AV0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (A\V2t €



Assume the following.
True (28)

Assume the following.

(YVOtL € 2.(¥V 12 € 2.(((p VOtL)=(p V1£2))=(((p

V12)=(p VOt1))=((p VOI1)=(p V1E2)))))) (29)

Assume the following.
(YVOt € 2.(False=(p VOt))) (30)

Assume the following.
(VVOt € 2.((p VOt)V(=(p VOr)))) (31)

Assume the following.

(VVO0t1 € 2.(¥V 112 € 2.(YV2t3 € 2.(((p VOt1)A

((p VI2)A(p V23))&(((p VO VLA V23)) 5D

Assume the following.
(VVOt € 2.(((p VO)= False)=(~(p VOL)))) (33)

Assume the following.
(YVOt € 2.((~(p VOt)=((p VOt)=False))) (34)

Assume the following.

(YVOt € 2.(((Truen(p VOt))<=(p VOO))A((((p VOt)ATrue)<
(p VOO)A(((Falsen(p VOt))=False) AN((((p VOt)AFalse)<False) A (35)

t)
(((p VO)A(p VO))&(p V01)))))))

Assume the following.

(VVOt € 2.(((TrueV(p VOt))=True) A(((p VOt)VTrue)=True) A
(((FalseV(p VOt))<=(p VOt))A((((p VOt)VFalse)<(p VO)A(((p VO)V
(p VOt))&=(p V01)))))))
(36)
Assume the following.

(VVO0t € 2.(((True=(p VOt))=(p VOr))A((((p
True)AN(((False=(p VOt))=True) AN((((p VOt)=(p
(p VOt)=False)=(—(p V01))))))))

VOt)=True)s
Vot))eTrue)A(( (37)

Assume the following.

((VVOt € 2.((=(—(p VOt)))=(p VO)))A(((—True)<False) A

((-False)=True))) (38)

6



Assume the following.

VA_27a.nonempty A 27a=(VV0x € A27a.(V0x = V0z)&
True))

Assume the following.

VA 27a.nonempty A27a=(VV0x € A27a.(VV1y €
A27a.((V0z = V1y)e(V1y = VOx))))

Assume the following.

(YVOt € 2.(((Trues(p VOt))(p VOO)A(((p VOt)&True)<
(p VOO)A(((Falses(p VOt))<(=(p VOO))A(((p VOt)&False)s(=( (41)

p V01)))))))

Assume the following.

VA 27a.nonempty A 27a=(YVOP € (24-27%).(VV1Q €
(24-272) ((YV2z € A27a.((p (ap VOP V22))A(p (ap V1Q V22))))=

(W32 € A27a.(p (ap VOP V32))AVVdz € A27a.(p ( (42)
ap V1Q Vix)))))))
Assume the following.
(VV0A € 2.(WVV1B € 2.(W¥V2C € 2.(((p VOA)V( (43)
(p VIB)V(p V20)))=(((p VOA)V(p VIB))V(p V2C))))))
Assume the following.
(VV0A € 2.(WW1B € 2.(((p VOA)V(p V1B))=((p V1B)V (44)

(p V0A)))))

Assume the following.

(VV0A € 2.(WV1B € 2.(((=((p VOA)A(p V1B)))<=((—(
p VOA)V(=(p V1B))))A((=((p VOA)V(p V1B)))=((=(p VOA)A(=(p Vlg);)))))
)
Assume the following.

(VV0a € ty_2Finteger 2Eint.(YV 1b € ty_2Einteger 2FEint.

((p (ap (ap c_2Einteger 2Eint__It (ap c_2Finteger 2Eint__of __num
c_2Enum_2E0)) V'1b))=((ap c-2Efrac_2Efrac_.nmr (ap c2E frac2Eabs__frac
(ap (ap (c_2Epair_2E_2C ty_2Finteger 2FEint ty 2Einteger 2FEint)

V0a) V1b))) = V0a))))

(46)
Assume the following.

(VV0a € ty-2Finteger 2Eint.(VV 1b € ty_2Einteger 2FEint.

((p (ap (ap c_2Einteger_2Eint__It (ap c_2Finteger 2Eint__of __num
c_2Enum_2E0)) V'1b))=((ap c2Efrac_2Efrac__dnm (ap c¢2F frac2FEabs__frac
(ap (ap (c-2Epair2E_2C ty_2FEinteger 2Eint ty_2FEinteger 2Eint)

V0a) V1b))) = V1b))))

(47)



Assume the following.

(VVOf1 € ty 2F frac2E frac.((ap c_2Einteger 2Eint__neg
(ap c_2Efrac_2Efrac__sgn (ap c_2Efrac_2Efrac__ainv VO0f1))) = (48)
(ap c2Efrac_2Efrac__sgn V0f1)))

Assume the following.

(YV 0z € ty-2FEinteger 2Eint.((((ap c_2EintExtension_2ESGN
VO0x) = (ap c-2Einteger_2Eint__neg (ap c2Einteger 2Eint__of__num

(ap c_2Earithmetic 2ENUMERAL (ap c_2Earithmetic_2EBIT1 c_2Earithmetic 2EZERO)))) )<

(p (ap (ap c_2Einteger 2Eint__It V0x) (ap c2Finteger 2Eint__of __num
c2Enum_2E0))))A((((ap c2EintExtension 2ESGN V0x) = (ap c_2Einteger 2Eint_of__num

c2Enum_2E0))<(V0x = (ap c2FEinteger 2Eint__of __num c_2Enum_2E0)))A

(((ap c_2EintExtension_2ESGN VO0z) = (ap c_2Einteger 2Eint_of_num
(ap c_2Earithmetic 2ENUMERAL (ap c_2Earithmetic_2EBIT1 c_2Earithmetic 2EZERO))))<

(p (ap (ap c_2Einteger 2Eint__gt VO0z) (ap c2Einteger 2Eint_of__num

c2Enum_2E0)))))))
(49)
Assume the following.

(VV 0z € ty-2Finteger 2Eint.((ap (ap c-2Einteger_2Eint__mul
VO0x) (ap c2Einteger 2Eint__of__num (ap c_2Earithmetic 2ENUMERAL
(ap c_2Earithmetic_2EBIT1 c_2Earithmetic.2EZERO)))) = V0z))
(50)
Assume the following.

(VVO0x € ty_2FEinteger 2Eint.((ap (ap c_2Einteger 2Eint__mul
(ap c2Finteger 2Eint_of__num c_2Enum_2EQ)) VO0z) = (ap c2Einteger 2Eint_of__num
c_2Enum_2E0)))
(51)
Assume the following.

(VV0zx € ty 2FEinteger 2Eint.(NV 1y € ty_2Finteger 2Eint.
(((ap c2Einteger_2Eint__neg VO0zx) = V1y)<=(V0x = (ap c_2Einteger 2Eint__neg

V1y))))) 62)
5



Assume the following.

(YVOn € ty 2Enum_2Enum.(VYV1m € ty 2Enum_2Enum.(

((p (ap (ap c2Einteger 2Eint__t (ap c2Finteger 2Eint_of__num
c_2Enum_2E0)) (ap c-2Einteger 2Eint__of__num (ap c_2Earithmetic: 2ENUMERAL
(ap c2Earithmetic_2EBIT1 VOn)))))=True) A(((p (ap (ap c2Einteger 2Eint__It
(ap c2FEinteger 2Eint__of__num c_2Enum_2EQ)) (ap c-2Finteger 2Eint__of __num
(ap c2Earithmetic2ENUMERAL (ap c_2Earithmetic_2EBIT2 VOn)))))<
True)A(((p (ap (ap c2Einteger 2Eint__lt (ap c2Finteger 2Eint__of__num
c-2Enum_2EQ)) (ap c-2Finteger 2Eint__of__num c2Enum_2EQ)))<
False)A(((p (ap (ap c2Einteger 2Eint__It (ap c2FEinteger 2Eint__of __num
c_2Enum_2EQ)) (ap c_2Einteger_2Eint__neg (ap c_2Einteger 2FEint_of__num
(ap c2Earithmetic2ZENUMERAL V0n)))))< False)A(((p (ap (ap c2Einteger 2Eint__It
(ap c2Finteger 2Eint__of__num (ap c_2Earithmetic 2ENUMERAL
VOon))) (ap c2Einteger 2Eint_of__num c2Enum_2E0)))< False)A
(((p (ap (ap c2Einteger_2Eint__It (ap c_2Einteger_2Eint__neg
(ap c2Finteger 2Eint__of__num (ap c_2Earithmetic 2ENUMERAL
(ap c2Earithmetic_2EBIT1 VOn))))) (ap c2Einteger 2Eint__of __num
c2Enum_2E0)))<True) A(((p (ap (ap c2Einteger 2Eint__It (ap
c_2Einteger 2Eint__neg (ap c_2Einteger 2Eint_of_num (ap c_2Earithmetic 2ENUMERAL
(ap c2Earithmetic_2EBIT2 VOn))))) (ap c2Einteger 2Eint__of __num
c2Enum_2E0)))<True)A(((p (ap (ap c2Einteger_2Eint__It (ap
c2Einteger 2FEint_of_num (ap c_2EarithmeticZ2ENUMERAL V0n)))

(ap c2FEinteger 2Eint__of__num (ap c_2Earithmetic 2ENUMERAL
V1im))))<(p (ap (ap c.2Eprim__rec2E_3C VOn) V1m)))A(((p (ap (ap
c_2Einteger_2Eint__It (ap c_2Einteger_2Eint__neg (ap c-2Finteger 2Eint_of__num
(ap c_2Earithmetic 2ENUMERAL (ap c_2Earithmetic_2EBIT1 V0n)))))

(ap c2Finteger 2Eint__of__num (ap c_2Earithmetic 2ENUMERAL
Vim))))=eTrue)A(((p (ap (ap c2Einteger 2Eint__lt (ap c_2Einteger_2Eint__neg
(ap c2FEinteger 2Eint__of__num (ap c_2Earithmetic 2ENUMERAL
(ap c2Earithmetic_2EBIT2 VOn))))) (ap c2Einteger 2Eint__of __num
(ap c2EarithmeticC2ZENUMERAL V1m))))eTrue) A(((p (ap (ap c2Einteger 2Eint__It
(ap c2Finteger 2Eint__of__num (ap c_2Earithmetic 2ENUMERAL
VOn))) (ap c_2Einteger_2Eint__neg (ap c_2Einteger 2Eint__of __num
(ap c_2Earithmetic2ENUMERAL V1m)))))< False)A((p (ap (ap c_2Einteger 2Eint__It
(ap c_2Einteger_2Eint_neg (ap c.2Finteger 2Eint_of _num (
ap c_2Earithmetic 2ENUMERAL V0n)))) (ap c-2Einteger_2Eint__neg
(ap c2Finteger 2Eint__of__num (ap c_2Earithmetic 2ENUMERAL
Vim))))&(p (ap (ap c 2Eprim_rec 2E 3C Vim) Vo))

(53)
Assume the following.

(VVOr € ty_2Erat_2Erat.((ap c_2Erat_2Eabs__rat (ap c_2Erat_2Erep__rat
Vor)) =Vor))
(54)



Assume the following.

(VVOf1 € ty 2F frac2E frac.(YV1f2 € ty 2E frac2E frac.
(((ap c_2Erat_2Eabs_rat VOf1) = (ap c_2Erat 2Eabs_rat V1f2))<
((ap (ap c-2Einteger_2Eint__mul (ap c_2Efrac_2Efrac__nmr V0 f1)) (55)
(ap c_2Efrac_2Efrac__dnm V'1f2)) = (ap (ap c_2Einteger_2Eint__mul
(ap c_2Efrac_2Efrac__.nmr V1f2)) (ap c2Efrac_2Efrac__dnm V0f1))))))

Assume the following.

(VVOf1 € ty 2F frac 2E frac.((ap c_2Efrac_2Efrac__sgn (
ap c_2Erat 2Erep__rat (ap c_2Erat_ 2Eabs_rat V0f1))) = (ap c_2Efrac_2Efrac_sgn
VOs1))
(56)
Assume the following.

(VVOf1 € ty 2E frac2E frac.((ap c2Erat_2Erat__ainv (ap
c_2Erat 2Eabs__rat V0f1)) = (ap c_2Erat 2Eabs__rat (ap c_2Efrac_2Efrac__ainv
VOF1))
(57)
Assume the following.

(VVOnl € ty-2Enum_2Enum.((ap c2Erat_2Erat__of__num V0nl) =
(ap c2Erat_2Eabs__rat (ap c2E frac2Eabs__frac (ap (ap (c_2Epair2E_2C
ty_2Einteger 2Fint ty 2Einteger 2FEint) (ap c.2Finteger 2Eint_of _num
VOnl)) (ap c.2Binteger 2Eint_of __num (ap c_2Earithmetic. 2ENUMERAL
(ap c2Earithmetic_2EBIT1 c_2Earithmetic.2EZERO))))))))
(58)
Assume the following.

(VV0a € ty2Erat 2Erat.((ap (ap c_2Erat_2Erat__add (ap

c_2Erat_2Erat__of __num c_2Enum_2EQ)) V0a) = V0a)) (59)

Assume the following.

(VVOrl € ty 2Erat 2Erat.(VV1r2 € ty 2Erat 2Erat.
((ap (ap c_2Erat_2Erat_sub VOrl) V1r2) = (ap (ap c2Erat_2Erat__add
VOrl) (ap c-2Erat_2Erat__ainv V'1r2)))))
(60)
Assume the following.

(VVOrl € ty_2Erat_2Erat.((ap (ap c2Erat_2Erat_sub V0rl)

(ap c2Erat_2Erat__of __num c_2Enum_2EQ)) = V0rl)) (61)

Assume the following.
(VVOt € 2.((=(—(p VO1)))=(p VOL))) (62)
Assume the following.

(YV0A € 2.((p VOA)=((=(p VOA))=False))) (63)
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Assume the following.

(VV0A € 2.(WVV1B € 2.(((—((p VOA)V(p V1B)))=False)&

(((p VOA)=False)=((—(p V1B))=False))))) (64)
Assume the following.
(VV0A € 2.(WVV1B € 2.(((=((=(p VOA))V(p V1B)))=False)= (65)

((p VOA)=((=(p V1B))=False)))))
Assume the following.
(VV0A € 2.(((—(p VOA))=False)=(((p VOA)=False)=False))) (66)

Assume the following.

(VVOp € 2.(VV1qg € 2.(VV2r € 2.(((p VOp)&=(

(p Vig)e(p V2r)))=(((p VOp)V((p V1ig)V (

p V2r))V(=(p V1g) )A(((p V1V ((=(p V2r
((=(p V1g))v(=(p VOp))

Assume the following.

(VVOp € 2.(VV1g € 2.(VV2r € 2.(((p VOp)&<(
(p VigIn(p V2r)))e(((p VOp)V((—(p Vch))V(ﬁ)(p V27")))))A(((p Vig)Vv

Assume the following.

(VVOp € 2.(VV1g € 2.(WV2r € 2.(((p VOp)=(
(p Vig)V(p V2r)))=(((p VOp)V(-(p V1g)))A(((p VOp
((p V1g)V((p V2r)V(=(p V0p))))))))))

Assume the following.

(VVOp € 2.(WV1g € 2.(WV2r € 2.(((p VOp)=(
(p V1ig)=(p V2r)))=(((p VOp)V(p V1g))A((( )
=(p V1g))V((p V2r)V(=(p V0p))))))))))

Assume the following.

(YVOp € 2.(VV1g € 2.(((p VOp)=(=(p V1g)))=(((p VOp)V

(» V1g)A((p V1)V (~(p VOp))))))) (7)
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Theorem 1

(VVOrl € ty_2Erat 2Erat.((((ap c-2Erat_2Erat_sgn VOrl) =
(ap c_2Einteger 2Eint__neg (ap c2Finteger 2Eint_of__num (
ap c_2EarithmeticZ2ENUMERAL (ap c_2Earithmetic_2EBIT1 c_2Earithmetic.2EZERO)))))<
(p (ap (ap c_2Erat_2Erat__les VOrl) (ap c_2Erat_2Erat__of__num
c_2Enum_2E0))))A((((ap c2Erat_2Erat__sgn VOrl) = (ap c2Einteger 2Eint__of__num
c_2Enum_2EQ0))<(VO0rl = (ap c_2Erat_2Erat__of_num c_2Enum_2E0)))A
(((ap c2Erat_2Erat__sgn VOrl) = (ap c2Einteger 2Eint__of__num
(ap c_2Earithmetic 2ENUMERAL (ap c_2Earithmetic_.2EBIT1 c_2Earithmetic.2EZERO))))<
(p (ap (ap c-2Erat_2Erat__gre VOrl) (ap c_2Erat_2Erat__of__num
c_2Enum_2E0)))))))
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