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Definition 1 We define c 2Emin_2E_3D to be \A Az € A )y € A.inj_o (x = y)
of type t=-t.

Definition 2 We define c 2Ebool 2ET to be (ap (ap (c_2Emin 2E_3D (22)) (A\V 0z € 2.V0z)) (A\V1z € 2.V
Definition 3 We define c_2Ebool 2E_21 to be AA_27a : t.(A\VOP € (24-27%).(ap (ap (c.2Emin_2E_3D (24-27
Definition 4 We define c_2Ebool_2EF to be (ap (c_2Ebool 2E_21 2) (AV 0t € 2.V 0t)).

Definition 5 We define c 2Emin_2E_3D_3D_3E to be AP € 2.0\Q € 2.inj_o (p P=p Q)
of type ¢.

Definition 6 We define c.2Ebool 2E_7E to be (AV Ot € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0¢) c_2Ebool 2EF
Let ty_2FEpair 2Eprod : t1=>1=t be given. Assume the following.

VAO.nonempty A0=VYAl.nonempty Al=nonempty (ty-2Epair 2Eprod
A0 A1)
(1)

Let c2Epair 2ESND : 1=-1=>1 be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=-c_2Epair 2ESN D
A927a A27b € (A727b(ty,2Epair,2Eprod A_2Ta A,27b))

(2)

Let c2Epair 2EF ST : 1=1= be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=c 2FEpair 2EFST
A927a A27b € (A727a(ty,2Epair,2Eprod A_27a A,27b))

(3)
Definition 7 We define c 2Epair 2EUNCURRY to be AA 27a : t.AA27b : L. XA 27c : L AVOf € ((A27¢4-2T°

Definition 8 We define c 2Emin_2E_40 to be \A.AP € 24.if (3x € A.p (ap P x)) then (the (\z.xz € ANp
of type t=-t.



Definition 9 We define c 2Ebool 2E 3F to be A\A_27a : 1.(AVOP € (24-27%).(ap VOP (ap (c_2Emin_2E_40
Definition 10 We define c_2Ebool 2E_2F 5C to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €
Let c2Epair 2EABS __prod : 1=>1=>1 be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=c_2Epair 2EABS__prod

A 27a A27b € ((ty-2Epair 2Eprod A 27a A,27b)((2A,27b)A,27a))
(4)

Definition 11 We define c2Epair 2E_2C to be N\A27a : t.AA27b : 1. AV0x € A27a AV1y € A27b.(ap (c-2
Let c.2Epred__set 2EGSPEC : 1=>1= be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=c_2FEpred__set 2EGSPEC
A27a A27b € ((2A727a)((ty,2Epair,2Eprod A_27a 2)A*27b))

(5)

Definition 12 We define c 2Ebool 2EIN to be NA 27a : 1.(AVO0x € A 27a.(A\V1f € (24-27%).(ap V1f VOz)]
Definition 13 We define c_2Epred__set 2EBIGUNION to be NA_27a : 1. AVOP € (2(2A727a)).(ap (c2Epred__:
Let ty_2Frealar_2FEreal : ¢ be given. Assume the following.

nonempty ty_2Erealax_2FEreal (6)
Definition 14 We define c 2Epred__set 2ESUBSET to be AA_27a : t.A\V0s € (24-277) AV 1t € (24-27).(ap (
Definition 15 We define c_2Epred__set 2EEMPTY to be AA_27a : ¢.(A\V 0z € A_27a.c_2Ebool_2EF).
Definition 16 We define c 2Epred_set 2EINTER to be AA_27a : 1t.AV0s € (24-2T9) AV 1t € (24-27%) (ap (c.
Definition 17 We define c_2Ebool 2E_5C_2F to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c2Ebool 2E_21 2) (AV2t €
Definition 18 We define c 2Epred__set 2EUNION to be AA_27a : 1. AV 0s € (24-279) AV 1t € (24-27%).(ap (c
Let c_2Ereal__topology_2E Dist : ¢ be given. Assume the following.

c2Ereal__topology 2EDist € (ty_2Erealax_2Ereql(tv-2Bpair 2Bprod ty 2Brealaz 2Breal ty_2Brealaz2Breal))

Let ty 2FEhreal 2Ehreal : ¢ be given. Assume the following. g

nonempty ty_2Ehreal_2Ehreal (8)

Let c2Erealax 2Ereal__REP__CLASS : . be given. Assume the following.

c2Frealax 2Ereal__REP__ CLASS € ((Q(ty,ZEpair,QE;m“od ty_2Ehreal _2Ehreal ty,ZEhreal,ZEhreal))ty,2Erealaac
(9)
Definition 19 We define c_2Erealax_2Ereal__REP to be AV 0a € ty_2FErealaz_2Ereal.(ap (c.2Emin_2E_40 (¢



Let c.2FErealax_2Etreal__It : « be given. Assume the following.

c2FErealax 2Etreal__lt € ((2(ty,2Epai7',2Ep7'od ty_2Ehreal_2Ehreal ty,QE'h'real,QEhTeul))(ty,QEpai7',2Ep7'od ty_2Ehi
(10)

Definition 20 We define c_2Erealax_2Ereal__It to be AVOT'1 € ty_2Erealax 2FEreal A\V1T2 € ty 2Erealax-
Let c2Enum 2EZFERO__REP : 1 be given. Assume the following.

c2Enum 2EZERO__REP € omega (11)
Let ty 2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2Enum (12)
Let c2Enum 2EABS__num : ¢ be given. Assume the following.
c2Enum_2EABS_num € (ty-2Enum_2Enum®™") (13)

Definition 21 We define cC2Enum_2EQ to be (ap c.2Enum_2EABS_num c2Enum 2EZERO__REP).

Let c.2FEreal 2Ereal__of __num : ¢ be given. Assume the following.

c2Freal 2Ereal _of_num € (ty_2Erealax_2EreqltV-2Erum-2Enumy (14
Definition 22 We define c_2Ereal__topology 2EOpen to be \V (s € (2tv-2Erealaz-2Ereal (qp, (c_2Ebool 2E 2
Definition 23 We define c 2Ereal__topology 2Econnected to be A\V0s € (2tv-2Frealaz-2Ereal) (4, ¢ 2Ebool 2
Definition 24 We define c_2Ereal__topology_2Econnected__component to be \V (s € (2ty-2Erealaz_2Erealy Ay

Assume the following.
True (15)

Assume the following.

(VW01 € 2.(VV1t2 € 2.(((p VOt =(p V1¢2))=(((p

V1t2)=(p VOH))=((p VOtL)e(p V1t2)))))) (16)
Assume the following.
VA 27a.nonempty A27a=(VYVO0t € 2.((VV1zx € (17)

A27a.(p VOt))=(p VOL)))
Assume the following.

(YVOt € 2.(((Truen(p VOt))<=(p VOO))A((((p VOE)ATrue)<
(p VOO)A(((Falsen(p VOt))=False)A((((p VOt)AFalse)< False)A  (18)

t)
(((p VOO)A(p VO)) & (p V01)))))))



Assume the following.

(YVOt € 2.(((True=(p VOt))=(p VOO)A((((p VOt)=True)=
True)A(((False=(p VOt))eTrue) A((((p VOt)=(p VOt))=True)A((  (19)
(p VOt)=False)=(=(p V01))))))))

Assume the following.

VA 27a.nonempty A27a=NVV0zx € A27a.(VV1y €

A27a.((V0z = Vig)e(Viy = VOr)))) (20)

Assume the following.

(YVOt € 2.(((Trues(p VOt))<(p VOL))
(p VOO)A(((Falses(p VOt))<=(—(p VOt)))

p V01)))))))

A(((p VOt)eTrue)<
A(((p VOt)=False)=(—=( (21)

Assume the following.

(VVOt1 € 2.(VV 112 € 2.(VV2t3 € 2.(((p VOt1)=
((p V1£2)=(p V2t3)))=(((p VOLL)A(p V1£2))=(p V2t3))))))

Assume the following.

(VVOx € 2.(VV1x_27 € 2.(VV2y € 2.(VV3y_27 €
2.((((p VOoz)=(p V1x27)A((p V1z27)=((p V2y)<=(p V3y-27))))= (23)
(((p VOz)=(p V2y))=((p V1z2T)=(p V3y-27))))))))

Assume the following.

VA 27a.nonempty A27a=(VVOP € (24-27%).(VV1a €
A27a.((3V2z € A27a.((V2z = V1a)A(p (ap VOP V2z))))<=(p ( (24)
ap VOP V1a)))))

Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(

YV0x € A27a.(VV1y € A27b.(VV2a € A27a.(VV3b €
A27b.(((ap (ap (c2Epair2E 2C A_27a A_27b) VOz) V1y) = (ap (ap
(c-2Epair2E2C A 27a A_27b) V2a) V3b))=((VO0zx = V2a)A(V1y = V3b)))))))
(25)

Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=>(
VYVOf € ((ty-2Epair 2Eprod A27a 2)4-2™).(VV1v €
A27a.((p (ap (ap (c_2Ebool 2EIN A_27a) V1v) (ap (c2Epred__set 2EGSPEC
A27a A27b) VOf)))e (V2 € A27b.((ap (ap (c_2Epair 2E_2C
A27a 2) V1v) c_2Ebool 2ET) = (ap VOf V2z))))))
(26)



Assume the following.

VA 27a.nonempty A27a=(VV0s € (24-27%).(VV 1t €
(24-270) (((p (ap (ap (c_2Epred__set 2ESUBSET A_27a) V0s) V1t))A
(p (ap (ap (c2Epred__set 2ESUBSET A_27a) V1t) V0s)))=(V0s = V1t))))
(27)
Assume the following.

VA_27a.nonempty A27a=(VV0X € (24-27%) (V1P €
2" ((p (ap (ap (c2Epred__set 2ESUBSET A_27a) (ap
(c_2Epred__set 2EBIGUNION A_27a) V1P)) V0X))=(YV2Y € ( (28)
24-27a) ((p (ap (ap (c_2Ebool 2EIN (24-279)) V2Y) V1P))=(p (
ap (ap (c_2Epred__set 2ESUBSET A_27a) V2Y) V0X)))))))

Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=Y A 27c.
nonempty A_27c=VA_27d.nonempty A_27d=VA_27e.nonempty
A 27e=VA27f.nonempty A27f=VA 27g.nonempty A27g=
(YV0Q € (24-270).((YV1P € (24-270).(YV2f €
(A27b4-279) ((VV3z € A27b.((p (ap (ap (c2Ebool 2EIN
A27b) V3z) (ap (c-2Epred__set 2EGSPEC A27b A 27a) (A\V4x €
A 27a.(ap (ap (c2Epair_2E_2C A_27b 2) (ap V2f Vdz)) (ap V1P V4x))))))=
(p (ap VOQ V3z))))=(VVix € A27a.((p (ap V1P Vbzx))=(p (ap VOQ
(ap V2f V52))))))A((VVEP € ((24274)A27). (VT f €
((A27pA-274)A-27¢) ((YV8z € A27b.((p (ap (ap (c_2Ebool 2EIN
A_27b) V8z) (ap (c-2Epred-_set 2EGSPEC A_27b (ty_2Epair_2Eprod
A27¢ A27d)) (ap (c-2Epair 2EUNCURRY A_27¢ A_27d (ty_2Epair_2Eprod
A27b 2)) (AV9z € A27c.(A\V10y € A27d.(ap (ap (c-2Epair2E_2C
A27b 2) (ap (ap VTf V9z) V10y)) (ap (ap V6P V9z) V10y))))))))=(p
(ap V0OQ V82))))e(VV1lx € A27c.(VV12y € A27d.((p
(ap (ap V6P V1lz) V12y))=(p (ap VOQ (ap (ap V7f V1lz) V12y)))))))))A
(VV13P c (((2A,27g)A,27f)A,27e).(VV14f c (((A727bA,27g>A,27f)A,27e)-
((VV15z € A27b.((p (ap (ap (c_2Ebool 2EIN A_27b) V15z) (
ap (c2Epred_set 2EGSPEC A27b (ty_2Epair 2Eprod A 27e (ty_2Epair 2Eprod
A27f A27g))) (ap (c-2Epair2EUNCURRY A_27¢ (ty-2Epair_2Eprod
A27f A27g) (ty-2Epair 2Eprod A27b 2)) (A\V16w € A 27e.(ap
(c-2Epair 2EUNCURRY A_27f A_27¢g (ty-2Epair 2Eprod A_27b 2))
(AV1Tx € A27f.(A\V18y € A27¢g.(ap (ap (c_2Epair2E.2C A_27b
2) (ap (ap (ap V14f V16w) V17x) V18y)) (ap (ap (ap V13P V16w) V17x)
V18y))))))))=(p (ap VOQ V152))))=(VV19w € A 27e.(VV 20z €
A27f.(VV21y € A279.((p (ap (ap (ap V13P V19w) V20x) V21y))=

(p (ap VOQ (ap (ap (ap V14f V19w) V20z) V21y)))))))))))))( |
29



Assume the following.

VA 2Ta.nonempty A_27a=YA_27b.nonempty A_27b=V A 27c.
nonempty A_27c=VA_27d.nonempty A_27d=YA_27e.nonempty
A 27e=VA27 fnonempty A27f=VA 27g.nonempty A27g=
VA_27h.nonempty A2Th=YA_2Ti.nonempty A_27i=(
(YVOP € (24-270) (YV1f € ((24-270)4-27) ((ap
(c-2Epred__set 2EBIGUNION A_27b) (ap (c2Epred__set 2EGSPEC
(24-27) A_27a) (A\V2z € A27a.(ap (ap (c2Epair 2E_2C (24-27?)
2) (ap V1f V2z)) (ap VOP V2z))))) = (ap (c2Epred-_set 2EGSPEC A_27b
A27b) (AV3a € A27b.(ap (ap (c2Epair2E2C A_27b 2) V3a) (
ap (c_2Ebool 2E_3F A 27a) (\V4x € A_27a.(ap (ap c_2Ebool 2E_2F 5C
(ap VOP V4x)) (ap (ap (c2Ebool 2EIN A_27b) V3a) (ap V1f V4zx)))))))))))A
((VV5P c ((2A,27d)A,27c)_(VV6f c (((ZA,27e)A,27d)A,27c).
((ap (c2Epred__set_2EBIGUNION A_27¢) (ap (c2Epred__set 2EGSPEC
(24-27¢) (ty_2Epair 2Eprod A27c A27d)) (ap (c_2Epair 2EUNCURRY
A27c A27d (ty 2Epair 2Eprod (24-27¢) 2)) (\V Tz € A27c.
(A\V8y € A27d.(ap (ap (c2Epair2E_2C (24-27¢) 2) (ap (ap V6f
Vix) V8y)) (ap (ap V5P V7x) V8y))))))) = (ap (c2Epred__set 2EGSPEC
A27e A 27e) (A\V9a € A 27e.(ap (ap (c-2Epair 2E_2C A_27e 2)
V9a) (ap (c2Ebool 2E 3F A_27¢) (A\V10x € A_27c.(ap (c_2Ebool 2E_3F
A27d) (A\V1ly € A 27d.(ap (ap c2Ebool 2E_2F 5C (ap (ap V5P V10z)
V11y)) (ap (ap (c2Ebool 2EIN A_27¢e) V9a) (ap (ap V6 f V10x) V11y)))))))))))))A
(VV12P c (((QA,27h)A,27g)A,27f).(VVl?)f c ((((QA,27i)A,27h)A,27g)A,27f)'
((ap (c2Epred__set_2EBIGUNION A_27i) (ap (c2Epred__set 2EGSPEC
(24-27) (ty_2Epair 2Eprod A27f (ty2Epair 2Eprod A-27g A27h)))
(ap (c-2Epair 2EUNCURRY A_27f (ty-2Epair 2Eprod A27g A_27h)
(ty_2Epair 2Eprod (24-2"") 2)) (\V14dz € A 27f.(ap (c_2Epair 2EUNCURRY
A27g A27h (ty2Epair 2Eprod (24-2™) 2)) (A\V15y € A_27g.
(AV16z € A27h.(ap (ap (c_2Epair 2E_2C (24-27) 2) (ap (ap
(ap V13f V1dx) V15y) V16z)) (ap (ap (ap V12P V1dx) V15y) V162))))))))) =
(ap (c2Epred__set 2EGSPEC A27i A_27i) (A\V17a € A27i.(ap
(ap (c_2Epair 2E_2C A_27i 2) V17a) (ap (c2Ebool 2E_3F A_27f)
(AV18x € A27f.(ap (c-2Ebool 2E_3F A_27g) (A\V19y € A_27g.
(ap (c2Ebool 2E_3F A_27h) (A\V20z € A_27h.(ap (ap c-2Ebool 2E_2F 5C
(ap (ap (ap V12P V18x) V19y) V20z)) (ap (ap (c-2Ebool 2EIN A_277)

V17a) (ap (ap (ap V13f V18x) V19y) V202)))))))))))))))))

(30)
Assume the following.
(YV0s € (2tv-2Erealaz2Erealy (yV/ 1z € ty 2Erealax_2Ereal.
((p (ap (ap (ap c2Ereal__topology_2Econnected__component V0s) (31)

Viz) Viz))<(p (ap (ap (c-2Ebool 2EIN ty_2Erealax_2Ereal) V1)
V0s)))))



Assume the following.

(YV0s € (2tv-2Erealaz2Erealy (yV 13 € ty 2FErealar_2Ereal.
(p (ap (ap (c-2Epred__set 2ESUBSET ty_2Erealar_2Ereal) (ap (ap (32)
c_2Ereal__topology_2Econnected__component V0s) V1z)) V0s))))

Theorem 1

(VV0s € (2t-2Brealaz2Brealy ((qp (c_2Epred__set 2EBIGUNION
ty_2Erealax_2Ereal) (ap (c2Epred__set 2EGSPEC (2tv-?Erealaz-2Ereal)
ty_2Erealaxz_2Ereal) (A\V1z € ty_2Erealar_2Ereal.(ap (ap (c-2Epair_2E_2C
(2ty-2Erealaz-2Brealy 9) (gp (ap c_2Ereal__topology 2Econnected _component
V0s) V1)) (ap (ap (c-2Ebool 2EIN ty_2Erealax_2Ereal) V1z) V0s))))) =
V0s))



