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Definition 1 We define c 2Emin_2E_40 to be NAAP € 24.if (32 € Ap (ap P x)) then (the (\z.x € AAp
of type t=>t.

Definition 2 We define c 2Emin_2E_3D to be \A Az € A y € A.inj_o (x = y)
of type t=-t.

Definition 3 We define c.2Ecombin_2EK to be A\A_27a : 1t.NA27b : 1.(AVO0z € A27a.(A\V1y € A27b.V0x))

Definition 4 We define c.2Ecombin_2ES to be NA_27a : LAA2Tb : LAA2T¢ - 1. (AVOf € ((A27cA-2T0)"T

Definition 5 We define c_2Ecombin_2EI to be AA_27a : t.(ap (ap (c_2Ecombin_2ES A_27a (A_27a*-27") A_
Definition 6 We define c 2Ebool 2ET to be (ap (ap (c_2Emin 2E_3D (22)) (A\V 0z € 2.V0z)) (A\V1z € 2.V
Let c2Enum 2EZFERO__REP : ¢ be given. Assume the following.
c2Enum 2EZERO__REP € omega (1)
Let ty 2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2Enum (2)
Let c2Enum 2EABS__num : ¢ be given. Assume the following.
c2Enum 2EABS__num € (ty-2Enum_2Enum’™9%) (3)
Definition 7 We define c2Enum_2EQ to be (ap c.2Enum_2EABS_num c2Enum 2EZERO_REP).
Definition 8 We define c_2Earithmetic_2EZERO to be c_2Enum_2EQ.
Let c2Enum 2EREP__num : ¢ be given. Assume the following.
c2Enum 2EREP_num € (omega'V-2Enum-2Enum) (4)
Let c2Enum 2ESUC__REP : 1 be given. Assume the following.

c2Enum 2ESUC__REP € (omega®"9%) (5)



Definition 9 We define c_2Ebool 2E_21 to be AA_27a : t.(AVOP € (24-27%).(ap (ap (c_2Emin_2E_3D (24-27
Definition 10 We define c2Enum_2ESUC to be A\VOm € ty_ 2Enum_2Enum.(ap c2Enum_2EABS__num
Let c.2Farithmetic2E 2B : 1 be given. Assume the following.
c.2Earithmetic2E 2B € ((ty_2Enum_2Enumty-2Enum-2Enum )ty 2Enum_2Enum)
(6)

Definition 11 We define c 2Earithmetic_2EBIT1 to be A\VOn € ty_2Enum_2Enum.(ap (ap c_2Earithmetic
Definition 12 We define c_2Earithmetic 2ENUMERAL to be A\VOx € ty_2Enum_2Enum.V0x.
Let ty 2FEhreal 2Ehreal : ¢ be given. Assume the following.

nonempty ty_2FEhreal 2Ehreal (7)
Let ty_2Epair_2Eprod : t1=>t=>t be given. Assume the following.

VAO.nonempty A0=VAl.nonempty Al=nonempty (ty-2Epair 2Eprod
A0 A1)

(8)

Let ty 2Erealax_2Ereal : ¢ be given. Assume the following.
nonempty ty_2Erealax_2Ereal (9)
Let c2FErealax 2Ereal __REP__CLASS : ¢ be given. Assume the following.

c.2Erealar 2Ereal__REP_CLASS € ((2(tv-2Epair-2Eprod ty_2Bhreal 2Bhreal ty 2Ehreal 2Ehreal) )ty -2Erealaz
(10)
Definition 13 We define c 2Erealax_2Ereal __REP to be AV 0a € ty_2FErealax_2Ereal.(ap (c_2Emin_2E_40 (¢
Let c.2Erealax_2Etreal It : « be given. Assume the following.
c.2Erealaz 2Etreal__It € ((2(ty-2Epair-2Eprod ty_2Ehreal 2Ehreal ty-2Ehreal-2Ehreal)) (ty-2Epair 2Eprod ty-2Eh
(11)
Definition 14 We define c_2Erealax_2Ereal__It to be AVOT1 € ty 2Erealax 2Ereal A\V1T2 € ty 2Erealax-

Let c.2Ereal 2FEreal__of __num : ¢ be given. Assume the following.
c2Ereal 2Ereal _of _num € (ty 2Erealax_2EreqlV-2Fmm-2Enum) (19)
Let c.2Erealax_2Etreal__neg : 1 be given. Assume the following.

c-2Erealax_2FEtreal_neg € ((ty-2Epair_2Eprod ty_2Ehreal 2Ehreal
ty,2Eh7"€al,2Eh7"€al)(ty’QEpaiT’2EpTOd ty_2Ehreal_2Ehreal ty,QEhreal,2EhTeal))

(13)
Let c.2FErealax_2Etreal__eq : 1 be given. Assume the following.
C,ZETGGZCL.I,QEIJ)TBCLZ,,GQ c ((2(ty,2Epair,2Eprod ty_2FEhreal_2Ehreal ty,ZEhreal,QEhreal))(ty,QEpair,QEprod ty_2Eh
(14)
Let c.2Erealax 2Ereal __ABS__CLASS : . be given. Assume the following.

o(ty-2Epair_2Eprod ty-2Ehreal_2Ehreal ty-2Ehreal 2Ehy

(15)

c2Erealax 2Ereal__ABS_CLASS € (ty_2FErealax_2Ereal'



Definition 15
Definition 16
Definition 17

Definition 18
of type t.

Definition 19

Definition 20

We define c_2Erealax_2Ereal __ABS to be \VOr € (ty_2Epair 2Eprod ty-2Ehreal 2Ehreal ty
We define c_2Erealax_2Ereal__neg to be \V0T'1 € ty 2Erealax_2Ereal.(ap c_2Erealax_2Ereal
We define c_2Ebool _2EF to be (ap (c_2Ebool 2E_21 2) (AV Ot € 2.V 0t)).

We define c.2Emin_2E_3D_3D_3E to be AP € 2.0Q € 2.inj_0 (p P=p Q)

We define c22Ebool_2E_TE to be (A\V 0t € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0t) c_2Ebool 2E

We define c_2Ereal 2Ereal__lte to be A\VOx € ty_ 2FErealax 2Ereal \V1y € ty 2Erealax 2Er

Let c.2Erealax_2Etreal__mul : ¢ be given. Assume the following.

c2Erealax_ 2Etreal__mul € (((ty_2Epair_2Eprod ty 2Ehreal 2Ehreal

ty,QEhreal,QEhreal)(ty*QEp“"*QEpmd ty_2Ehreal_2Ehreal ty,QEhreal,QEhreal))(ty,QEpair,QEprod ty_2Ehreal _2Ehi

Definition 21

Definition 22

(16)
We define c_2Erealax_2Ereal__mul to be \VOT'1 € ty_2Erealax 2Ereal A\V1T2 € ty_ 2Ereala

We define c_2Ebool _2E_2F 5C to be (AV0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (A\V2t €

Let c2Epair 2EABS__prod : t=t=-1 be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=c_2FEpair 2EABS __prod

A27a A27b € ((ty2Epair 2Eprod A27a A_27b)(

Definition 23

2A727b)A727a)

)
(17)

We define c2Epair_2E_2C to be AA27a : t.AXA27b : LAV Ox € A27a.\V1y € A27b.(ap (c-2

Let c2Epair 2ESND : 1=-1=>1 be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=-c_2FEpair 2ESN D
A 270 A27b € (A727b(ty,2Epair,2Eprod A_27a A,27b))

(18)

Let ¢c2Epair 2EF ST : 1=1=- be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=c_2FEpair 2EFST
A927a A27b € (A727a(ty,2Epair,2Eprod A_27a A,27b))

Definition 24

(19)

We define c_2Epair 2EUNCURRY to be AA_27a : t.AA27b : tAA27c: L. AVOf € ((A27¢A-%

Let c2Epred__set 2EGSPEC : 1=-1=-1 be given. Assume the following.

VA 2Ta.nonempty A27a=YA_27b.nonempty A_27b=c_2FEpred__set 2EGSPEC
A927a A27b € ((2A,27a)((ty,QEpair,2Eprod A_2Ta 2)A*27b))

(20)



Definition 25 We define c 2Ebool 2EIN to be AA_27a : 1.(AV0x € A 27a.(A\V1f € (24-27%).(ap V1f VOz))
Definition 26 We define c 2Epred__set 2ESUBSET to be AA_27a : t.AV0s € (24-272) \V'1t € (24-27) (ap (

Let c.2Erealax_2Etreal__add : . be given. Assume the following.

c-2Erealax_2FEtreal__add € (((ty-2Epair_2Eprod ty 2Ehreal 2Ehreal
ty,QEhreal,QEhreal)(tijp“i“QEpmd ty_2Ehreal_2Ehreal ty,2EhTeal,2Ehreal))(ty,QEpair,QEprod ty_2Ehreal _2Eh;

(21)

Definition 27 We define c_2Erealax_2Ereal__add to be \VOT'1 € ty_2Erealax 2Ereal \V1T2 € ty_2FEreala
Definition 28 We define c_2Ereal_2Ereal__sub to be \VOx € ty 2Erealax_ 2Ereal \V1y € ty 2Erealax_2E:
Let ty_2Ereal__topology 2Enet : 1= be given. Assume the following.

YV AOQ.nonempty A0=nonempty (ty-2Ereal__topology-2Enet A0) (22)
Definition 29 We define c 2Ebool 2E_3F to be AA 27a : 1. (AVOP € (24-27%).(ap VOP (ap (c_2Emin_2E_40
Definition 30 We define c_2Ecombin_2Eo to be AA_27a : 1t.AA_27b : 1.AA2Tc : LAVOS € (A27b4-27) AV 1,
Definition 31 We define c_2Eprim__rec_2E_3C to be A\VOm € ty_2Enum_2Enum.\V1n € ty_ 2Enum_2Enu
Definition 32 We define c_2Earithmetic_2E_3E to be A\VOm € ty 2Enum _2Enum.\V1n € ty 2Enum_2En
Definition 33 We define c_2Ebool 2E_5C_2F to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €
Definition 34 We define c_2Earithmetic_2E_3E_3D to be \VOm € ty 2Enum_2Enum.A\V1n € ty_2Enum_2
Let c_2Ereal__topology 2Emk__net : 1=t be given. Assume the following.

VA 2Ta.nonempty A_27a=-c_2Ereal_topology 2Emk__net

_27a\A-2Ta 23
A27a € ((ty-2Ereal__topology-2Enet A,27a)((2A 27a)A-27a (23)

)

Definition 35 We define c_2Ereal__topology_2Esequentially to be (ap (c_2Ereal__topology 2Emk__net ty_ 21

Let c.2Ereal__topology 2FE Dist : + be given. Assume the following.

C,QETeal,,topology,QEDist c (ty,QETealal‘,2ET6al(ty’2Epair’2EpTOd ty_2Erealaxr_2FEreal ty,QErealar,QEreal))

(24)
Let c2Ereal__topology_2Emnetord : 1=t be given. Assume the following.
VA 27a.nonempty A_27a=c_2Ereal__topology_2Enetord A27a €
(((2A727a)A727a)(ty,QEreal,,topology,2Enet A,27a)) (25)

Definition 36 We define c_2Ereal__topology_2Etrivial__limit to be AA_27a : t. AV Onet € (ty-2Ereal __topologs
Definition 37 We define c 2Ereal__topology 2Eeventually to be A\A_27a : 1. AV Op € (24-27) AV 1net € (ty_2

Definition 38 We define c_2Ereal__topology 2E_2D 2D _3E to be AA_27a : 1. A\VOf € (ty,QErealax,ZErealA'



Definition 39

Definition 40

Definition 41

Definition 42

Definition 43

Definition 44

Definition 45

Definition 46

We define c.2Ebool 2ECOND to be AA-27a : ¢.(AVOt € 2.(AV1tl € A27a.(A\V2t2 € A27a.(
We define c_2Ereal 2Eabs to be A\V0x € ty_2Erealax_2Ereal.(ap (ap (ap (c_2Ebool 2ECONI
We define c_2Ereal__topology_2Ebounded__def to be \V0s € (2tv-2Erealaz2Ereal) (g (c_2Ehc
We define c_2Ereal__topology 2EOpen to be \V (s € (2tv-2Erealaz-2Ereal (g4, (c 2Ebool 2E 2
We define c_2Ereal__topology_2Elimit__point__of to be A\VO0x € ty_2FErealar 2Ereal \V1s € {
We define c_2Epred__set 2EUNION to be AA_27a : 1.AV0s € (24-27) AV 1t € (24-27%).(ap (c
We define c_2Ereal__topology_2Eclosure to be \V (s € (2ty-2Erealaz-2Erealy (qp, (qp (c_2Epred

We define c_2Ereal__topology_2Ecompact to be \V0s € (2tv-2Erealaz2Ereal) (qy (c 2Ebool 2!

Assume the following.

True (26)

Assume the following.

(VW01 € 2.(VV1£2 € 2.(((p VOt =(p V1¢2))=(((p

Assume the following.

Assume the following.

Assume the following.

Assume the following.

Assume the following.

Assume the following.

V1t2)=(p VOI)=((p VOIL )& (p V112))))) 27)

(YVOt € 2.(False=(p VOt))) (28)

(YV0t € 2.((p VOO)V(=(p VOL)))) (29)

VAJ?@.noZ?;?;?%pA‘;%Z)a)Z (Z)V‘(/)[t) S)?.((wm € (30)

(W0 € 2.(3W 12 € 2((p VOIOAD V1) &((p VIIA (o)
(p VOI)))

(YOt € 2.(((p VOt)= False)=(~(p VO1)))) (32)

(YVOt € 2.((~(p VOt))=((p VOt)= False))) (33)



Assume the following.

(VVOt € 2.(((TrueA(p VOt))=(p VOO)A((((p VO) AT rue)<
(p VOO)A(((Falsen(p VOt))=False)A((((p VOt)AFalse)< False)A  (34)

(((p VO)A(p VOR))&=(p V01)))))))

Assume the following.

(YVOt € 2.(((TrueV(p VOt))=True) AN((((p VO)VTrue)=True) A
((Falsev(p VOt))=(p Vo) A((((p VOt)VEalse)<=(p VO)A(((p VOt)V

(p VO1))=(p VO01)))))))
(35)
Assume the following.

(VVO0t € 2.(((True=(p VOt))=(p VOt))A(((p VOt)=True)s
True)A(((False=(p VOt))=True) AN((((p VOt)=(p VOt))=True)A((  (36)
(p VOt)=False)=(=(p V01))))))))

Assume the following.

((VVOt € 2.((=(—(p VO1)))=(p VOL)))A(((—True)<False) A

((mFalse)=True))) (37)

Assume the following.
VA 27a.nonempty A27a=(VV0x € A27a.(VOz = V0z)) (38)

Assume the following.

VA 27a.nonempty A27a=(VV0x € A27a.(VO0zx = VOz)&

True)) (39)

Assume the following.
VA 27a.nonempty A 27a=(VVO0x € A27a.(VV1y € (40)

A27a.(VOz = V1y)e(V1y = V0x))))
Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YVOf € (A2704-272).(VV1g € (A27b4-272).(VOf = (41)
V1g)e(VV2x € A27a.((ap VOf V2x) = (ap V1g V21))))))

Assume the following.

(YVOt € 2.(((True=(p VOt))(p VOO))A((((p VOt )=True)<
(p VO)A(((Falses(p VOt)) (= ()P VOO))A(((p VOt)=False)e(-( (42)

0£)))))))

Assume the following.

VA_27a.nonempty A27a=(VVOP € (24-27%).((~(VV 1z €

A27a.(p (ap VOP Vx))))e(3V22 € A27a.(—(p (ap VOP V22)))))) (43)

6



Assume the following.

VA_27a.nonempty A27a=(VVOP € (24-27%).((~(IV1x €

A27a.(p (ap VOP V1z)))e(WV2z € A27a.(~(p (ap VOP V2))))) Y
Assume the following.
VA 27a.nonempty A_27a=(YVOP € (24-272).(VV1Q €
(24-270) ((VV2z € A27a.((p (ap VOP V2z))A(p (ap V1Q V2z))))= (45)

(VV3z € A27a.(p (ap VOP V3z)))A(VV4x € A27a.(p (
ap V1Q V4x)))))))

Assume the following.

VA 27a.nonempty A27a=(YVOP € (24-277).(VV1Q €
2.((VV2zx € A27a.(p (ap VOP V22)))A(p V1Q))=(VV 3z € (46)
A27a.((p (ap VOP V3z))A(p V1Q))))))

Assume the following.

VA 27a.nonempty A27a=(VVOP € (24-277).(VV1Q €
(24-272) ((3V2z € A27a.((p (ap VOP V22))V(p (ap V1Q V22))))=
((FV3x € A27a.(p (ap VOP V3zx)))v(IV4x € A27a.(p (
ap V1Q V4x)))))))

(47)

Assume the following.

VA _27a.nonempty A27a=(YVOP € (24-27%).(VV1Q €
2.(((3V2z € A27a.(p (ap VOP V2z)))V(p V1Q))=(IV3zx € (48)
A27a.((p (ap VOP V3z))V(p V1Q))))))

Assume the following.

VA_27a.nonempty A27a=(VVOP € 2.(VV1Q € (
24-27a) (((p VOP)V(IV2z € A27a.(p (ap V1Q V2x))))=(3FV3z € (49)
A27a.((p VOP)V(p (ap V1Q V3x)))))))

Assume the following.

VA 27a.nonempty A27a=(VVOP € (24-277).(VV1Q €
2.((3V2z e A27a.((p (ap VOP V2z))A(p V1Q)))=((IV3z € (50)
A27a.(p (ap VOP V3z)))A(p V1Q)))))

Assume the following.

VA 27a.nonempty A 27a=(VYVOP € 2.(WV1Q € (
24-27a) (V22 € A27a.((p VOP)A(p (ap V1Q V2x))))<=((p (51)
VOP)A(IV3z € A27a.(p (ap V1Q V3z)))))))



Assume the following.

VA_27a.nonempty A27a=(VV0Q € 2.(VV1P € (
24-27a) (YV2z € A27a.((p (ap V1P V22))V(p V0Q)))=((VV3z € (52)
A27a.(p (ap V1P V3x)))V(p V0Q)))))

Assume the following.

VA 27a.nonempty A27a=(VVOP € 2.(vV1Q € (
24-270) ((VV 2z € A27a.((p VOP)V(p (ap V1Q V2z))))=((p (53)
VOP)V(VV3z € A27a.(p (ap V1Q V3x)))))))

Assume the following.

(VW0A € 2.(WW1B € 2.(((p VOA)V(p V1B))=((p V1B)V

54
(v VOA)))) >4
Assume the following.

(VW0A € 2.(vV1B € 2.(((=((p VOA)A(p V1B)))((~(
p VOA))V(=(p V1B))))A((=((p VOA)V(p V1B)))=((=(p VOA))A(=(p V1B)))))))

(55)
Assume the following.
(VW0A € 2.(WVV1B € 2.(vV2C € 2.((((p V1B)A (56)
(p V2C))V(p VOA))=(((p VIB)V(p VOA)A((p V2C)V(p VOA)))))))
Assume the following.
(YVOtl € 2.(VV1t2 € 2.(VV2t3 € 2.(((p VOtl)= (57)

((p V1t2)=(p V2t3)))=(((p VOLL)A(p V1t2))=(p V2t3))))))
Assume the following.

(VW0 € 2.(¥V12.27 € 2.(vV2y € 2.(¥V3y_27
2.((((p Voz)e(p V1z27)A((p V1z2T)=((p V2y)&(p V3y-27))))= (58)
(((p VOx)=(p V2y))&((p V12 27)=(p V3y-27))))))))

Assume the following.

VA_27a.nonempty A27a=(VVOP € (24-277).(VV1a €
A27a.((3V2x € A27a.((V2x = V1a)A(p (ap VOP V2z))))<(p ( (59)
ap VOP V1a)))))

Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YVOP € ((24-270)4-27) (VW 1z € A 27a.(3V2y €
A27b.(p (ap (ap VOP V1z) V2y))))=(3V3f € (A2764-272) (
YVdx € A27a.(p (ap (ap VOP Vdzx) (ap V3f V4x)))))))

(60)

8



Assume the following.

VA 27a.nonempty A 27a=(YVOP € (24-279).(VV1Q €
2.(((3V2zx € A27a.(p (ap VOP V2z)))=(p V1Q))=(VV3x € (61)
A27a.((p (ap VOP V3z))=(p V1Q))))))

Assume the following.

VA 2Ta.nonempty A_27a=YA_27b.nonempty A_27b=V A 27c.
nonempty A 27c=(VVOf € (A27b4-272) (VV1g € (A_27a"-27¢).

(VV2z € A27c.((ap (ap (ap (c-2Ecombin_2Eo A_27¢ A27b A_27a) (62)
VOf) Vig) V2z) = (ap VOf (ap V1g V212))))))
Assume the following.
VA_27a.nonempty A27a=(VVO0x € A27a.((ap (c2Ecombin_2El (63)

A27a) V0z) = VO0x))
Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=(

YV0x € A27a.(VV1y € A27b.(VV2a € A27a.(VV3b €
A27b.(((ap (ap (c2Epair2E 2C A_27a A_27b) VOzx) V1y) = (ap (ap
(c-2Epair2E2C A 27a A27b) V2a) V3b))=((VO0zx = V2a)A(V1y = V3b)))))))
(64)

Assume the following.

VA 27a.nonempty A 27a=VA_27b.nonempty A_27b=YA 27c.
nonempty A27c=(VVOf € ((A27cA-270)A-27a) (VW ix €
A27a.(WVV2y € A27b.((ap (ap (c2Epair2EUNCURRY A_27a
A27b A27¢) VOf) (ap (ap (c_2Epair 2E_2C A 27a A27b) V1x) V2y)) =
(ap (ap VOF Viz) V2y))))

(65)
Assume the following.

VA_27a.nonempty A27a=VA_27b.nonempty A_27b=(
YVOP e (2(ty,2Epair,2Eprod A_27a A,27b)).((3le c
(ty2Epair 2Eprod A27a A27b).(p (ap VOP Vip)))<(FV2p_1€  (66)
A27a.(3V3p-2 € A27b.(p (ap VOP (ap (ap (c2Epair_2E_2C
A27a A27b) V2p__1) V3p-_2)))))))

Assume the following.

VA_27a.nonempty A27a=(VV0s € (24-27%) (VV1t €
(24-279) ((V0s = V1)< (VV2x € A27a.((p (ap (ap (c.2Ebool 2EIN
A27a) V2z) V0s))<(p (ap (ap (c.2Ebool 2EIN A_27a) V2z) V'1t)))))))
(67)



Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=(
VYV Of € ((ty-2Epair 2Eprod A-27a 2)4-2™).(VV1v €
A27a.((p (ap (ap (c_2Ebool 2EIN A_27a) V1v) (ap (c-2Epred-_set 2EGSPEC
A27a A27b) VOf)))=(3V2x € A27b.((ap (ap (c2Epair_2E_2C
A_27a 2) V1v) c_2Ebool 2ET) = (ap VOf V2z))))))
(68)
Assume the following.

(YV 0z € ty_2Erealax 2Ereal . (VV 1y € ty 2Erealax_2Ereal.
((ap (ap c-2Erealax_2Ereal__add V0z) V1y) = (ap (ap c2Erealax_2Ereal__add
Viy) VOx))))
(69)
Assume the following.

(VVO0x € ty_2Erealax 2Ereal. (VV1y € ty_2Erealax_2Ereal.
(VV2z € ty 2Erealax_2Ereal.((ap (ap c_2Erealax_2Ereal__add
VO0x) (ap (ap c2Erealax_2Ereal__add V1y) V2z)) = (ap (ap c_2Erealax_2Ereal__add
(ap (ap c_2Erealax_2Ereal__add VO0z) V1y)) V2z2)))))
(70)
Assume the following.

(VVO0z € ty2Erealax_2Ereal.((ap (ap c2Erealax_2Ereal__add
(ap c_2Erealax_2Ereal__neg VO0z)) VO0z) = (ap c2Ereal 2Ereal__of __num
c2Enum_2E0)))
(71)
Assume the following.

(VVO0z € ty-2Erealax_2Ereal.((ap (ap c_2Erealax_2Ereal__mul
(ap c2Ereal 2Ereal__of __num (ap c-2Earithmetic 2ENUMERAL ( (72)
ap c_2Earithmetic_2EBIT1 c_2Earithmetic 2EZERO)))) V0x) = V0x))

Assume the following.

(VVO0z € ty_2Erealax_2Ereal.((ap (ap c2Erealax_2Ereal__add

VO0z) (ap c2Ereal 2Ereal__of __num c_2Enum_2E0)) = V0z)) (73)

Assume the following.

(VVO0z € ty_2Erealax_2Ereal.((ap (ap c_2Erealax_2Ereal__add
VO0zx) (ap c-2Erealax_2Ereal__neg V0z)) = (ap c2Ereal 2Ereal__of__num
c2Enum_2E0)))

(74)
Assume the following.
(VVO0x € ty_2Erealax_2Ereal.(VV 1y € ty_2Erealax_2Ereal.
((ap c_2Erealax_2Ereal__neg (ap (ap c_2Erealax_2Ereal__add V0x) (75)

V1y)) = (ap (ap c2Erealax_2Ereal__add (ap c_2Erealax_2Ereal__neg
VO0z)) (ap c_2Erealax_2Ereal__neg V'1y)))))
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Assume the following.

(VVO0zx € ty_2Erealax_2Ereal.((ap (ap c_2Erealax_2Ereal__mul
(ap c2Ereal 2Ereal __of __num c_2Enum_2E0)) VO0z) = (ap c2Ereal 2Ereal __of __num
c_2Enum_2E0)))
(76)
Assume the following.

(VVO0zx € ty_2Erealax_2Ereal.(p (ap (ap c_2Ereal 2Ereal__lte

Vo) Vo)) (77)

Assume the following.

(VVO0x € ty_2Erealax_2Ereal. (VV1y € ty_2Erealax_2Ereal.
(((p (ap (ap c2Ereal 2Ereal__Ite VOx) V1y))A(p (ap (ap c2Ereal 2Ereal__lte
Viy) Vox)))e(Vox = Vy))))

(78)
Assume the following.
(VVO0x € ty_2Erealax 2Ereal.(VV 1y € ty_2Erealax_2Ereal.
((ap (ap c-2Erealax_2Ereal__mul (ap c_2Erealax_2Ereal__neg V0x)) (79)

V1y) = (ap c_2Erealax_2Ereal__neg (ap (ap c_2Erealax_2Ereal__mul
Vox) V1y)))))

Assume the following.

(VVO0y € ty 2Erealax 2Ereal.(VV1x € ty 2Erealax_2Ereal.
((p (ap (ap c2Erealax_2Ereal__It V1z) VOy))<(—(p (ap (ap c2Ereal 2Ereal__lte
Voy) Viz))))))
(80)
Assume the following.

(VVO0x € ty_2Erealax_2Ereal. (VV1y € ty_2Erealax_2Ereal.

((p (ap (ap c_2Ereal 2Ereal__lte (ap c_2Erealax_2Ereal__neg V0zx))
V1y))<(p (ap (ap c2Ereal 2Ereal__lte (ap c2Ereal 2Ereal__of __num
c2Enum_2E0)) (ap (ap c_2Erealax_2Ereal__add V0zx) V1y))))))

(s1)
Assume the following.

(VVO0x € ty_2Erealax_2Ereal.(VV1y € ty_2Erealax_2Ereal.
((p (ap (ap c_2Ereal 2Ereal__lte (ap c_2Erealax_2Ereal__neg V0zx))
(ap c_2Erealax_2Ereal_neg V1y)))<(p (ap (ap c2Ereal 2Ereal__lte

Viy) VOz)))))

(82)

Assume the following.

(VVO0zx € ty_2Erealax_2Ereal.((ap c2Erealax_2Ereal__neg

(ap c-2Erealax_2Ereal__neg V0z)) = VO0x)) (83)
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Assume the following.

(YV 0z € ty_2Erealax 2Ereal.(VV 1y € ty 2Erealax_2Ereal.
((p (ap (ap c_2Ereal 2Ereal__Ite VOz) (ap c_2Erealax_2Ereal__neg
V1y)))<(p (ap (ap c2Ereal 2Ereal__lte (ap (ap c-2Erealax_2Ereal__add
VOzx) V1y)) (ap c2Ereal 2Ereal__of __num c_2Enum_2E0))))))

(84)

Assume the following.

(VVO0zx € ty-2Erealax 2Ereal .(VV1y € ty_ 2Erealax_2Ereal.
(VV2z € ty_2Erealax_2Ereal.((ap (ap c-2Erealax_2Ereal__mul
(ap (ap c2Erealax_2Ereal__add VO0z) V1y)) V2z) = (ap (ap c2Erealax_2Ereal__add
(ap (ap c_2Erealax_2Ereal__mul V0x) V2z)) (ap (ap c-2Erealax_2Ereal__mul
Viy) V22))))
(85)
Assume the following.

(VVOS c (2ty,2E7‘ealaz,2E1‘eal).(VVlt c (2ty,2Erealax,2Ereal)'

((ap (c-2Epred__set 2EGSPEC ty2Erealax_2Ereal (ty-2Epair 2Eprod
ty2Erealaxr_2Ereal ty-2Erealar_2Ereal)) (ap (c.2Epair2EUNCURRY
ty_2Frealax_2Ereal ty 2Erealax_2Ereal (ty-2Epair_2Eprod ty_2Erealax_2Ereal
2)) (A\V2z € ty2Erealax 2Ereal (A\V 3y € ty_2Erealar_2Ereal.

(ap (ap (c-2Epair2E_2C ty_2Erealax 2Ereal 2) (ap (ap c_2Erealax_2Ereal__add
V2z) V3y)) (ap (ap c.2Ebool 2E_2F_5C (ap (ap (c2Ebool 2EIN ty_2FErealaxr_2Ereal)
V2z) V0s)) (ap (ap (c-2Ebool 2EIN ty_2Erealax_2Ereal) V3y) V1t))))))) =
(ap (c2Epred__set 2EGSPEC ty 2Erealax_2Ereal (ty-2Epair_2Eprod
ty_2Erealar_2Ereal ty_2Erealax_2Ereal)) (ap (c_2Epair 2EUNCURRY
ty 2Erealax_2Ereal ty 2Erealax 2Ereal (ty_2Epair 2Eprod ty_2Erealax_2Ereal
2)) (\WV4y € ty_2Erealaxz 2Ereal .(\V5x € ty_2Erealar_2Ereal.

(ap (ap (c-2Epair_2E_2C ty_2Erealaxz_2Ereal 2) (ap (ap c_2Erealax_2Ereal__add
V4dy) V5x)) (ap (ap c_2Ebool 2E_2F_5C (ap (ap (c-2Ebool 2EIN ty_2FErealax_2Ereal)
V4y) V1t)) (ap (ap (c.2Ebool 2EIN ty_2Erealax_2Ereal) V5x) V0s))))))))))

(36)
Assume the following.

(VV0s € (2tv-2Erealaz2Ereal (4, (qp (ap (c_2Epred__set 2ESUBSET

ty_2Erealax_2FEreal) V0s) (ap c_2Ereal__topology_2Eclosure V0s)))) (87)

Assume the following.

VA_27a.nonempty A_27a=(VVOnet € (ty_2Ereal__topology_2Enet
A27a).(VV1f € (ty2Erealax_2Ereal-27*).(VV2g €
(ty 2Erealar 2Ereal-*7%).(YV 3l € ty_2Erealax_2Ereal.

(VVdm € ty_2Erealax_2Ereal.(((p (ap (ap (ap (c-2Ereal__topology_2E_2D_2D_3E
A27a) V1f) V3l) VOnet))A(p (ap (ap (ap (c-2Ereal__topology 2E_2D_2D_3E
A27a) V2g) V4am) VOnet)))=(p (ap (ap (ap (c_2Ereal__topology_2E_2D_2D_3E
A27a) (A\V5x € A27a.(ap (ap c_2Erealax_2Ereal__add (ap V1f
V52x)) (ap V29 V52)))) (ap (ap c_2Erealax_2Ereal__add V'3l) V4m))

Vonet)))))))) (88)
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Assume the following.

VA_27a.nonempty A_27a=(VVOnet € (ty_2Ereal__topology_2Enet
A27a).(VWV1f € (ty2Erealax 2Ereal-27).(VV2g €
(ty 2Erealar 2Ereal-*7%).(YV 3l € ty_2Erealax_2Ereal.

(VVam € ty_2Erealax_2Ereal.(((p (ap (ap (ap (c-2Ereal__topology_2E_2D_2D_3E
A27a) V1f) V3l) VOnet))A(p (ap (ap (ap (c_2Ereal__topology 2E_2D_2D_3E
A27a) V2g) V4m) VOnet)))=(p (ap (ap (ap (c_2Ereal__topology 2E_2D_2D_3E
A27a) (\V5x € A27a.(ap (ap c_2Ereal 2Ereal_sub (ap V1f Vbz))

(ap V2g V5z)))) (ap (ap c2Ereal 2Ereal__sub V3l) V4m)) VOnet))))))))
(89)
Assume the following.

(VV0s € (2ty-2Brealaz2Breal) (y\/1] ¢ ty_2Erealax_2Ereal.
((p (ap (ap (c-2Ebool_2EIN ty_2FErealaxr_2Ereal) V11) (ap c_2Ereal__topology_2Eclosure
V0s)))e(3V2z € (ty2Erealax_2Erealty-2Enum-2Enum) (
(VV3n € ty2Enum_2Enum.(p (ap (ap (c2Ebool 2EIN ty_2FErealax_2FEreal)
(ap V22 V3n)) V0s)))A(p (ap (ap (ap (c-2Ereal__topology_2E_2D_2D_3E
ty_2Enum_2Enum) V2x) V11) c_2Ereal__topology_2Esequentially)))))))
(90)
Assume the following.

(VV0s € (ty-2Erealax_2ErealtV-2Pnum-2Enum) (g1, ¢
(ty-2Enum_2Enumty-2Enum-2Enum) (¢\/9] ¢ ty 2Erealar_2Ereal.
(((YV3m € ty2Enum_2Enum.(VV4n € ty_2Enum_2Enum.
((p (ap (ap c2Eprim__rec_2E_3C V3m) V4n))=(p (ap (ap c_2Eprim__rec2E_3C
(ap V1r V3m)) (ap V1r V4n))))))A(p (ap (ap (ap (c2Ereal__topology 2E_2D_2D_3E
ty_2Enum_2Enum) V0s) V2[) c_2Ereal__topology_2Esequentially)))=-
(p (ap (ap (ap (c-2Ereal__topology 2E_2D 2D _3E ty_2Enum_2Enum)
(ap (ap (c-2Ecombin_2Eo ty_ 2Enum_2Enum ty 2Erealaz_2Ereal ty-2Enum_2Enum)
V0s) V1r)) V2l) c_2Ereal__topology_2Esequentially))))))
(91)
Assume the following.

(YV0s € (2tv-2Erealaz2Brealy ((p (gp c_2Ereal__topology 2Ecompact
(ap c_2Ereal__topology_2Eclosure V0s)))<(p (ap c-2Ereal__topology_2Ebounded__def

V0s))))

(92)

Assume the following.
(V0L € 2.((~(~(p VOL))=(p VL) (93)

Assume the following.
(VV0A € 2.((p VOA)=((—(p V0A))=False))) (94)

Assume the following.
(VV0A € 2.(WV1B € 2.(((—((p VOA)V(p V1B)))=False)& (95)

(((p VOA)=False)=((—(p V1B))=False)))))
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Assume the following.

(VV0A € 2.(WV1B € 2.(((=((—(p VOA))V(p V1B)))=False)=

((p VOA)=((~(p V1B))=Falsc))))) %)

Assume the following.
(VV0A € 2.(((—(p VOA))=Fualse)=(((p VOA)=False)=False)))  (97)

Assume the following.

(VVOp € 2.(VV1g € 2.(VV2r € 2.(((p VOp)=(
(p Vig)=(p V2r)))=(((p VOp)V((p Vig)V(p V2r)))A(((p VOp)V((—(
p V2r))V(=(p V1g)A(((p V1g)V((=(p V2r))V(=(p VOp))))A((p V2r)v
((=(p V1g))v(=(p VOp))))))))))
(98)
Assume the following.
(VVOp € 2.(WV1qg € 2.(VV2r € 2.(((p VOp)&=(
(p V1igIA(p V2r)))e(((p VOop)V((=(p V1g))V(=(p V2r))))A(((p V1g)V
(=(p VOp)))A((p V2r)V(=(p VOp))))))))) 09)

Assume the following.

(VVOp € 2.(VW1g € 2.(WV2r € 2.(((p VOp)=(
(p Vig)V(p V2r)))=(((p VOp)V(=(p V1g)))A(((p VOp)V(=(p V2r)))A

((p V1g)V((p V2r)V(=(p VOp))))))))))
(100)
Assume the following.

(VVOp € 2.(VV1g € 2.(VV2r € 2.(((p VOp)<(
(p V1g)=(p V2r)))=(((p VOp)V(p V1g)A((p VOp)V(=(p V2r)))A((
=(p V1g))V((p V2r)V(=(p V0p))))))))))

(101)
Assume the following.
(YVOp € 2.(VV1g € 2.(((p VOp)=(=(p V1g)))=(((p VOp)V (102)
(p V1g))A((=(p V1g))V(=(p VOp)))))))
Assume the following.
(YVOp € 2.(VV1g € 2.((—((p VOp)=(p V1q)))=(p VOp)))) (103)
Assume the following.
(YVOp € 2.(VV1g € 2.((—((p VOp)=(p V1q)))=(~(p V1q))))) (104)
Assume the following.
(VVOp € 2.(¥V1g € 2.((—((p VOp)V(p V1g)))=(~(p VOp))))) (105)
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Assume the following.
(VWop € 2.(WV1g € 2.((=((p VOp)V(p V1g)))=(~(p V1g))))) (106)

Assume the following.

(VV0p € 2.((=(=(p VOp)))=(p VOp))) (107)
Theorem 1

(VVOS c (2ty,2Erealaw,2Ereal).(VVlt c (2ty,2Erealam,2Ereal).
(((p (ap c_2Ereal__topology_2Ebounded__def V0s))V(p (ap c-2Ereal__topology_2Ebounded__def
V1t)))=((ap c_2Ereal__topology_2Eclosure (ap (c_2Epred__set 2EGSPEC
ty 2Erealax_2Ereal (ty 2Epair 2Eprod ty_2Erealax_2Ereal ty 2Erealax_2Ereal))
(ap (c_2Epair 2EUNCURRY ty_2FErealaz_2Ereal ty 2Erealax_2Ereal
(ty-2Epair 2Eprod ty-2Erealax_2Ereal 2)) (A\V2zx € ty_2Erealax_2Ereal.
(A\V3y € ty_2Erealax_2Ereal.(ap (ap (c_2Epair_2E_2C ty_2Erealaxr_2Ereal
2) (ap (ap c_2Erealax_2Ereal__add V2z) V3y)) (ap (ap c-2Ebool 2E_2F_5C
(ap (ap (c2Ebool 2EIN ty_2Erealar_2FEreal) V2x) V0s)) (ap (ap (
c_2Ebool 2EIN ty_2Erealax 2Ereal) V3y) V1t)))))))) = (ap (c2Epred__set 2EGSPEC
ty_ 2Erealax_2Ereal (ty_2Epair 2Eprod ty 2Erealax 2Ereal ty 2Erealaxr_2Ereal))
(ap (c2Epair.2EUNCURRY ty_2Erealax_2FEreal ty-2Erealax_2FEreal
(ty_2Epair 2Eprod ty_2Erealar_2Ereal 2)) (A\V4x € ty_2Erealax_2Ereal.
(A\V5y € ty_2Erealax_2Ereal.(ap (ap (c-2Epair 2E_2C ty_2Erealax_2Ereal
2) (ap (ap c_2Erealax_2Ereal__add V4z) V5y)) (ap (ap c_2Ebool 2E_2F _5C
(ap (ap (c2Ebool 2EIN ty_2Erealax_2FEreal) VAx) (ap c_2Ereal__topology_2Eclosure
V0s))) (ap (ap (c.2Ebool 2EIN ty_2Erealar_2Ereal) V5y) (ap c-2Ereal__topology_2Eclosure

V)
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