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Definition 1 We define c.2Emin_2E_3D to be A\A.\x € A y € Ainj_o (x = vy)
of type t=-t.

Definition 2 We define c_2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (A\V0z € 2.V0z)) (A\V1z € 2.V

Definition 3 We define c 2Emin_2E_40 to be AAAP € 24.if (32 € Ap (ap P x)) then (the (\z.x € AAp
of type t=>t.

Definition 4 We define c_2Ebool 2E_3F to be AA 27a : 1.(AVOP € (24-27).(ap VOP (ap (c_2Emin_2E 40 2
Let ty 2Erealax_2FEreal : ¢ be given. Assume the following.

nonempty ty_2Erealax_2Ereal (1)
Definition 5 We define c_2Epred__set 2EUNIV to be AA_27a : 1.(AV0z € A_27a.c_2Ebool 2ET).
Definition 6 We define c_2Ebool 2EIN to be AA_27a : 1.(AVO0x € A27a.(A\V1f € (24-27%).(ap V1f VOx)))
Definition 7 We define c_2Ebool 2E_21 to be A\A_27a : t.(AVOP € (24-27%).(ap (ap (c.2Emin_2E_3D (24-27
Definition 8 We define c_2Ebool 2EF to be (ap (c_2Ebool 2E_21 2) (AV Ot € 2.V 01)).

Definition 9 We define c 2Emin_2E_3D_3D_3E to be AP € 2.0\Q € 2.inj_o (p P=p Q)
of type ¢.

Definition 10 We define c_2Ebool 2E_TE to be (A\VOt € 2.(ap (ap c_2Emin_2E_3D_3D_3E V0t) c_2Ebool 2E

Definition 11 We define c_2Ebool 2E_2F 5C to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c2Ebool 2E_21 2) (AV2t €



Let ty_2FEpair 2Eprod : t1=>1= be given. Assume the following.
VAO.nonempty A0=VAl.nonempty Al=nonempty (ty-2Epair_2Eprod
A0 A1)
(2)
Let c.2Epair 2EABS __prod : 1=t=t be given. Assume the following.

VA 27Ta.nonempty A_27a=YA_27b.nonempty A_27b=c_2FEpair 2EABS __prod
2 A_27a
A27a A27b € ((ty_2Epair 2Eprod A_27a A_27b)(2"™) 7 )
(3)
Definition 12 We define c_2Epair 2E_2C to be NA_27a : t. AA_27b : 1. AV Oz € A27a.\V1y € A27b.(ap (c-2
Let c2Epred__set 2EGSPEC : 1=1=>1 be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=c_2FEpred_set 2EGSPEC
A27a A27b € ((2A727a)((ty,2Epair,2E;m’od A_27a 2)A*27b))

(4)
Definition 13 We define c 2Epred__set 2EDIFF to be AA_27a : 1t.AV0s € (24-279) AV 1t € (24-27%) (ap (c_2.
Let c.2Ereal__topology 2FE Dist : v be given. Assume the following.

c,2Ereal,,t0pology,2EDist c (ty,2Erealax,2Ereal(tijp“”*zEpmd ty-2Erealax_2Ereal ty,QErealaw,ZEreal))

(5)

Let ty 2FEhreal 2Ehreal : « be given. Assume the following.
nonempty ty_2FEhreal 2Ehreal (6)
Let c2Erealax 2Ereal _REP__CLASS : . be given. Assume the following.

c2Erealax 2Ereal_REP_CLASS € ((2(tv-2Fpair 2Bprod ty 2Ehreal 2Bhreal ty 2Ehreal 2Bhreal)yty 2Brealaz
(7)
Definition 14 We define c_2Erealax_2Ereal__REP to be A\V0a € ty_2Erealax_2Ereal.(ap (c.22Emin_2E_40 (¢
Let c.2FErealax_2Etreal__It : « be given. Assume the following.

c2Erealax 2Etreal__lt € ((2(ty,2Epair,2Ep'rod ty_2Ehreal_2Ehreal ty,QEhreal,2Ehreal))(ty,2EpaiT,2Eprod ty_2Eh

(8)
Definition 15 We define c_2Erealax_2Ereal__It to be A\VOT'1 € ty 2Erealax 2Ereal A\V1T2 € ty 2Erealax-
Let c2Enum 2EZERO__REP : 1 be given. Assume the following.

c2Enum 2EZERO__REP € omega (9)
Let ty 2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2FEnum (10)
Let c.2Enum_2EABS__num : ¢ be given. Assume the following.
c2Enum 2EABS__num € (ty-2Enum_2Enum°™9%) (11)



Definition 16 We define c_2Enum_2EQ to be (ap c.2Enum_2EABS_num ¢ 2Enum 2EZERO__REP).

Let c.2FEreal 2Ereal__of __num : ¢ be given. Assume the following.
c2Ereal 2Ereal _of _num € (ty_2Erealax_2EreqlV-2Fm m-2Enum) (19)
Definition 17 We define c_2Ereal__topology 2EOpen to be \V0s € (2ty-2Erealaz-2Ereal (qp (c_2Ebool 2E_2
Definition 18 We define c 2Ereal__topology 2EClosed to be AV 0s € (2ty-2Erealaz-2Ereal) (qy, ¢ DEreal _topo
Definition 19 We define c 2Epred__set 2ESUBSET to be AA_27a : t.A\V0s € (24-272) AV 1t € (24-27%).(ap (
Definition 20 We define c_2Ereal__topology_2Einterior to be \V0s € (2ty-2Erealaz-2Ereal (qp (c_2 Epred__s
Definition 21 We define c_2Ereal__topology_2Elimit__point__of to be A\VOx € ty_2Erealax 2Ereal. A\V1s € |
Definition 22 We define c_2Ebool 2E_5C_2F to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c2Ebool 2E_21 2) (AV2t €
Definition 23 We define c 2Epred__set 2EUNION to be AA_27a : 1. AV 0s € (24-27%) AV 1t € (24-27%).(ap (c
Definition 24 We define c 2Ereal__topology 2Eclosure to be A\V0s € (2tv-2Frealaz-2Ereal) (g4, (qp (c_2Epred
Definition 25 We define c 2Ereal__topology 2Efrontier to be \V0s € (2tv-2Erealaz-2Ereal (g4, (qp (c_2Eprec
Let c2Enum 2EREP__num : ¢ be given. Assume the following.
c2Enum 2EREP_num € (omegaty-2Fnum-2Enum) (13)
Let c2Enum 2ESUC__REP : 1 be given. Assume the following.
¢ 2Enum 2ESUC__REP € (omega®™9%) (14)
Definition 26 We define c 2Enum_2ESUC to be \VOm € ty 2Enum_2Enum.(ap c.22Enum_2EABS__num
Definition 27 We define c_2Eprim__rec_2E_3C to be A\VOm € ty_2Enum_2Enum.\V1n € ty_2Enum_2Enu
Definition 28 We define c_2Earithmetic_2E_3E to be A\VOm € ty 2Enum _2Enum. \V1n € ty 2Enum_2En
Definition 29 We define c_2Earithmetic_2E_3E_3D to be \VOm € ty 2Enum_2Enum. AV 1n € ty_2Enum_2
Let ty_2Freal__topology_2Enet : 1= be given. Assume the following.
YV AOQ.nonempty A0=nonempty (ty_2Ereal__topology_2Enet A0) (15)
Let c.2Ereal__topology 2Emk__net : 1=t be given. Assume the following.

VA 2Ta.nonempty A_27a=-c_2Ereal__topology 2Emk__net

_274\A_27a 16
A27a € ((ty2Ereal _topology 2Enet A 27a)(2*~")" ™) (16)

)

Definition 30 We define c_2Ereal__topology_2Esequentially to be (ap (c_2Ereal__topology 2Emk__net ty_ 21



Definition 31 We define c_22Ecombin_2Eo to be AA27a : t. AA27b : L. NA2Tc : L AVOf € (A,27bA*27C).)\V13
Let c.2Ereal__topology_2Enetord : 1=t be given. Assume the following.

VA 27a.nonempty A_27a=c_2Ereal__topology_2Enetord A27a €
( ( (2A,27a ) A_27a ) (ty_2Ereal__topology_2Enet A_27a) ) ( 17)

Definition 32 We define c_2Ereal__topology_2Etrivial__limit to be AA_27a : t. AV Onet € (ty_2Ereal__topologs
Definition 33 We define c 2Ereal__topology 2Eeventually to be A\A_27a : 1. AV Op € (24-27) A\V 1net € (ty_2
Definition 34 We define c_2Ereal__topology 2E 2D _2D_3E to be AA27a : 1. A\VOf € (ty,QETealaijrealA'
Definition 35 We define c 2Ereal__topology 2Ecompact to be A\V0s € (2tv-2Erealaz-2Ereal) (qp (¢ 2Ebool 2l
Let c.2Erealax_2Etreal_neg : ¢ be given. Assume the following.

c2Erealax_ 2FEtreal_neg € ((ty_2Epair 2Eprod ty 2Ehreal 2Ehreal
ty,2Ehreal,2Ehreal)(tyszp“”jEpmd ty_2Ehreal_2Ehreal ty,QEhreal,QEhreal))

(18)
Let c.2FErealax_2Etreal__eq : ¢ be given. Assume the following.

c2Erealar.2Etreal eq € ((2(ty,2Epair,2Ep7‘od ty_2FEhreal_2Ehreal ty,2Ehreal,2Ehreal))(ty,2Epair,2E'prod ty_2Eh

(19)
Let c2Erealaxr 2Ereal__ABS__CLASS : . be given. Assume the following.

(ty_2Epair_2Eprod ty_2Ehreal_2Ehreal ty_2Ehreal _2Ehi

(20)

c2Erealar 2Ereal__ABS_CLASS € (ty 2Erealax_2Ereal?

Definition 36 We define c 2Erealax_2Ereal __ABS to be A\VOr € (ty_2Epair 2Eprod ty 2Ehreal 2Ehreal ty
Definition 37 We define c_2Erealax_2Ereal__neg to be \VOT'1 € ty_2Erealax_2FEreal.(ap c_2Erealax_2Ereal
Definition 38 We define c_2Ereal_2Ereal__Ite to be \V0x € ty_2Erealax 2Ereal A\V1y € ty_2FErealax 2Er
Definition 39 We define c_2Ebool 2ECOND to be NA_27a : t.(AVOt € 2.(AV1tl € A 27a.(A\V2t2 € A27a.(
Definition 40 We define c_2Ereal 2Eabs to be \V 0z € ty_2Erealax_2Ereal.(ap (ap (ap (c2Ebool 2ECONI
Definition 41 We define c 2Ereal__topology 2Ebounded__def to be AV 0s € (2ty-2Frealaz-2Ereal) (qp (¢ 2Ebc

Assume the following.
True (21)

Assume the following.

(VVotl € 2.(VV1t2 € 2.(((p VOt1)=(p V1¢2))=(((p

V162)=(p VOt1))=((p VOI1)=(p V1t2)))))) (22)
Assume the following.
(VY0 € 2.(((p VOE)= False)=(=(p VOL)))) (23)



Assume the following.
(VVot € 2.((—(p VOt))=((p VOt)=False))) (24)
Assume the following.

(VVOt € 2.(((True=(p VOt))=(p VOt))A(((p VOt)=>True)s
True)A(((False=(p VOt))oTrue) AN((((p VOt)=(p VOt))=True)A((  (25)
(p VOt)=False)=(=(p V01))))))))

Assume the following.

((VVOt € 2.((=(—(p VOt)))=(p VO)) )A(((—True)<False) A\

((=False)=True))) (26)

Assume the following.

(VVOt € 2.(((Trues(p VOt))<(p VOt))
(p VOO)A(((Falses(p VOt))<=(—(p VOt)))

p V0)))))))

((((p VOt)eTrue)=

A
A(((p VOt)=False)=(—=( (27)

Assume the following.

VA _27a.nonempty A 27a=(VVOP € (24-27%).((~(VV1x €
A27a.(p (ap VOP V1iz))))=(3V2 € A27a.(=(p (ap VOP V2z))))))

Assume the following.

(VV0A € 2.(WW1B € 2.(((p VOA)V(p V1B))=((p V1B)V

(p V0A))))) (29)

Assume the following.

(VV0s € (2ty-2Brealaz2Breal ((4, (qp c_2Ereal__topology_2Ecompact
V0s))<=((p (ap c_2Ereal__topology 2Ebounded__def V0s))A(p (ap (30)
c_2Ereal__topology_2EClosed V0s)))))

Assume the following,.

(VV0s € (2tv-2Erealaz2Ereal) ((p (gp c_2Ereal__topology 2Ebounded__def
V0s))=(p (ap c-2Ereal__topology_2Ecompact (ap c_2Ereal__topology_2Efrontier

V0s)))))
(31)
Assume the following.
(VVOt € 2.((=(—=(p VO1)))=(p VOL))) (32)
Assume the following.
(VV0A € 2.((p VOA)=((—(p VOA))=False))) (33)



Assume the following.

(VVO0A € 2.(vW1B € 2.(((~((p VOANV(p V1B)))=False)<

(((p VOA)=False)=((—(p V1B))=False))))) (34)
Assume the following.
(VV0A € 2.(WV1B € 2.(((=((—(p VOA))V(p V1B)))=False)= (35)

((p VOA)=(((p V1B))=False)))))
Assume the following.
(VV0A € 2.(((—(p VOA))=False)=(((p VOA)=False)=False))) (36)

Assume the following.

(VVOp € 2.(VV1g € 2.(VV2r € 2.(((p VOp)&(
(p Vig)e(p V2r)))e(((p Vop)V(lp V1g)V(p V2r)))A(((p VOp)V((=(
p V2r)V(=(p V1) )A(((p V1V ((=(p V2r))V(=(p VOp))))A((p V2r)V
((=(p V1g))V(=(p VOp)))))))))))
(37)
Assume the following.
(VVOp € 2.(VV1ig € 2.(VV2r € 2.(((p VOp)=(
(p V1igA(p V2r)))=(((p VOop)V((=(p V1g)V(=(p V2r))A((p V1g)V
(=(p VOp)))A((p V2r)V(=(p VOp))))))))) 58)

Assume the following.

(VVOp € 2.(VV1g € 2.(VV2r € 2.(((p VOp)=(
(p Vig)V(p V2r)))&(((p VOp)V(=(p V1g)))A(((p VOp)V(=(p V2r)))A

((p V1ig)V((p V2r)V(=(p V0p)))))))))) 59)
Assume the following.

(VWOp € 2.(vW1q € 2.(vW2r € 2.(((p VOp)
(p Vig)=(p V2r)))=(((p VOop)V(p V1g))A(((p VOp)V
=(p V1g)V((p V2r)V(=(p V0p))))))))))

Assume the following.

< (
(=(p V2r))A(( (40)

(VVOp € 2.(WvV1q € 2.(((p VOp)=(~(p V1g)))=(((p VOp)V

(p V1) A(~(p V1g)V(~(p VOR))))) (41)

Theorem 1

(VV0s € (2ty-2Brealaz2Ereal) ((1) (gp c_2Ereal__topology_2Ecompact
V0s))=(p (ap c-2Ereal__topology_2Ecompact (ap c_2Ereal__topology_2Efrontier

V0s)))))



