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Definition 1 We define c 2Emin_2E_40 to be AAAP € 24.if (32 € Ap (ap P x)) then (the (\z.x € AAp
of type t=>t.

Definition 2 We define c.2Emin_2E_3D to be AA.\x € A y € A.inj_o (z =vy)
of type t=>t.

Definition 3 We define c_2Ebool 2E_3F to be AA_27a : 1.(AVOP € (24-27).(ap VOP (ap (c_2Emin_2E_40 2
Definition 4 We define c_2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (\V0z € 2.V0z)) (A\V1x € 2.V

Definition 5 We define ¢ 2Ecombin_2ES {0 be AA_27a : t \AA2Tb : LAA2Tc : L.AVOSf € ((A27cA-2T0)4 T

Definition 6 We define c.2Ecombin_2EC to be AA_27a : t. AA27Tb : 1. ANA27c: 1. (AVOf € ((A,27CA*27b)A727(

Definition 7 We define c_2Ebool 2E_21 to be AA_27a, : 1. (AVOP € (24-27%).(ap (ap (c.2Emin_2E_3D (24-27
Definition 8 We define c_2Ecombin_2Eo to be AA_27a : t.AA27b : L.AA2Tc : LAVOS € (A2767-27) AV 1g
Definition 9 We define c 2Ebool 2EIN to be AA_27a : 1.(AVO0x € A 27a.(A\V1f € (24-27%).(ap V1f VOx)))

Definition 10 We define c.2Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_-o (p P=p Q)
of type ¢.

Definition 11 We define c_2Ebool 2E_2F 5C to be (A\V0t1 € 2.(AV 12 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €
Let ty 2Epair 2Eprod : t=-1=-1 be given. Assume the following.

VAO.nonempty A0=VYAl.nonempty Al=nonempty (ty-2Epair 2Eprod
A0 A1)

(1)
Let c2Epair 2EABS__prod : t=1=1 be given. Assume the following.
VA 27a.nonempty A 27a=YA_27b.nonempty A_27b=c_2FEpair 2EABS __prod
2 A_27a
A27a A27b € ((ty2Epair 2Eprod A-27a A27b)(* ™)™
(2)



Definition 12 We define c_2Epair 2E_2C to be NA_27a : t. AA_27b : 1. AV 0z € A 27a.A\V1y € A27b.(ap (c-2
Let c2Epred__set 2EGSPEC : 1=>1= be given. Assume the following.

VA 2Ta.nonempty A_27a=YA_27b.nonempty A_27b=c_2FEpred_set 2EGSPEC
A927a A27b € ((214,270,)((ty,2Epair,2Eprod A_27a 2)A*27b))

(3)

Let ty_2FErealax_2Ereal : ¢ be given. Assume the following.
nonempty ty_2Erealax_2Ereal (4)
Let c.2Ereal__topology 2FE Dist : + be given. Assume the following.
c2Ereal _topology 2EDist € (ty_2Erealax_2Erealty-2Epair-2Eprod ty_2Brealaz 2Ereal ty-2Erealaz-2Ereal))
Let ty 2Fhreal 2Ehreal : ¢ be given. Assume the following. ®)
nonempty ty_ 2Ehreal 2Ehreal (6)
Let c2Erealaxr 2Ereal__REP__CLASS : 1 be given. Assume the following.

c.2Erealar 2Ereal__REP_CLASS € ((2(tv-2Epair-2Eprod ty-2Bhreal 2Bhreal ty-2Ehreal 2Ehreal) yty-2Erealaz
(7)
Definition 13 We define c_2Erealax_2Ereal__REP to be AV 0a € ty_2FErealaz_2Ereal.(ap (c_.2Emin_2E_40 (¢
Let c.2Erealax_2FEtreal__It : « be given. Assume the following.
c.2Erealax 2Etreal It € ((2(ty-2Fpair-2Eprod ty-2Ehreal 2Ehreal ty-2Ehreal-2Ehreal))(ty-2Epair 2Eprod ty-2Eh
(8)
Definition 14 We define c_2Erealax_2Ereal__It to be \VOT'1 € ty_ 2Erealar 2Ereal \V1T?2 € ty 2Erealax._
Let c2Enum 2EZFERO__REP : ¢ be given. Assume the following.

c2Enum 2EZERO__REP € omega 9)
Let ty 2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2Enum (10)
Let c2Enum 2EABS__num : ¢ be given. Assume the following.
c2Enum 2EABS__num € (ty-2Enum_2Enum°™9%) (11)

Definition 15 We define c_2Enum_2EQ to be (ap c.2Enum_2EABS_num c2Enum 2EZERO__REP).

Let c.2Ereal 2Ereal__of __num : ¢ be given. Assume the following.
c2Ereal 2Ereal _of__num € (ty_2Erealax_2EreqltV-2Enum-2Enumy — (19)

Definition 16 We define c 2Ereal__topology 2EOpen to be A\V0s € (2ty-2Erealaz-2Ereal) (qp (¢ 2Ebool 2E 2



Let ty_2Ftopology_-2Etopology : 1=t be given. Assume the following.

VAO.nonempty AO=nonempty (ty-2Etopology-2Etopology A0) (13)
Let c_2FEtopology_2FEtopology : 1=t be given. Assume the following.
VA 27a.nonempty A_27a=-c_2Etopology-2FEtopology A_27a € (14)

A_27a
((ty-2Etopology-2Etopology A,27a)(2(2 v )))

Definition 17

We define c_2Ereal__topology_2Eeuclidean to be (ap (c2Etopology_2Etopology ty_2Erealax.

Let c_2Etopology_2FEopen__in : t=-t be given. Assume the following.

VA 27Ta.nonempty A_27a=c_2Etopology_2Fopen__in A 27a €

Definition 18
Definition 19
Definition 20
Definition 21
Definition 22
Definition 23
Definition 24
Definition 25
Definition 26
Definition 27
Definition 28

Definition 29

((2(2'4*27“))(ty,2Etopology,QEtopology A_27a) ) (15)

We define c_2Epred__set 2EINTER to be AA_27a : 1.AV 0s € (24-274) AV 1t € (24-279) (ap (c-
We define c_2Ereal__topology_2Esubtopology to be AA_27a : 1. \V Otop € (ty-2Etopology-2Et
We define c_2Epred__set2EBIGUNION to be AA_27a : L AVOP € (22"7™) (ap (c_2Epred._:
We define c_2Etopology_2Etopspace to be AA_27a : 1.A\V Otop € (ty_2Etopology_2Etopology
We define c_2Ebool _2EF to be (ap (c_2Ebool 2E_21 2) (AV Ot € 2.V 0t)).

We define c_2Ebool 2E _7E to be (A\V 0t € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0t) c_2Ebool 2E
We define c_2Epred__set 2EDIFF to be AA_27a : 1t.AV0s € (24-2T) \V 1t € (24-27%) (ap (c_2.
We define c 2Epred__set 2ESUBSET to be AA 27a : t.A\V0s € (24-272) AV 1t € (24-27%).(ap (
We define c_2Etopology_2Eclosed__in to be AA_27a : 1. \V Otop € (ty_2Etopology_2Etopology
We define c_2Ereal__topology_2Econtinuous__on to be A\VOf € (ty,2Ereala:z:,2Erealtij"eal‘
We define c_2Epred__set 2EIMAGE to be AA_27a : t.AA2Tb : LAVOS € (A27b"2) \V1s €

We define c_2Ebool 2E_5C_2F to be (A\VO0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €

Assume the following.

Assume the following.

Assume the following.

True (16)

(VV0tl € 2.(VV1t2 € 2.(((p VOt)=(p V1t2))=(((p 17
V1e2)=(p VOt1))=((p VOtl)&(p V1t2)))))) (17)
VA 27a.nonempty A 27a=(VVO0t € 2.(VV1x € (18)

A27a.(p VOt))=(p VOL)))



Assume the following.

(YVOt € 2.(((True=(p VOt))=(p VOO)A((((p VOt)=True)<
True)A(((False=(p VOt))eTrue) A((((p VOt)=(p VOt))=True)A(( (19)
(p VOt)=False)=(=(p V01))))))))

Assume the following.

((VVOt € 2.((=(—(p VOt)))=(p VO)))A(((—True)<False) A

((mFalse)=True))) (20)
Assume the following.
VA_27a.nonempty A27a=(VV0x € A27a.(V0z = VOz)&
True)) (21)
Assume the following.
VA 27a.nonempty A27a=NVV0zx € A27a.(VV1y € (22)

A27a.(VOx = Viy)e(Viy = V0x))))
Assume the following.

(VVO0t € 2.(((Trues(p VOt))<(p Vo)) A(((p VOt)=True)s
(p VO)A(((Falses(p VOt))=(—(p VOO))A(((p VOt)=False)e(—=( (23)

p V0i)))))))

Assume the following.

VA 27a.nonempty A 27a=(VVOP € 2.(VV1Q € (
24-27a) (((p VOP)A(VV 2z € A27a.(p (ap V1Q V2x))))=(VV3z € (24)
A27a.((p VOP)A(p (ap V1Q V31)))))))

Assume the following.

VA_27a.nonempty A-27a=(VV0Q € 2.(WVV1P € (
24-27a) (YV2z € A27a.((p (ap V1P V22))V(p V0Q)))=((VV3z € (25)
A27a.(p (ap V1P V3x)))V(p V0Q)))))

Assume the following.

VA 27a.nonempty A27a=(VVOP € 2.(vV1Q € (
24-27a) ((YV2z € A 27a.((p VOP)V(p (ap V1Q V2x))))<=((p (26)
VOP)V(VV3zx € A27a.(p (ap V1Q V3x)))))))

Assume the following.

(VWO0A € 2.(VV1B € 2.(¥V2C € 2.(((p VOA)V(

(b VIB)AGp V2C))&(((p VOAN(p VIB)A((p VOAN(p V2C)))) 27



Assume the following.

(VWWO0A € 2.(WW1B € 2.(vW2C € 2.((((p VIB)A

(p V2O)V(p VOA))&(((p VIB)V(p VOA)A((p V2OV (p VOA)))) 2

Assume the following.

(VVOf € (ty_2Erealaxr_2Erealtv-2Erealaz-2Erealy (g1 g ¢
(2ty,2Erealaz,2Ereal).(VVQt c (Qty,QErealaz,QEreal).
((p (ap (ap (c-2Epred__set 2ESUBSET ty_2Erealax_2Ereal) (ap (
ap (c_2Epred__set 2EIMAGE ty_2Erealaz_2Ereal ty-2Erealax_2Ereal)

VOof) V1s)) V2t))=((p (ap (ap c2Ereal__topology_2Econtinuous__on

VOf) VlS))@(VVSU c (2ty,2Erealam,2Ereal).((p ((lp (ap (
c_2Etopology_2Eclosed__in ty_2Erealax_2Ereal) (ap (ap (c-2Ereal__topology_2Esubtopology

ty_2FErealax_2FEreal) c_2Ereal__topology_2Eeuclidean) V2t))

V3u))=(p (ap (ap (c_2Etopology 2Eclosed__in ty_2FErealax_2Ereal)

(ap (ap (c_2Ereal__topology 2Esubtopology ty 2Erealax_2FEreal)
c_2Ereal__topology_2Eeuclidean) V'1s)) (ap (c-2Epred-_set 2EGSPEC
ty2Erealaxr_2Ereal ty 2Erealar 2Ereal) (A\V4x € ty_2Erealax_2Ereal.
(ap (ap (c-2Epair2E_2C ty_2Erealax_2Ereal 2) V4x) (ap (ap c.2Ebool 2E_2F_5C
(ap (ap (c-2Ebool 2EIN ty_2Erealax_2Ereal) V4z) V1s)) (ap (ap (
c_2Ebool 2EIN ty_2Erealax_2Ereal) (ap VOf Viz)) V3u))))))))))))))

(29)

Assume the following.
(YVOL € 2.((=(=(p VOI))(p VOL))) (30)

Assume the following.
(VW04 € 2.((p VOA)=((~(p VOA))=False))) (31)

Assume the following.

(VV0A € 2.(WV1B € 2.((=((p VOA(p V1B)))=False)e

(((p VOA)=False)=((~(p V1B))=False))))) (32)

Assume the following.
(W04 € 2.(4V1B € 2((~((~(p VOAV(p VIB)) = False)es 5o

((p VOA)=((—(p V1B))=False)))))
Assume the following.
(VV0A € 2.(((=(p VOA))=False)=(((p VOA)=False)=False))) (34)

Assume the following.

(VVOp € 2.(VV1g € 2.(VV2r € 2.(((p VOp)=(

(p V1g)e(p V2r)))=(((p VOp)V((p V1ig)V (

p V2r)V(=(p V1g) )A(((p V1V ((=(p V2r
((=(p V1g))v(=(p VOp))



Assume the following.

(VVOp € 2.(VV1g € 2.(VV2r € 2.(((p VOp)=(

(p V1igIA(p V2r)))=(((p VOop)V((=(p V1g))V(=(p V2r))))A(((p V1g)V
(=(p VOp))A((p V2r)V(=(p VOp))))))))) -
36

Assume the following.

(VVOp € 2.(VV1qg € 2.(VV2r € 2.(((p VOp)=(
(p V1g)V(p V2r)))=(((p VOp)V(=(p V1g)))A(((p VOp)V(=(p V2r)))A

((p V1ig)V((p V2r)V(=(p V0p)))))))))) )
Assume the following.

(VVOp € 2.(VV1g € 2.(WV2r € 2.(((p VOp)=(
(p V1ig)=(p V2r)))=(((p VOp)V(p V1g))A(((p VOp)V(=(p V2r)))A((  (38)
—(p V1g)V((p V2r)V(=(p VOp))))))))))

Assume the following.

(YVOp € 2.(VV1g € 2.(((p VOp)=(=(p V1g)))=(((p VOp)V

(b VIg)A((—(p VIg)V(~(p VOP))))) (39)
Assume the following.
(YVOp € 2.(vV1g € 2.((=((p VOp)=(p V1q)))=(p VOp)))) (40)

Assume the following.

(YVOp € 2.(VV1g € 2.((=((p VOp)=(p V1q)))=(=(p V1q)))))  (41)
Theorem 1

(VVOf € (ty_2Erealax_2Ereqlty-2Erealaz2Brealy (yy/14 ¢
(2ty,2Ereala:v,2Ereal).(VVQt c (2ty,2Erealaz,2Ereal).
(VV3u € (2tv-2Erealaz-2Ereal) (((p (ap (ap c_2Ereal__topology_2Econtinuous__on
VOf) VIis)A((p (ap (ap (c2Epred__set 2ESUBSET ty_2FErealax_2Ereal)

(ap (ap (c2Epred__set 2EIMAGE ty_2Erealax_2Ereal ty_2Erealax_2Ereal)
VOf) V1s)) V2t))A(p (ap (ap (c_2Etopology_2Eclosed__in ty_2Erealar_2Ereal)
(ap (ap (c-2Ereal__topology_2Esubtopology ty_2Erealax_2Ereal)
c_2Ereal__topology_2Eeuclidean) V2t)) V3u))))=(p (ap (ap (c-2Etopology_2Eclosed__in
ty_2Frealax_2Ereal) (ap (ap (c-2Ereal__topology_2Esubtopology
ty_ 2Erealax_2Ereal) c_2Ereal__topology 2Eeuclidean) V1s))

(ap (c2Epred__set 2EGSPEC ty 2Erealax 2Ereal ty 2Erealaxr_2Ereal)
(A\Vdzx € ty_2Erealaz_2Ereal.(ap (ap (c-2Epair2E2C ty_2FErealax_2Ereal
2) V4z) (ap (ap c_2Ebool 2E_2F 5C (ap (ap (c_2Ebool 2EIN ty_2FErealaz_2Ereal)
Vidx) V1s)) (ap (ap (c-2Ebool 2EIN ty_2Erealax_2Ereal) (ap VOf Vizx))

V3u)))))))))



