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Definition 1 We define c.2Emin_2E_3D to be AA.\x € A y € A.inj_o (z =vy)
of type t=>t.

Definition 2 We define c_2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (\V0z € 2.V0z)) (A\V1z € 2.V
Definition 3 We define c 2Ebool 2E 21 to be AA_27a : 1. (AVOP € (24-27%).(ap (ap (c.2Emin_2E_3D (24-27
Definition 4 We define c_2Ebool_2EF to be (ap (c_2Ebool 2E_21 2) (AVO0t € 2.V 0t)).

Definition 5 We define c_2Epred__set 2EEMPTY to be AA_27a : t.(AV Oz € A_27a.c_2Ebool 2EF).

Definition 6 We define c.2Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_o (p P=p Q)
of type ¢.

Definition 7 We define c_2Ebool 2E_7E to be (A\V 0t € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0t) c_2Ebool 2EF
Definition 8 We define c 2Ebool 2EIN to be AA_ 27a : 1.(AVOx € A 27a.(A\V1f € (24-27%).(ap V1f VOx)))
Definition 9 We define c_2Ebool 2E_5C_2F to be (A\VO0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t € ¢
Definition 10 We define c_22Ebool 2E_2F_5C to be (AVO0t1 € 2.(AV1¢2 € 2.(ap (c_2Ebool 2E_21 2) (A\V2¢ €
Let ty_2FEpair_2Eprod : t1=>t=>t be given. Assume the following.

VA0.nonempty A0=VAl.nonempty Al=nonempty (ty-2Epair_2Eprod
A0 A1)

(1)
Let c2Epair 2EABS __prod : t=t=t be given. Assume the following.
VA 2Ta.nonempty A27a=YA_27b.nonempty A_27b=c_2FEpair 2EABS__prod
A27a A27b € ((ty-2Epair 2Eprod A27a A,27b)((2A727b)A727a))
(2)
Definition 11 We define c 2Epair 2E 2C to be A\A 27a : t. \XA27b : 1. AVO0x € A2Ta AV 1y € A 27b.(ap (c2



Let c2Epred__set 2EGSPEC : 1=1= be given. Assume the following.

VA 27a.nonempty A 27a=VA_27b.nonempty A_27b=c 2FEpred__set 2EGSPEC
A927a A27b € ((2A727a)((ty,ZEpair,QE;m“od A_27a 2)A*27b))

(3)
Definition 12 We define c 2Epred__set 2EUNION to be AA_27a : 1. AV 0s € (24-279) AV 1t € (24-27%).(ap (c
Definition 13 We define c 2Epred__set 2EINSERT to be AA_27a : t.A\VO0x € A 27a.A\V1s € (24-27%) (ap (c_

Definition 14 We define c 2Emin_2E_40 to be A\A.AP € 24.if (3z € A.p (ap P z)) then (the (\z.z € AN
of type 1=-t.

Definition 15 We define c_2Ebool 2E_3F to be AA_27a : 1. (AVOP € (24-27%).(ap VOP (ap (c.2Emin_2E_40
Definition 16 We define c 2Epred__set 2EINTER to be AA_27a : 1. AV 0s € (24-279) AV 1t € (24-27%).(ap (c-
Let ty_2FErealar_2FEreal : ¢ be given. Assume the following.

nonempty ty_2Erealax_2FEreal (4)
Let c2Ereal__topology_2E Dist : ¢ be given. Assume the following.

c,ZEreal,,topology,QEDist c (ty72Er€alax72E,r€al(ty,QEpair,QEprod ty_2Erealaxr_2FEreal ty,QErealaf,QEreal))

(5)

Let ty_2Fhreal 2FEhreal : ¢ be given. Assume the following.
nonempty ty_2Ehreal 2FEhreal (6)
Let c.2Erealax 2Ereal __REP__CLASS : ¢ be given. Assume the following.

c2Brealaz_2Ereal__REP_CLASS € ((2(tv-2Bpair2Bprod ty2Ehreal 2Bhreal ty-2Ehreal 2Bhreal) yty 2Brealaz
(7)
Definition 17 We define c_2Erealax_2Ereal__REP to be AV0a € ty_2Erealax_2Ereal.(ap (c22Emin_2E_40 (¢
Let c.2Erealax_2Etreal__lt : « be given. Assume the following.

c2Erealax 2Etreal_lt € ((2(ty,2Epair,2Eprod ty_2Ehreal_2Ehreal ty,QE'hreal,QEhreal))(ty,QEpair,QEprod ty_2Ehi

(8)
Definition 18 We define c_2Erealax_2Ereal__It to be A\VOT'1 € ty 2Erealax 2Ereal A\V1T2 € ty 2Erealax-
Let c2Enum 2EZERO__REP : 1 be given. Assume the following.

c2Enum 2EZERO__REP € omega 9)
Let ty 2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2Enum (10)
Let c2Enum 2EABS__num : ¢ be given. Assume the following.
c2Enum 2EABS__num € (ty-2Enum_2Enum°™9%) (11)



Definition 19 We define c_2Enum_2EQ to be (ap c.2Enum_2EABS_num ¢ 2Enum 2EZERO__REP).
Let c.2FEreal 2Ereal__of __num : ¢ be given. Assume the following.

c2Freal 2Ereal _of_num € (ty_2Erealax_2FEreqltV-2Erum-2Enumy — (q9)
Definition 20 We define c_2Ereal__topology_2Econtinuous__on to be \VOf € (ty_2Erealax_2Ereal’V-2Free
Definition 21 We define c_ 2Ereal__topology 2EOpen to be A\V0s € (2ty-2Erealaz-2Ereal) (qp (¢ 2Ebool 2E_2
Let ty_2Ftopology 2 Etopology : 1=t be given. Assume the following.

VAO.nonempty A0=nonempty (ty_2Etopology_2Etopology A0) (13)

Let c_2Etopology_2FEtopology : 1=t be given. Assume the following.

VA 27a.nonempty A_27a=-c_2Etopology_2Etopology A27a €

A_27a 14
((ty_2Etopology_2Etopology A,27a)(2<2 ))) (14)
Definition 22 We define c_2Ereal__topology_2Eeuclidean to be (ap (c2Etopology_2Etopology ty_2Erealax.

Let c_2Etopology_2FEopen__in : 1=t be given. Assume the following.

VA 27a.nonempty A_27a=c_2FEtopology_2Fopen__in A27a €

((2(2/‘*27”))(ty,2Etopology,QEtopology A_27a) ) (15)

Definition 23 We define c_2Ereal__topology_2Esubtopology to be AA_27a : t.\V Otop € (ty-2Etopology-2Et

Assume the following.
True (16)

Assume the following.

(VVO0tl € 2.(VV1t2 € 2.(((p VOt1)=(p V1t2))=(((p

V1t2)=(p V0r1))=((p VOI)(p V112)))))) (7

Assume the following.
(VVOt € 2.(False=(p VOt))) (18)

Assume the following.

VA 27a.nonempty A27a=(VVO0t € 2.((VV1x €

A 27a.(p VOL)(p VOL)) (19)

Assume the following.
VA 27a.nonempty A27a=(VVO0t € 2.((IV1x € (20)

A27a.(p VOt))=(p VOL)))



Assume the following.

(YVOt € 2.(((Truen(p VOt))<=(p VOO))A((((p VOt)ATrue)<
(p VOO)A(((Falsen(p VOt))=False)A((((p VOt)AFalse)< False)A  (21)
(((p VOO)A(p VO)) & (p V01)))))))

Assume the following.

(YVOt € 2.(((TrueV(p VOt))=True) AN((((p VO)VTrue)=True) A
(((FalseV(p VOt))e(p VO)A((((p VOt)VFalse)<=(p VOt)A(((p VOt)v

(p VOt))&=(p V01)))))))
(22)
Assume the following.

(YVOt € 2.(((True=(p VOt))=(p VOO)A((((p VOt)=True)<
True)A(((False=(p VOt))eTrue) A((((p VOt)=(p VOt))=True)A(( (23)
(p VOt)= False)=(=(p V01))))))))

Assume the following.

VA_27a.nonempty A27a=(VV0x € A27a.(V0z = V0z)&
True))

Assume the following.

VA 27a.nonempty A27a=NVV0zx € A27a.(VV1y €
A27a.(VOx = Viy)e(Viy = V0x))))

Assume the following.

NA(((p VOt)eTrue)s

(VVOt € 2.(((Trues(p VOt))<=(p VOL))A
ONA((p VOt)&False)<(—(  (26)

(p VO)A(((Falses(p VOt))=(—(p VO
p V0t)))))))

Assume the following.

(VVOtL € 2.(VV1t2 € 2.(VV2t3 € 2.(((p VOt1)=
((p V12)=(p V2t3)))=(((p VOIL)A(p V1E2))=(p V2t3))))))

Assume the following.

(VWO0z € 2.(VW 1z 27 € 2.(VV2y € 2.(VV3y_27 €
2.((((p VOz)&=(p V12 27))A((p V1227)=((p V2y)&(p V3y-27))))= (28)
(((p VOz)=(p V2y))=((p V122T)=(p V3y-27))))))))

Assume the following.

VA 27a.nonempty A27a=(VV0x € A27a.(~(p (ap (ap

(c_2Ebool 2EIN A_27a) V0z) (c 2Epred_set 2EEMPTY A.27a))))) )



Assume the following.

VA 27a.nonempty A27a=(VV0s € (24-27%).(VV1t €
(24-279) (VV2x € A27a.((p (ap (ap (c_2Ebool 2EIN A_27a)
V2z) (ap (ap (c2Epred__set 2EUNION A_27a) V0s) V1t)))<((p (ap  (30)
(ap (c2Ebool_2EIN A_27a) V2zx) V0s))V(p (ap (ap (c_2Ebool 2EIN
A27a) V2z) V1t)))))))

Assume the following.

VA 27a.nonempty A27a=(YVOP € (24-27%).(VV1a €
A 27a.(VV2s € (24-270) ((VV3z € A27a.((p (ap (ap
(c-2Ebool 2EIN A_27a) V3z) (ap (ap (c_2Epred__set 2EINSERT A_27a)
Via) V2s)))=(p (ap VOP V3x))))<=((p (ap VOP V1a))A(VV4x € A 27a.
((p (ap (ap (c-2Ebool 2EIN A_27a) V4z) V2s))=(p (ap VOP V4x)))))))))
(31)
Assume the following.

VA_27a.nonempty A27a=(YVOP € (24-27%).(VV1a €
A 27a.(VV2s € (24-27%) ((3V3z € A27a.((p (ap (ap
(c-2Ebool 2EIN A_27a) V3z) (ap (ap (c_2Epred__set 2EINSERT A_27a)
Via) V2s))A(p (ap VOP V3z))))<((p (ap VOP Va))Vv(IV4z € A 27a.
((p (ap (ap (c-2Ebool 2EIN A_27a) V4z) V2s))A(p (ap VOP V4x)))))))))
(32)
Assume the following.

VA 27a.nonempty A27a=(YVOf € ((ty_2Erealax_2Erealtv-2Erealaz-2ErealyA-2Ta)
(VV1g € (ty_2Erealax_2Erealtv-2Frealaz-2Ereal) gyt ¢
((2ty72Ereala:c,2Ereal)A,27a).(vv35 c (Qty,QErealaac,QEreal).

(VV4k € (24-27) ((VV5i € A27a.((p (ap (ap (c_2Ebool 2EIN
A_27a) V5i) V4k))=((p (ap (ap (c-2Etopology_2FEopen__in ty 2Erealax_2Ereal)
(ap (ap (c-2Ereal__topology_2Esubtopology ty_2Erealaxr_2Ereal)
c_2Ereal__topology_2Eeuclidean) V3s)) (ap V2t V5i)))A(p (ap (
ap c_2Ereal__topology_2Econtinuous__on (ap VOf V'5i)) (ap V2t V5i))))))A
((VV6i € A27a.(VVTj € A27a.(VV8x € ty_2FErealax 2Ereal.
(((p (ap (ap (c_2Ebool 2EIN A_27a) V6i) V4Ek))A((p (ap (ap (c-2Ebool 2EIN
A27a) V7j) V4k))A(p (ap (ap (c-2Ebool 2EIN ty_2Erealax_2Ereal)
V8zx) (ap (ap (c-2Epred__set 2EINTER ty_2Erealax_2Ereal) (ap (
ap (c_2Epred__set 2EINTER ty_2FErealax_2Ereal) V3s) (ap V2t V6i)))

(ap V2 VT)=((ap (ap VOF V6i) VSz) = (ap (ap VO VTj) V82)))A
(YV9z € ty_2Erealax 2Ereal.((p (ap (ap (c.2Ebool 2EIN ty_2FErealax_2Ereal)
V9z) V3s))=(3V10j € A27a.((p (ap (ap (c-2Ebool 2EIN A_27a)

V105) V4k))A((p (ap (ap (c2Ebool_2EIN ty_2Erealaz_2Ereal) V9z)

(ap V2 VI0/)A((ap Vg VO2) = (ap (ap VOF V107) VOz)))= (o
(ap (ap c_2Ereal__topology_2Econtinuous_on V1g) V3s))))))))

(33)



Theorem 1

(VVOt c (2ty,2E'realaw,2E7'eal)_(vv1f c (ty72E,r€alaw72E7aealty,QETealaw,ZE’real).
(VV2s € (2tv-2Erealaz-2Erealy (((p (ap (ap (c-2Etopology-2Eopen__in
ty_2Erealax_2Ereal) (ap (ap (c2Ereal__topology_2Esubtopology
ty_2Frealar_2Ereal) c_2Ereal__topology_2Eeuclidean) (ap (ap
(c_2Epred_set 2EUNION ty_2Frealax_2Ereal) V2s) VOt))) V2s))A
((p (ap (ap (c2Etopology 2Fopen__in ty 2Erealax_2Ereal) (ap
(ap (c-2Ereal__topology_2Esubtopology ty_2Erealax_2Ereal)
c_2Ereal__topology_2Eeuclidean) (ap (ap (c-2Epred__set 2EUNION
ty 2FErealax_2Ereal) V2s) VOt))) VOt))A((p (ap (ap c_2Ereal__topology_2Econtinuous__on
V1f) V2s))A(p (ap (ap c-2Ereal__topology_2Econtinuous__on V1f)
V0t)))))=(p (ap (ap c_2Ereal__topology_2Econtinuous__on V1f)

(ap (ap (c2Epred__set2EUNION ty_2Erealaxz_2Ereal) V2s) V0t)))))))



