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Definition 1 We define c.22Emin_2E_3D to be AA.\x € A y € A.inj_o (z =vy)
of type t=>t.

Definition 2 We define c_2Ecombin_2ES to be AA_27a : 0. AA27b : 1. AA27c : 1. (AVOf € ((A,27CA*27b)A7270

Definition 3 We define c_2Ecombin_2EK to be AA_27a : t. \A27b : 1. (AVO0z € A27a.(\V1y € A_27b.V0x))
Definition 4 We define c.2Ecombin_2El to be AA_27a : 1.(ap (ap (c_2Ecombin 2ES A 27a (A_27a”-27) A_
Definition 5 We define c 2Ebool 2ET to be (ap (ap (c_2Emin 2E_3D (22)) (A\V 0z € 2.V0z)) (A\V1z € 2.V
Definition 6 We define c_2Ebool 2E_21 to be AA_27a : t.(AVOP € (24-27%).(ap (ap (c_2Emin_2E_3D (24-27
Definition 7 We define c_22Ecombin_2Eo to be AA27a : t.NA27b : L NA27c : L. AVOf € (A,27bA*27C).)\Vlg
Let ty 2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2Enum (1)

Let c.2Earithmetic2EEV EN : 1 be given. Assume the following.

c2Earithmetic2EEV EN ¢ (2t-2Fnum-2Enum) (2)
Let c.2Earithmetic2EODD : 1 be given. Assume the following.

c2Earithmetic 2EODD € (2t¥-2Enum-2Enum) (3)
Definition 8 We define c_2Ebool 2EF to be (ap (c_2Ebool 2E_21 2) (AV Ot € 2.V 01)).

Definition 9 We define c_2Emin_2E_3D_3D_3E to be AP € 2.0\Q € 2.inj_o (p P=p Q)
of type ¢.

Definition 10 We define c_2Ebool 2E_TE to be (A\V 0t € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0t) c_2Ebool_2E

Definition 11 We define c_2Ebool 2E_2F 5C to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c2Ebool 2E_21 2) (AV2t €



Let c.2Enum_2EREP__num : 1 be given. Assume the following.

c2Enum 2EREP_num € (omega'y-2Fnum-2Enum) (4)

Let c2Enum 2ESUC__REP : 1 be given. Assume the following.

¢ 2Enum 2ESUC__REP € (omega®™9%) (5)

Let c2Enum 2EABS__num : ¢ be given. Assume the following.

Definition

Definition

of type L1=-t.

Definition
Definition
Definition
Definition

Definition

c2Enum 2EABS__num € (ty_2Enum_2Enum’™9%) (6)

12

13

14
15
16
17

18

We define c 2Enum_2ESUC to be \VOm € ty 2Enum_2Enum.(ap ¢ 2Enum_2EABS__num

We define c 2Emin_2E_40 to be NAAP € 24.4f (3z € Ap (ap P x)) then (the (\z.x € AN

We define c_2Ebool 2E_3F to be AA_27a : 1.(AVOP € (24-27).(ap VOP (ap (c2Emin_2E_40
We define c_2Eprim__rec_2E_3C to be A\VOm € ty_ 2Enum_2Enum. AV 1n € ty_2Enum_2FEnu
We define c_2Earithmetic_2E_3E to be \VOm € ty 2Enum_2Enum.\V1n € ty 2Enum_2En
We define c_2Ebool _2E_5C_2F to be (A\VO0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (A\V2t €

We define c_2Earithmetic 2E_3E_3D to be A\VOm € ty_2Enum _2Enum.\V1n € ty_ 2Enum_2

Let c2Enum 2EZERO__REP : 1 be given. Assume the following.

c2Enum 2EZERO__REP € omega (7)

Definition 19 We define cC2Enum_2EQ to be (ap c2Enum_2EABS_num c2Enum 2EZERO__REP).

Definition 20 We define c_2Ebool 2ECOND to be NA_27a : t.(AVOt € 2.(AV1tl € A 27a.(A\V2t2 € A27a.(

Definition 21 We define c_2Eprim__rec_2EPRE to be A\VOm € ty_2Enum_2Enum.(ap (ap (ap (c_2Ebool 2k

Let c.2Earithmetic2EEXP : 1 be given. Assume the following.

c2Earithmetic 2EEX P € ((ty 2Enum_2Enumty-2Enum-2Enumty_2Enum -2Enum)

(8)

Let c.2Earithmetic2E 2D : ¢ be given. Assume the following.

c.2Earithmetic2E 2D € ((ty_2Enum_2Enum!v-2Pnum-2Enum)ty 2Enum 2Enum)

(9)

Definition 22 We define c_2Enumeral 2EiiSUC to be A\VOn € ty_2Enum_2Enum.(ap c_2Enum 2ESUC (ap

Let c2FEarithmetic2E 2B : ¢ be given. Assume the following.

c2Earithmetic 2E 2B € ((ty_2Enum _2Enumty-2Enum-2Enum)ty 2Enum-2Enum)

(10)



Definition 23 We define c_2Earithmetic_2EBIT2 to be A\VOn € ty_2Enum_2Enum.(ap (ap c2Earithmetic
Definition 24 We define c 2Enumeral 2EiDUB to be A\V 0z € ty 2Enum_2Enum.(ap (ap c_2Earithmetic_
Definition 25 We define c_22Enumeral 2EiZ to be A\VO0x € ty_2Enum_2Enum.V0x.

Let ty_2FEpair 2Eprod : t1=>1= be given. Assume the following.

VAO.nonempty A0=VAl.nonempty Al=nonempty (ty_2Epair 2Eprod
A0 A1)
(11)

Definition 26 We define c_2Epred__set 2EUNIV to be AA_27a : +.(A\V0x € A_27a.c_2Ebool 2ET).
Definition 27 We define c_2Earithmetic 2EZERO to be c_2Enum _2EQ.
Definition 28 We define c_2Earithmetic_2EBIT1 to be A\VOn € ty_2Enum_2Enum.(ap (ap c2Earithmetic
Definition 29 We define c_2Earithmetic 2ENUMERAL to be A\VOx € ty_2Enum_2Enum.V0x.
Let ty 2FEhreal 2Ehreal : ¢ be given. Assume the following.
nonempty ty_2Ehreal 2Ehreal (12)
Let ty 2FErealax_2Ereal : ¢ be given. Assume the following.
nonempty ty_2FErealax_2FEreal (13)
Let c2FErealax 2Ereal __REP__CLASS : ¢ be given. Assume the following.

c2Erealar 2Ereal__REP__CLASS € ((Q(ty,QEpair,QEprod ty_2FEhreal_2Ehreal ty_2Ehreal_2Ehreal) )ty,2Ereala:v
(14)

Definition 30 We define c_2Erealax_2Ereal__REP to be AV0a € ty_2FErealaz_2Ereal.(ap (c_.2Emin_2E_40 (¢

Let c.2Erealax_2Etreal_neg : ¢ be given. Assume the following.

c2Erealax_2Etreal_neg € ((ty-2Epair_2Eprod ty 2Ehreal 2Ehreal
ty,?Eh?“eal,QEh?“eal)(ty’QEpairjEprOd ty_2Ehreal_2Ehreal ty,ZEhreal,QEhreal))
(15)
Let c.2Erealax_2Etreal__eq : ¢ be given. Assume the following.
c,2Erealax,2Etreal,,eq c ((z(tijpair,QEprod ty_2Ehreal_2Ehreal tylEhreal,QEhreal))(ty,QEpairjEprod ty_2Eh
(16)
Let c.2Erealax 2Ereal __ABS__CLASS : . be given. Assume the following.

—2Eprod ty-2Ehreal_-2Ehreal ty_2FEhreal _2Ehn

(17)

c2Erealax_2Ereal__ABS__CLASS € (ty,QErealax,QEreal(2(”72@”1'

Definition 31 We define c_2Erealax_2Ereal __ABS to be A\VOr € (ty_2Epair 2Eprod ty-2Ehreal 2Ehreal ty



Definition 32 We define c_2Erealax_2Ereal__neg to be \VOT'1 € ty_2FErealax_2Ereal.(ap c_2Erealax_2Ereal
Let c_2Erealax_2Etreal__add : . be given. Assume the following.

c2Erealax_2Etreal__add € (((ty-2Epair 2Eprod ty_2Ehreal 2Ehreal
ty,2Eh’I“6al,2Eh’F6al)(ty*QEpair*QEpr()d ty_2Ehreal_2Ehreal ty,QEhreal,ZEhreal))(ty,QEpair,QEprod ty_2Ehreal _2Ehi

(18)
Definition 33 We define c_2Erealax_2Ereal__add to be \VOT'1 € ty_2Erealax 2Ereal \V1T?2 € ty_2Ereala

Let c.2FEarithmetic2E 2A : ¢« be given. Assume the following.

c2Earithmetic2E_2A € ((ty-2Enum_2EnumtY-2Fnum-2Enum)ty 2Enum_2Enum)
(19)
Let c.2FErealax_2Etreal__mul : ¢ be given. Assume the following.

c2Erealax_2Etreal__mul € (((ty_2Epair_2Eprod ty 2Ehreal 2Ehreal
ty,?Ehreal,?Ehreal)(ty*QEpa“”ZEpmd ty_-2Ehreal _2Ehreal ty,ZEhreal,2Ehreal))(ty,ZEpair,2Eprod ty_2Ehreal _2Ehi

(20)
Definition 34 We define c_2Erealax_2Ereal__mul to be \VOT'1 € ty_2FErealax 2Ereal A\V1T2 € ty_2FEreala
Definition 35 We define c 2Ebool 2EIN to be AA27a : 1. (A\VO0z € A 27a.(A\V1f € (24-27%).(ap V1f VOx)
Let c2Epair 2EABS __prod : 1=1=1 be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=-c_2Epair 2EABS__prod

A27a A2Tb € ((tnyEpaiTJEprod A27a A727b)((2A727b)A727a))
(21)

Definition 36 We define c_2Epair 2E_2C to be NA_27a : t. AA_27b : 1. AV Oz € A 27a.\V1y € A27b.(ap (c-2
Let c2Epred__set 2EGSPEC : 1=1= be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=c_2FEpred_set 2EGSPEC
A927a A27b € ((2.4,27(1)((ty,2Epair,2Eprod A_27a 2)A*27b))

(22)
Definition 37 We define c_2Epred__set 2EIMAGE to be AA_27a : 1t.AA27b : LAVOf € (A27b427") A\V1s €

Let c.2Ereal 2Ereal__of __num : ¢ be given. Assume the following.
c2Ereal 2Ereal _of _num € (ty 2Erealax_2Ereql™-2Ervm-2Enumy  (93)

Let c.2Erealax_2Etreal It : + be given. Assume the following.

c2Erealax 2FEtreal_lt € ((2(ty,2Epair,2Eprod ty_2Ehreal_2Ehreal ty,QEhreal,ZEh'r‘eal))(ty,2E'pair,2Eprod ty_2Eh
(24)

Definition 38 We define c_2Erealax_2Ereal__It to be \VOT'1 € ty 2Erealar 2Ereal \V1T2 € ty 2FErealax_



Definition 39 We define c_2Ereal 2Ereal__Ite to be \V0x € ty_2Erealax 2Ereal A\V1y € ty_2FErealax 2Er
Definition 40 We define c 2Ereal 2Eabs to be \V 0z € ty_2Erealax 2Ereal.(ap (ap (ap (c_2Ebool 2ECONI

Let c_2Ereal__topology_2Eball : « be given. Assume the following.

c,2E7"eal,,topology,QEball c ((Qty,QErealax,QEreal)(ty,QEpair,2Eprod ty_2Erealar_2Ereal ty,QErealaz,QEreal))
(25)
Let c_2Ereal__topology_2E Dist : ¢ be given. Assume the following.

C,ZETeal,,topology,QEDist c (ty,QErealaa:,ZEreal(ty*QEpa"*ZEpmd ty_2Erealaxr_2Ereal ty,QErealaz,QEreal))
(26)

Definition 41 We define c_2Earithmetic_2E_3C_3D to be A\VOm € ty_2Enum_2Enum. AV 1n € ty 2Enum_2

Let ty_2Freal__topology-2Enet : 1= be given. Assume the following.
YV AO0.nonempty AO0=nonempty (ty_2Ereal__topology_2Enet A0) (27)
Let c.2Ereal__topology 2Emk__net : 1= be given. Assume the following.

VA 2Ta.nonempty A_27a=-c_2Ereal_topology 2Emk__net

_27a\A_2Ta 28
A27a € ((ty-2Ereal__topology-2Enet A,27a)((2A 27a)A-27a (28)

)

Definition 42 We define c_2Ereal__topology_2Esequentially to be (ap (c-2Ereal__topology-2Emk__net ty_21
Definition 43 We define c 2Epred__set 2EINSERT to be AA_27a : 1t.A\VO0x € A 27a.A\V1s € (24-27%) (ap (c_
Definition 44 We define c_2Epred__set 2EEMPTY to be AA_27a : 1. (A\VO0x € A_27a.c_2Ebool_2EF).

Definition 45 We define c 2Epred__set 2EFINITE to be AA_27a : 1.AV0s € (24-27%) (ap (c_2Ebool 2E_21 (2

Definition 46 We define c_2Epred__set 2EBIGUNION to be AA_27a : 1. AVOP € (22" (ap (c2Epred.__
Definition 47 We define c 2Epred__set 2ESUBSET to be AA_27a : t.AV0s € (24-272) \V'1t € (24-27) (ap (
Let c.2Ereal__topology_2Enetord : 1=t be given. Assume the following.

VA 27a.nonempty A_27a=c_2Ereal__topology_2Enetord A27a €
( ( (2A,27a ) A_27a ) (ty_2Ereal__topology_2Enet A_27a) ) (29)

Definition 48 We define c_2Ereal__topology_2Etrivial__limit to be AA_27a : t. AV Onet € (ty-2Ereal __topologs
Definition 49 We define c_2Ereal__topology_2Eeventually to be AA_27a : t.AVOp € (24-27%) AV 1net € (ty2
Definition 50 We define c_2Ereal__topology 2E_2D_2D_3E to be AA27a : L. AVOf € (ty,QErealax,QErealA'
Definition 51 We define c_2Ereal__topology_2Ecompact to be A\V0s € (2tv-2Frealaz-2Ereal) (qy (c 2Ebool 2

Definition 52 We define c_2Ereal_2Ereal__sub to be \VOx € ty 2Erealax_ 2Ereal AV 1y € ty 2Erealax 2E



Definition 53 We define c_2Ereal__topology 2EOpen to be A\V0s € (2ty-2Erealaz-2Ereal) (qp (¢ 2Ebool 2E_2
Let ty_2Ftopology 2 Etopology : 1=t be given. Assume the following.

VAO.nonempty A0=nonempty (ty_2Etopology_2Etopology A0) (30)
Let c_2Etopology_2FEtopology : 1=t be given. Assume the following.

VA 27a.nonempty A_27a=-c_2Etopology_2FEtopology A27a €

A_27a 31
((ty_2Etopology_2Etopology A,27a)(2(2 ))) (81)
Definition 54 We define c_2Ereal__topology_2Eeuclidean to be (ap (c2Etopology_2Etopology ty_2Erealax.

Let c_2Etopology_2FEopen__in : 1=t be given. Assume the following.

VA 27a.nonempty A_27a=c_2FEtopology_2Fopen__in A2Ta €

((2(2/‘*27“))(ty,2Etopology,QEtopology A_27a) ) (32)

Definition 55 We define c 2Epred_set 2EINTER to be AA_27a : 1t.AV0s € (24-2T9) AV 1t € (24-27%) (ap (c-
Definition 56 We define c_2Ereal__topology_2Esubtopology to be AA_27a : t.\V Otop € (ty_2Etopology 2FEt
Definition 57 We define c_2Ereal__topology_2Econtinuous__on to be \VOf € (ty_2Erealax_2ErealV-2Freek

Assume the following.

(VVOn € ty_2Enum_2Enum.(p (ap (ap c2Earithmetic_2E_3C_3D (33)
c_2Enum_2EQ) V0n)))

Assume the following.

(YVOm € ty_2Enum_2Enum.(VV1n € ty_ 2Enum_2Enum.(
(=(p (ap (ap c-2Earithmetic2E_3C_3D VOm) V1in)))<(p (ap (ap c_2Eprim__rec 2E_3C
Vin) VOm))))
(34)
Assume the following.

(VVOm € ty_2Enum_2Enum.((ap c22Enum_2ESUC VOm) = (ap (ap
c2Earithmetic2E 2B VOm) (ap c-2Earithmetic 2ENUMERAL (ap c_2Earithmetic_2EBIT1
c_2Earithmetic_2EZERO)))))

(35)
Assume the following.
(VVOm € ty_2Enum_2Enum.(VV 1n € ty_2Enum_2Enum.(
((ap (ap c2Earithmetic2E 2B VOm) V1n) = c.2Enum_2E0)<((VOm =
c_2Enum_2E0)A(V1n = c_2Enum_2EQ)))))
(36)



Assume the following.

(YVOm € ty_2Enum_2Enum.(YV1n € ty 2Enum_2Enum.(
YV2p € ty 2Enum_2Enum.(((p (ap (ap c_2Earithmetic 2E_3C_3D

VOom) V1n))A(p (ap (ap c-2Earithmetic2E_3C_3D V1n) V2p)))=(p ( (37)
ap (ap c_2Earithmetic2E_3C_3D VOm) V2p))))))
Assume the following.
(YVOom € ty-2Enum_2Enum.(p (ap (ap c-2Earithmetic2E_3C_3D (38)

VOom) Vom)))
Assume the following.

((VVOn € ty2Enum_2Enum.((p (ap (ap c-2Earithmetic_2E_3C_3D
V0n) c.2Enum_2E0))<(VOn = c2Enum_2E0)))A(YV1m € ty_2Enum_2Enum.
(VV2n € ty 2Enum_2Enum.((p (ap (ap c_2Earithmetic 2E_3C_3D
V1im) (ap c2Enum_2ESUC V2n)))<((V1im = (ap c2Enum_2ESUC V2n))V
(p (ap (ap c_2Earithmetic 2E_3C_3D V1m) V2n)))))))

(39)
Assume the following.
True (40)
Assume the following.
(YVOtl € 2.(VV1t2 € 2.(((p VOt)=(p V1t2))=(((p (41)
V1t2)=(p V0tl))=((p VOtl)=(p V1t2))))))
Assume the following.
(VVOt € 2.(False=(p V0t))) (42)
Assume the following.
(VVot € 2.((p VOr)V(=(p VOL)))) (43)
Assume the following.
VA 27a.nonempty A 27a=(VVO0t € 2.((VV1x € (44)
A27a.(p VOt))=(p VOL)))
Assume the following.
(VVOtl € 2.(VV1t2 € 2.(VV2t3 € 2.(((p VOt1)A (45)
((p V1e2)A(p V2t3)))=(((p VOIL)A(p V12))A(p V2t3))))))
Assume the following,.
(VVOt € 2.(((p VOt)=False)=(—(p VOt)))) (46)



Assume the following.
(VVot € 2.((—(p VOt))=((p VOt)=False))) (47)
Assume the following.

(VVOt € 2.(((TrueA(p VOt))(p VO))A((((p VO) AT rue)<
(p VOO)A(((Falsen(p VOt))=False)A((((p VOt)AFalse)< False)A  (48)

(((p VOOA(p VOB))&(p V01)))))))

Assume the following.

(VVOt € 2.(((TrueVv(p VOr))eTrue) AN((((p VO)VTrue)=True)A
((FalseV(p VOt))e(p VOt))A((((p VOt)VFalse)<(p VOi)A(((p VOt)V

(p VO1))=(p VO01)))))))
(49)
Assume the following.

(YVOt € 2.(((True=(p VOt))=(p VOO))A((((p VOt)=True)=
True)AN(((False=(p VOt))=True) A((((p VOt)=(p VOt))=True)A((  (50)
(p VOt)=False)<(~(p V0t))))))))

Assume the following.

((VVOt € 2.((=(=(p VOr))=(p VOO)))A(((-True)=False) A

((mFalse)=True))) (51)
Assume the following.
VA_27a.nonempty A 27a=(VV0x € A27a.(V0x = VO0z)& (52)
True))
Assume the following.
VA 27a.nonempty A27a=(VV0x € A27a.(VV1y € (53)

A27a.(VOx = V1y)e(Viy = V0x))))
Assume the following.

(YVOt € 2.(((Trues(p VOt))(p VOO))A((((p VOt ) &True)<
(p VOO)A((Falses(p VOt)) ( (p VOO)A(((p VOt)&False)= (= (54)

Vo))

Assume the following.

VA 27a.nonempty A27a=(VV0tl € A27a.(VV1t2 €
A27a.(((ap (ap (ap (c-2Ebool 2ECOND A_27a) c_2Ebool 2ET) V0t1)
V1t2) = VOt A((ap (ap (ap (c_2Ebool 2ECOND A_27a) c_2Ebool 2EF)
VOtl) V1e2) = V1t2))))
(55)



Assume the following.

VA_27a.nonempty A27a=(VVOP € (24-27%).((~(VV 1z €
A27a.(p (ap VOP Vx))))=(3V22 € A27a.(—(p (ap VOP V22))))))

Assume the following.

VA_27a.nonempty A27a=(YVOP € (24-27%) ((-(3V 1z €

A27a.(p (ap VOP V1a)))=(¥V 2 € A27a.(=(p (ap VOP V22)))))) 7

Assume the following.

VA 27a.nonempty A27a=(YVOP € (24-277).(VV1Q €
(24-270) (VV2z € A27a.((p (ap VOP V2z))A(p (ap V1Q V2z))))=
(VV3zx € A27a.(p (ap VOP V3z)))A(VV4x € A27a.(p (
ap V1Q V4x)))))))

(58)

Assume the following,.

VA_27a.nonempty A27a=(VVOP € 2.(VV1Q € (
24-27a) (((p VOP)A(VV2z € A27a.(p (ap V1Q V2x))))=(VV3z € (59)
A27a.((p VOP)A(p (ap V1Q V31)))))))

Assume the following.

VA 27a.nonempty A 27a=(VVOP € 2.(VV1Q € (
24-27a) (((p VOP)V(3V2z € A27a.(p (ap V1Q V22))))=(3V3z e (60)
A27a.((p VOP)V(p (ap V1Q V3z)))))))

Assume the following.

VA_27a.nonempty A_27a=(VVOP € 2.(VV1Q € (
24-27a) ((VV2z € A 27a.((p VOP)V(p (ap V1Q V2x))))<=((p (61)
VOP)V(VV3zx € A27a.(p (ap V1Q V3x)))))))

Assume the following.

(VVO0A € 2.(VW1B € 2.(vV2C € 2.(((p VOA)V(

(0 VIB)V(p V2C)))s((p VOAN(p VIB)V(p V20))) (02
Assume the following.
(YVO0A € 2.(vW1B € 2.((p VOANV(p V1B))&((p V1BV (63)

(p V0A)))))

Assume the following.

(VWA € 2.(vV1B € 2.(((=((p VOA)A(p V1B)))=((~(
p VOA))V(=(p V1B))))A((=((p VOA)V(p V1B)))=((=(p VOA))A(=(p Vl(fgig)))))



Assume the following.

(VVOt1 € 2.(VV1t2 € 2.(VV2t3 € 2.(((p VOt1)=
((p V12)=(p V2t3)))=(((p VOIL)A(p V1E2))=(p V23))))))

Assume the following.

(VV0z € 2.(VV1z.27 € 2.(¥V2y € 2.(YV3y 27 €
2.(((p VOoz)=(p V1x27))A((p V1z27)=((p V2y)<=(p V3y-27))))= (66)
(((p VOz)=(p V2y))=((p V1z27)=(p V3y-27))))))))

Assume the following.

VA _27a.nonempty A27a=(YVOP € (24-27%).(VV1a €
A27a.((3V2z € A27a.((V2x = V1a)A(p (ap VOP V2z))))<(p ( (67)
ap VOP V1a)))))

Assume the following.

YA 27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YVOP € ((24-27)4-270) (W 1x € A27a.(3V2y €

A27b.(p (ap (ap VOP V1zx) V2y))))e(3V3f € (A2764-272) ( (68)
YVdx € A27a.(p (ap (ap VOP Vdx) (ap V3f V4zx)))))))
Assume the following.
VA_27a.nonempty A27a=(VVO0x € A27a.((ap (c_2Ecombin_2El (69)

A27a) VOz) = V0x))
Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=>(
YVOf € (A2764-27%) . (((ap (ap (c_2Ecombin_2Eo A_27a A_27b
A_27b) (c-2Ecombin_2El A_27b)) VOf) = VOf)A((ap (ap (c-2Ecombin_2Eo
A27a A27b A27a) VOf) (c.2Ecombin_2El A_27a)) = VO0f)))
(70)

10



Assume the following.

((VVOn € ty_2Enum_2Enum.((ap (ap c.2Earithmetic 2E 2B
c_2Enum_2EQ) VOn) = VOon))A((VV1n € ty 2Enum_2Enum.((ap
(ap c2Earithmetic2E 2B V1n) c.2Enum_2E0) = V1n))A((VV2n €
ty_2Enum_2Enum.(NYV3m € ty_2Enum_2Enum.((ap (ap c.2Earithmetic.2E 2B
(ap c-2Earithmetic2ENUMERAL V2n)) (ap c-2Earithmetic 2ENUMERAL
V3m)) = (ap c2Earithmetic 2ENUMERAL (ap c_2Enumeral 2EiZ (ap
(ap c2Earithmetic2E_2B V2n) V3m))))))A((VV4n € ty_2Enum_2Enum.
((ap (ap c2Earithmetic.2E 2A c_2Enum_2EQ) V4n) = c_2Enum_2EQ))A
((VV5n € ty 2Enum_2Enum.((ap (ap c2Earithmetic 2E 2A
Vbn) c.2Enum_2E0) = c_2Enum_2E0))A((VV6n € ty_2Enum_2Enum.
(VVTm € ty_2Enum_2Enum.((ap (ap c2Earithmetic2E_2A (
ap c_2Earithmetic 2ENUMERAL V6n)) (ap c_2EarithmeticZ 2ENUMERAL
Vim)) = (ap c2Earithmetic 2ENUMERAL (ap (ap c_2FEarithmetic 2E 2A
Vén) Vim)))WA((YV8n € ty_2Enum_2Enum.((ap (ap c2Earithmetic2E_2D
c2Enum_2E0) V8n) = c.2Enum_2E0))A((YVIn € ty_2Enum_2Enum.
((ap (ap c2Earithmetic.2E_2D V9n) c2Enum_2E0) = VIn))A((VV10n €
ty 2Enum_2Enum.(YV11lm € ty 2Enum_2Enum.((ap (ap c2Earithmetic2E_2D
(ap c2Earithmetic2ENUMERAL V'10n)) (ap c_2EarithmeticC2ENUMERAL
V11m)) = (ap c_2Earithmetic 2ENUMERAL (ap (ap c2Earithmetic2E_2D
V10n) V11m))A((VV12n € ty-2Enum_2Enum.((ap (ap c2Earithmetic 2EEX P
c_2Enum_2EQ) (ap c-2Earithmetic 2ENUMERAL (ap c_2Earithmetic_2EBIT1
V12n))) = c2Enum_2E0))A((VV13n € ty_2Enum_2Enum.((ap
(ap c2Earithmetic 2EEX P c_2Enum_2E0) (ap c_2Earithmetic 2ENUMERAL
(ap c2Earithmetic_2EBIT2 V13n))) = c.2Enum_2E0))A((VV14n €
ty 2Enum_2Enum.((ap (ap c2Earithmetic2EEX P V14n) c2Enum_2EQ) =
(ap c2Earithmetic2ENUMERAL (ap c_2Earithmetic_2EBIT1 c_2Earithmetic_.2EZEROQ))))A
((VV15n € ty-2Enum_2Enum.(VV16m € ty_2Enum_2Enum.
((ap (ap c2Earithmetic2EEX P (ap c_2Earithmetic 2ENUMERAL V'15n))
(ap c_2EarithmeticZ2ENUMERAL V'16m)) = (ap c_2Earithmetic 2ENUMERAL
(ap (ap c2Earithmetic2EEX P V15n) V16m)))))A(((ap c22Enum_2ESUC
c2Enum_2E0) = (ap c_2Earithmetic 2ENUMERAL (ap c_2Earithmetic_2EBIT1
c_2Earithmetic2EZERO)))A((VV17Tn € ty_2Enum_2Enum.(

(ap c22Enum_2ESUC (ap c_2EarithmeticZ 2ENUMERAL V17n)) = (ap c-2Earithmetic 2ENUMERAL
(ap c.22Enum_2ESUC V'17n))))A(((ap c2Eprim__rec2EPRE c_2Enum_2EQ) =
c_2Enum_2EQ)A((VV 18n € ty_2Enum_2Enum.((ap c2Eprim__rec_2EPRE
(ap c2Earithmetic 2ENUMERAL V'18n)) = (ap c_2Earithmetic 2ENUMERAL
(ap c2Eprim__rec.2EPRE V'18n))))A((VV19n € ty_2Enum_2Enum.

(((ap c_2Earithmetic 2ENUMERAL V197) = c_2Enum_2E0)<(V19n = c_2Earithmetic. 2EZERO)))A
((VV20n € ty-2Enum_2Enum.((c.2Enum_2E0 = (ap c_2Earithmetic 2ENUMERAL
V20n))<(V20n = c_2Earithmetic 2EZERO)))A((YV21n € ty_2Enum_2Enum.
(VV22m € ty_2Enum_2Enum.(((ap c2Earithmetic 2ENUMERAL
V21n) = (ap c-2Earithmetic 2ENUMERAL V22m))<(V21n = V22m))))A
((VV23n € ty2Enum_2Enum.((p (ap (ap c-2Eprim__rec_2E_3C
V23n) c_2Enum_2EQ0))< False))A((VV24n € ty_2Enum_2Enum.

((p (ap (ap c2Eprim__rec 2E_3C c_2Enum _2EQ) (ap c_2Earithmetic 2ENUMERAL
V24n)))<(p (ap (ap c2Eprim__rec_2E_3C c_2Earithmetic_2EZERO)
V24n))))A((YV25n € ty_2Enum_2Enum.(YV26m € ty-2Enum_2Enum.

((p (ap (ap c-2Eprim__rec_2E_3C (ap c_2Earithmetic 2ENUMERAL
V25n)) (ap c_2Earithmetic 2ENUMERAL V26m)))<(p (ap (ap c-2Eprim__rec_2E_3C
V25n) V26m)))))A((YV27n € ty2Enum_2Enum.((p (ap (ap c_2Earithmetic_2E_3E
c_2Enum_2E0) V27n))< False))A((VV28n € ty_2Enum_2Enum.

((p (ap (ap c_2Earithmetic 2E_3E (ap c_2Earithmetic. 2ENUMERAL
V28n)) c.2Enum_2E0))<(p (ap (ap c-2Eprim__rec_2E_3C c_2Earithmetic.2EZERO)
V28n))))A((YV29n € ty_2Enum_2Enum.(YV30m € ty_2Enum_2Enum.

((p (ap (ap c-2Earithmetic_2E_3E (ap c_2EarithmeticZ2ENUMERAL
V29n)) (ap c_2Earithmetic 2ENUMERAL V30m)))<(p (ap (ap c-2Eprim__rec 2E_3C
V30m) V29n)))A((YV31n € ty 2Enum 2Enum.((p (ap (ap c2Earithmetic_2E_3C_3D
c_2Enum_2EQ) V31n))eTrue))A((VV32n € ty_2Enum_2Enum.
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Assume the following.

(VVOn € ty2Enum_2Enum.(YV1m € ty_2Enum_2Enum.(

((ap c_2Enumeral 2EiZ (ap (ap c2Earithmetic.2E_2B c_2Earithmetic 2EZERO)
VOon)) = VOn)A(((ap c2Enumeral 2EiZ (ap (ap c2Earithmetic2E 2B
VOn) c_2Earithmetic22EZERO)) = VOn)A(((ap c-2Enumeral 2EiZ (
ap (ap c2Earithmetic.2E_2B (ap c_2Earithmetic 2EBIT1 V0n)) (
ap c_2Earithmetic 2EBIT1 V1m))) = (ap c_2Earithmetic_2EBIT2 (
ap c_2Enumeral 2EiZ (ap (ap c2Earithmetic.2E 2B V0On) V1m))))A
(((ap c2Enumeral 2EiZ (ap (ap c2Earithmetic.2E_2B (ap c_2Earithmetic 2EBIT1
VOn)) (ap c-2Earithmetic 2EBIT2 V1m))) = (ap c_2Earithmetic_2EBIT1
(ap c22Enum_2ESUC (ap (ap c2Earithmetic2E_2B VOn) V1m))))A(

((ap c.2Enumeral 2EiZ (ap (ap c-2Earithmetic.2E 2B (ap c_2Earithmetic 2EBIT2
VOn)) (ap c-2Earithmetic 2EBIT1 V1m))) = (ap c_2Earithmetic_2EBIT1
(ap c2Enum_2ESUC (ap (ap c2Earithmetic2E 2B VOn) V1m))))A(

((ap c_2Enumeral 2EiZ (ap (ap c_2Earithmetic 2E_2B (ap c_2Earithmetic 2EBIT?2
VOn)) (ap c-2Earithmetic2EBIT2 V'1m))) = (ap c_2Earithmetic_2EBIT2
(ap c22Enum_2ESUC (ap (ap c2Earithmetic2E_2B VOn) V1m))))A(

((ap c22Enum_2ESUC (ap (ap c2Earithmetic2E_2B c_2Earithmetic 2EZERO)
V0n)) = (ap c2Enum_2ESUC VOn))A(((ap c.22Enum_2ESUC (ap (ap c2Earithmetic.2E 2B
VO0n) c_2Earithmetic 2EZERO)) = (ap c_2Enum 2ESUC VOn))A(((ap
c.2Enum_2ESUC (ap (ap c2Earithmetic2E_2B (ap c_2Earithmetic_2EBIT1
VOn)) (ap c-2Earithmetic2EBIT1 V1m))) = (ap c_2Earithmetic_2EBIT1
(ap c.22Enum_2ESUC (ap (ap c2Earithmetic2E_2B VOn) V1m))))A(

((ap c22Enum _2ESUC (ap (ap c2Earithmetic2E_2B (ap c_2Earithmetic_2EBIT1
VOn)) (ap c2Earithmetic 2EBIT2 V1m))) = (ap c_2Earithmetic 2EBIT2
(ap c.2Enum_2ESUC (ap (ap c2Earithmetic2E_2B VOn) V1m))))A(

((ap c2Enum_2ESUC (ap (ap c-2Earithmetic2E_2B (ap c_2Earithmetic_2EBIT2
VOn)) (ap c-2Earithmetic 2EBIT1 V1m))) = (ap c_2Earithmetic_2EBIT2
(ap c.22Enum_2ESUC (ap (ap c2Earithmetic2E_2B VOn) V1m))))A(

((ap c.2Enum_2ESUC (ap (ap c2Earithmetic 2E_2B (ap c_2Earithmetic 2EBIT?2
VOn)) (ap c-2Earithmetic 2EBIT2 V1m))) = (ap c_2Earithmetic_2EBIT1
(ap c22Enumeral 2EiSUC (ap (ap c-2Earithmetic2E 2B V0On) V1m))))A
(((ap c2Enumeral 2EiiSUC (ap (ap c-2Earithmetic.2E_2B c_2Earithmetic.2EZERO)
VOn)) = (ap c.2Enumeral 2EiiSUC VOn))A(((ap c-2Enumeral 2EiSUC
(ap (ap c2Earithmetic2E_2B VO0n) c_2Earithmetic.2EZERO)) = (
ap c_2Enumeral 2EiiSUC VOn))A(((ap c2Enumeral 2EiiSUC (ap (
ap c2Earithmetic2E_2B (ap c_2Earithmetic_2EBIT1 VOn)) (ap c_2Earithmetic_2EBIT1
V1m))) = (ap c2Earithmetic_2EBIT2 (ap c_.2Enum_2ESUC (ap (ap c2Earithmetic2E_2B
Von) V1im))))A(((ap c-2Enumeral 2EiiSUC (ap (ap c2Farithmetic2E_2B
(ap c_2Earithmetic 2EBIT1 VOn)) (ap c_2Earithmetic 2EBIT2 V1m))) =
(ap c2Earithmetic_2EBIT1 (ap c_2Enumeral 2EiiSUC (ap (ap c2Earithmetic2E_2B
Von) V1im))))A(((ap c-2Enumeral 2EiiSUC (ap (ap c2FEarithmetic 2E_2B
(ap c2Earithmetic_2EBIT2 VOn)) (ap c-2Earithmetic2EBIT1 V1m))) =
(ap c2Earithmetic_2EBIT1 (ap c_2Enumeral 2EiiSUC (ap (ap c-2Farithmetic2E_2B
Von) V1im))))A((ap c2Enumeral 2EiiSUC (ap (ap c2Earithmetic 2E 2B
(ap c2Earithmetic_2EBIT2 VOn)) (ap c-2Earithmetic 2EBIT2 V1m))) =
(ap c2Earithmetic_2EBIT2 (ap c_2Enumeral 2EiiSUC (ap (ap c2FEarithmetic2E 2B

VOn) 2m))))))))))))))))))
(72)



Assume the following.

(YVOn € ty 2Enum_2Enum.(((ap c.2Enumeral 2EiDUB (ap c_2Earithmetic 2EBIT1
VOn)) = (ap c_2Earithmetic 2EBIT2 (ap c_2Enumeral 2EiDUB VOn)))A
(((ap c2Enumeral 2EiDUB (ap c_2Earithmetic_2EBIT2 VOn)) = (ap
c_2Earithmetic_2EBIT2 (ap c_2Earithmetic_2EBIT1 VOn)))A((ap
c_2Enumeral 2EiDUB c_2Earithmetic2EZERO) = c_2Earithmetic_2EZEROQ))))
(73)
Assume the following.

(YVOn € ty 2Enum_2Enum.(NV1m € ty_ 2Enum_2Enum.(
((ap (ap c2Earithmetic2E_2A c_2Earithmetic 2EZERO) VOn) = c_2Earithmetic.2EZERO)A
(((ap (ap c2Earithmetic.2E_2A VOn) c_2Earithmetic. 2EZERO) =
c_2Earithmetic 2EZERO)A(((ap (ap c-2Earithmetic2E_2A (ap c_2Earithmetic_2EBIT1
VOn)) V1m) = (ap c.2Enumeral 2EiZ (ap (ap c2FEarithmetic2E_2B
(ap c_2Enumeral 2EiDUB (ap (ap c2Earithmetic2E_2A VOn) V1m)))
V1im)))A((ap (ap c2Earithmetic2E_2A (ap c_2Earithmetic_2EBIT2
VOn)) V1im) = (ap c2Enumeral 2EiDUB (ap c_2Enumeral 2EiZ (ap (ap
c2Earithmetic2E 2B (ap (ap c2Earithmetic2E_2A V0On) V1m))
Vim))))
(74)
Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=(

YV0x € A27a.(VV1y € A27b.(VV2a € A27a.(VV3b €
A27b.(((ap (ap (c2Epair2E2C A_27a A_27b) VOz) V1y) = (ap (ap
(c-2Epair2E_.2C A_27a A_27b) V2a) V3b))=((VOx = V2a)A(V1y = V3D)))))))
(75)

Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=(

YVOf € ((ty2Epair 2Eprod A_27a 2)4-27).(VV1v €

A27a.((p (ap (ap (c2Ebool 2EIN A_27a) V1v) (ap (c2Epred__set 2EGSPEC
A27a A27b) VOf)))e(3V2x € A27b.((ap (ap (c2Epair_2E_2C
A 27a 2) V1v) c2Ebool 2ET) = (ap VOf V22))))))
(76)

Assume the following.

VA 27a.nonempty A27a=(VV0x € A27a.(p (ap (ap (c_2Ebool 2EIN

A.27a) V0z) (c2Epred_set 2EUNIV A_27a)))) (77)

Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=>(
YVOP € (24-279).(VV1f € (A27a"-2™).(VV2s €
(24-270) ((YV3y € A27a.((p (ap (ap (c2Ebool 2EIN A _27a)
V3y) (ap (ap (c_2Epred_set 2EIMAGE A_27b A 27a) V1f) V2s)))=(
p (ap VOP V3y))))=(VVix € A27b.((p (ap (ap (c_2Ebool 2EIN
A_27b) Vdz) V2s))=(p (ap VOP (ap V1f V4x)))))))))

(78)
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Assume the following.

(VVO0x € ty_2Erealax 2Ereal.(VV 1y € ty_2Erealax_2Ereal.
((ap (ap c_2Erealax_2Ereal__add V0z) V1y) = (ap (ap c_2Erealax_2Ereal__add
Vly) VO0z))))
(79)
Assume the following.

(VVO0x € ty_2Erealax 2Ereal. (VV1y € ty_2Erealax_2Ereal.
(VV2z € ty 2Erealax 2Ereal.((ap (ap c2Erealax_2Ereal__add
VO0z) (ap (ap c2Erealax_2Ereal__add V1y) V2z)) = (ap (ap c_2Erealax_2Ereal__add
(ap (ap c_2Erealax_2Ereal__add VO0z) V1y)) V2z)))))
(80)
Assume the following.

(VVO0z € ty_2Erealax_2Ereal.((ap (ap c2Erealax_2Ereal__add

(ap c2Ereal 2Ereal__of __num c_2Enum_2E0)) V0z) = V0z)) (81)

Assume the following.

(VV 0z € ty_2Erealax_2Ereal.((ap (ap c_2Erealax_2Ereal__add
(ap c_2Erealax_2Ereal_neg VO0z)) VO0z) = (ap c2Ereal 2Ereal __of __num
c_2Enum_2E0)))
(82)
Assume the following.

(VVO0x € ty_2Erealax_2Ereal.(VV1y € ty_2Erealax_2Ereal.
(VV2z € ty_2Erealaz_2Ereal .(((p (ap (ap c-2Erealax_2Ereal__It (83)
VOzx) V1y))A(p (ap (ap c2Erealax_2Ereal__It V1y) V22)))=(p (ap
(ap c2Erealax_2Ereal__It V0x) V22))))))

Assume the following.

(VVO0zx € ty_2Erealax 2Ereal .(VV1y € ty_ 2Erealax_2Ereal.
(VV2z € ty_2FErealax_2Ereal.((ap (ap c-2Erealax_2Ereal__mul
VO0x) (ap (ap c2Erealax_2Ereal__mul V1y) V2z)) = (ap (ap c_2Erealax_2Ereal__mul
(ap (ap c_2Erealax_2Ereal__mul V0z) V1y)) V2z)))))
(34)
Assume the following.

(VVO0zx € ty_2Erealax_2Ereal.((ap (ap c_2Erealax_2Ereal__mul
(ap c2Ereal 2Ereal__of __num (ap c_2Earithmetic 2ENUMERAL ( (85)
ap c_2Earithmetic_2EBIT1 c_2Earithmetic 2EZERO)))) V0x) = V0x))

Assume the following.

(VVO0zx € ty_2Erealax 2Ereal.(VV 1y € ty_ 2Erealax_2Ereal.
(((p (ap (ap c_2Erealax_2Ereal__It (ap c2Ereal 2Ereal__of __num
c_2Enum_2E0)) VO0x))A(p (ap (ap c2Erealax_2Ereal__It (ap c-2Ereal_2Ereal__of __num
c2Enum_2E0)) V1y)))=-(p (ap (ap c2Erealax_2Ereal__It (ap c.2Ereal 2Ereal__of __num
c_2Enum_2EQ)) (ap (ap c_2Erealax_2Ereal__mul V0z) V1y))))))
(86)

14



Assume the following.

(VVO0x € ty_2Erealax_2Ereal.((ap (ap c_2Erealax_2Ereal__add (87)
VO0z) (ap c2Ereal 2Ereal__of __num c_2Enum_2E0)) = V0z))

Assume the following.

(VVO0z € ty_2Erealax_2Ereal.((ap (ap c_2Erealax_2Ereal__add
VO0zx) (ap c-2Erealax_2Ereal__neg V0z)) = (ap c2Ereal 2Ereal__of__num
c_2Enum_2E0)))

(88)
Assume the following.
(VVO0x € ty_2Erealax_2Ereal.(NV1y € ty_2Erealax_2Ereal.
((ap c_2Erealax_2Ereal__neg (ap (ap c_2Erealax_2Ereal__add V0x) (89)

V1y)) = (ap (ap c_2Erealax_2Ereal__add (ap c_2Erealax_2Ereal__neg
VO0z)) (ap c_2Erealax_2Ereal__neg V'1y)))))

Assume the following.

(VVO0z € ty_2Erealax_2Ereal.((ap (ap c2Erealax_2Ereal__mul
(ap c2Ereal 2Ereal __of __num c_2Enum_2E0)) V0z) = (ap c2Ereal 2Ereal__of __num
c_2Enum_2E0)))
(90)
Assume the following.

(VVOzx € ty_2Erealax_2Ereal.((ap (ap c2Erealax_2Ereal__mul
VO0z) (ap c:2Ereal 2Ereal__of _num c_2Enum_2E0)) = (ap c2Ereal 2Ereal__of __num
c_2Enum_2E0)))
(91)
Assume the following.

(VVO0x € ty_2Erealax_2Ereal. (VV1y € ty_2Erealax_2Ereal.
(VV2z € ty_2Erealaz_2Ereal.((p (ap (ap c_2Erealax_2Ereal__It
(ap (ap c-2Erealax_2Ereal__add VO0z) V1y)) (ap (ap c_2Erealax_2Ereal__add
VO0z) V2z2)))<(p (ap (ap c2Erealax_2Ereal__It V1y) V22))))))
(92)
Assume the following.

(VVO0x € ty_2Erealax_2Ereal. (VV1y € ty_2Erealax_2Ereal.
((p (ap (ap c2Ereal 2Ereal__Ite VOx) V1y))V(p (ap (ap c2Ereal 2Ereal__lte
Vly) V0z)))))
(93)
Assume the following.

(VVO0z € ty_2Erealax_2Ereal.(p (ap (ap c_2Ereal 2Ereal__lte

Vo) Vo)) (94)
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Assume the following.

(YV 0z € ty_2Erealax 2Ereal . (VV 1y € ty 2Erealax_2Ereal.
(VV2z € ty_2Erealaz_2Ereal.(((p (ap (ap c-2Erealax_2Ereal__It

VO0z) V1y))A(p (ap (ap c-2Ereal 2Ereal__lte V1y) V22)))=(p (ap ( (95)
ap c_2Erealax_2Ereal__It V0z) V2z))))))
Assume the following.
(VV 0z € ty_2Erealax 2Ereal.(VV 1y € ty_2Erealax_2Ereal.
(VV2z € ty_2Erealaz_2Ereal .(((p (ap (ap c_2Ereal_2Ereal__lte (96)
V0zx) V1y))A(p (ap (ap c2Erealax_2Ereal__It V1y) V2z)))=(p (ap
(ap c2Erealax_2Ereal__It V0x) V22))))))
Assume the following.
(VV 0z € ty_2Erealax 2Ereal.(VV 1y € ty 2Erealax_2Ereal.
(VV2z € ty 2Erealaxr 2Ereal.(((p (ap (ap c_2Ereal 2Ereal__Ite (97)

VO0z) V1y))A(p (ap (ap c-2Ereal 2Ereal__lte V1y) V22)))=(p (ap (
ap c_2Ereal_2Ereal__Ite V0x) V22))))))

Assume the following.

(VVO0x € ty_2Erealax_2Ereal.(VV 1y € ty_2Erealax_2Ereal.
(((p (ap (ap c_2Ereal 2Ereal__Ite VOz) V1y))A(p (ap (ap c_2Ereal 2Ereal__lte
Vly) VOz)))=(V0z = V1y))))
(98)
Assume the following.

(VV 0z € ty_2Erealax2Ereal . (VV 1y € ty_2Erealax_2Ereal.
(((p (ap (ap c2Ereal 2Ereal__lte (ap c2Ereal 2Ereal —of _-num
c2Enum_2E0)) VO0z))A(p (ap (ap c2Ereal 2Ereal__lte (ap c2Ereal 2Ereal__of __num
c_2Enum_2E0)) V1y)))=-(p (ap (ap c-2Ereal 2Ereal__lte (ap c.2Ereal 2Ereal__of__-num
c_2Enum_2E0)) (ap (ap c_2Erealax_2Ereal__mul V0z) V1y))))))
(99)
Assume the following,.

(VVOm € ty_2Enum_2Enum.(VV 1n € ty_2Enum_2Enum.(
(ap (ap c_2Erealax_2Ereal__add (ap c-2Ereal 2Ereal__of __num
VOm)) (ap c.2Ereal 2Ereal__of __num V1n)) = (ap c2Ereal 2Ereal_of__num
(ap (ap c2Earithmetic2E_2B VO0m) V1n)))))

(100)
Assume the following.
(YVO0zx € ty-2Erealax_2Ereal .(VV1y € ty_ 2Erealax_2Ereal.
((ap (ap c-2Erealax_2Ereal__mul V0x) (ap c_2Erealax_2Ereal__neg (101)

V1y)) = (ap c_2Erealax_2Ereal__neg (ap (ap c_2Erealax_2Ereal__mul
Voz) V1y)))))
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Assume the following.

(VVO0zx € ty_2Erealax_2Ereal . (VV1y € ty 2Erealax_2Ereal.
((ap (ap c-2Erealax_2Ereal__mul (ap c_2Erealax_2Ereal__neg V0z))
V1y) = (ap c_2Erealax_2Ereal__neg (ap (ap c-2Erealax_2Ereal__mul

Voz) V1y)))))

(102)

Assume the following.

(VVO0y € ty_2Erealaz 2Ereal.(VV1x € ty_2Erealax_2Ereal.
((p (ap (ap c-2Erealax_2Ereal__It V1z) VOy))<(—(p (ap (ap c_2Ereal 2Ereal__lte
Voy) Viz))))
(103)
Assume the following.

(VV 0z € ty_2Erealax 2Ereal . (VV 1y € ty 2Erealax_2Ereal.
(VV2z € ty_2Erealar_2Ereal.((p (ap (ap c2Ereal 2Ereal__lte
V1y) V2z))=(p (ap (ap c_2Ereal 2Ereal__lte (ap (ap c_2Erealax_2Ereal__add
VO0zx) V1y)) (ap (ap c2Erealax_2Ereal__add V0z) V2z)))))))
(104)
Assume the following.

(YV 0z € ty_2Erealax 2Ereal . (VV 1y € ty 2Erealax_2Ereal.
((p (ap (ap c-2Ereal_2Ereal__lte (ap c_2Erealax_2Ereal__neg V0z))
V1y))e(p (ap (ap c2Ereal 2Ereal__lte (ap c2Ereal 2Ereal__of __num
c_2Enum_2E0)) (ap (ap c-2Erealax_2Ereal__add V0z) V1y))))))

(105)
Assume the following.
(VVO0zx € ty_2Erealax_2Ereal . (VV1y € ty 2Erealax_2Ereal.
((p (ap (ap c_2Ereal_2Ereal__lte (ap c_2Erealax_2Ereal__neg V0x)) (106)
(ap c_2Erealax_2Ereal__neg V1y)))<(p (ap (ap c2Ereal_2Ereal__lte
Viy) V0z)))))
Assume the following.
(VVO0z € ty_2Erealar_2Ereal.((ap c-2Erealax_2Ereal__neg (107)

(ap c_2Erealax_2Ereal__neg V0zx)) = V0x))
Assume the following.

(VVO0x € ty_2Erealax_2Ereal.(VV1y € ty_2Erealax_2Ereal.
((p (ap (ap c2Ereal 2Ereal__lte VOx) (ap c_2Erealax 2Ereal__neg
V1y)))<(p (ap (ap c2Ereal 2Ereal__lte (ap (ap c_2Erealax_2Ereal__add
VO0z) V1y)) (ap c2Ereal 2Ereal__of __num c_2Enum_2E0))))))
(108)
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Assume the following.

(VVO0x € ty_2Erealax 2Ereal. (VV 1y € ty_2Erealax_2Ereal.
(VV2z € ty-2Erealaxr_2Ereal.((ap (ap c2Erealax_2Ereal__mul
VO0x) (ap (ap c2Erealax_2Ereal__add V1y) V2z)) = (ap (ap c_2Erealax_2Ereal__add
(ap (ap c-2Erealax_2Ereal__mul V0x) V1y)) (ap (ap c-2Erealax_2Ereal__mul
Vor) V22))))
(109)
Assume the following.

(YV 0z € ty_2Erealax 2Ereal .(VV1y € ty 2Erealax_2Ereal.
(VV2z € ty_2Erealar_2Ereal.((ap (ap c-2Erealax_2Ereal__mul
(ap (ap c_2Erealax_2Ereal__add V0z) V1y)) V2z) = (ap (ap c-2Erealax_2Ereal__add
(ap (ap c_2Erealax_2Ereal__mul V0x) V2z)) (ap (ap c-2Erealax_2Ereal__mul
Vly) V2z))))))
(110)
Assume the following.

(YVOm € ty 2Enum_2Enum.(VV1n € ty_ 2Enum_2Enum.(
(p (ap (ap c_2Ereal 2Ereal__lte (ap c2Ereal 2Ereal__of __num
VOom)) (ap c2Ereal 2Ereal__of —_num V1n)))<(p (ap (ap c2Earithmetic 2E_3C_3D
Vom) V1n)))))
(111)
Assume the following.

(VVOm € ty_2Enum_2Enum.(VV 1n € ty_2Enum_2Enum.(
(ap (ap c_2Erealax_2Ereal__mul (ap c2Ereal 2Ereal__of _num
VOom)) (ap c.2Ereal 2Ereal__of __num V1n)) = (ap c2Ereal 2Ereal_of__num
(ap (ap c2Earithmetic 2E_ 2A VOm) V1n)))))
(112)
Assume the following,.

VA_27a.nonempty A_27a=NYA_27b.nonempty A_27b=(
YVOP € (22" 7™ (VWW1f € (A27a4-2T) (VV2s €
(24-27%) ((3V3t € (24-27).((p (ap (c_2Epred__set 2EFINITE
A27a) V3t))A((p (ap (ap (c2Epred__set 2ESUBSET A_27a) V3t) (

ap (ap (c_2Epred__set_2EIMAGE A_27b A_27a) V1f) V2s)))A(p (ap VOP

V3t)))))=(3Vat € (24-27%).((p (ap (c_2Epred__set 2EFINITE
A27b) VAE))A((p (ap (ap (c-2Epred__set 2ESUBSET A_27b) V4t) V2s))A
(p (ap VOP (ap (ap (c_2Epred_set 2EIMAGE A_27b A 27a) V1f) V4t))))))))))
(113)

Assume the following.

VA 27a.nonempty A 27a=(VVOf € (ty 2Enum_2EnumA-27%).
(VV1s € (24-27%) ((p (ap (c2Epred__set 2EFINITE A_27a)
V1s))=(3V2a € ty_2Enum_2Enum.(NYV3x € A27a.((p (
ap (ap (c_2Ebool 2EIN A_27a) V3x) V1s))=(p (ap (ap c_2Earithmetic 2E_3C_3D

(ap VOf V3z)) V2a))))))))
(114)
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Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=>(
YVOf € ((24-270)A4-27) (vV1s € (24-277).((ap (

c_2Epred__set 2EBIGUNION A_27b) (ap (ap (c_2Epred__set 2EIMAGE

A27a (24-2™)) VOf) V1s)) = (ap (c2Epred_set 2EGSPEC A_27b
A_27b) (A\V2y € A27b.(ap (ap (c2Epair 2E_2C A_27b 2) V2y) (

ap (c_2Ebool 2E_3F A_27a) (AV3z € A27a.(ap (ap c2Ebool 2E_2F_5C

(ap (ap (c-2Ebool 2EIN A_27a) V3z) V1s)) (ap (ap (c_2Ebool 2EIN

A275) V2y) (ap VOF V32))))
(115)
Assume the following.

(VVOR c ((2ty,2Enum,2Enum)ty,2Enum,2Enum).(((Vle c
ty 2Enum_2Enum.(p (ap (ap VOR Viz) V1z)))A((VV 2z € ty_2Enum_2Enum.
(VV3y € ty 2Enum_2Enum.(VV4z € ty 2Enum_2Enum.(
((p (ap (ap VOR V2z) V3y))A(p (ap (ap VOR V3y) V4z)))=(p (ap (ap VOR
V2z) V42))))ANYV5n € ty2Enum_2Enum.(p (ap (ap VOR Vin)
(ap c22Enum_2ESUC V'5n))))))=(YV6m € ty_2Enum_2Enum.(NV'Tn €
ty-2Enum_2Enum.((p (ap (ap c2Earithmetic 2E_3C_3D V6m) V'n))=
(p (ap (ap VOR V6m) V7n)))))))
(116)
Assume the following.

(YV 0z € ty_2Erealax 2Ereal . (VV 1y € ty 2Erealax_2Ereal.
((ap c2Ereal__topology 2EDist (ap (ap (c_2Epair 2E_2C ty_2Erealax_2FEreal
ty_2Erealaxr_2Ereal) V0zx) V1y)) = (ap c-2Ereal 2Eabs (ap (ap c_2Ereal 2Ereal__sub
Vox) V1y)))))
(117)
Assume the following.

(VVO0z € ty_2Erealax_2Ereal.(VV1e € ty_2Erealax_2Ereal.
((p (ap (ap (c2Ebool 2EIN ty_2Erealax_2Ereal) V0z) (ap c.2Ereal__topology 2Eball
(ap (ap (c_2Epair 2E_2C ty 2Erealax 2Ereal ty_2Erealax_2Ereal)
(ap c2Ereal 2Ereal__of —_num c2Enum_2EQ)) V'e))))<(p (ap (ap
c_2Erealax_2Ereal__lt (ap c_2Ereal 2Eabs V0z)) V1e)))))

(118)
Assume the following.
(VVO0x € ty-2Erealax_2Ereal.(VV1e € ty 2Erealaxr_2Ereal.
(p (ap c_2Ereal__topology 2EOpen (ap c_2Ereal__topology_2Fball (119)
(ap (ap (c_2Epair 2E 2C ty 2Erealax 2Ereal ty 2Erealax_2Ereal)
Vox) Vie))))))
Assume the following.
(—=(p (ap (c_2Ereal__topology 2Etrivial__limit ty_2Enum_2Enum) (120)

c_2Ereal__topology_2Esequentially)))
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Assume the following.

(YVO0p € (2tv-2Enum-2Enum) (4, (ap (ap (c_2Ereal__topology_2Eeventually
ty_2Enum_2Enum) V0p) c_2Ereal__topology_2Esequentially))<
(IVIN € ty2Enum_2Enum.(VV2n € ty_2Enum_-2Enum.(
(p (ap (ap c2Earithmetic 2E_3C_3D V1IN) V2n))=(p (ap VOp V2n)))))))
(121)
Assume the following.

(VV0s € (ty_2Erealax_2ErealtV-2Enum-2Enum) (gy/1] ¢
ty 2Erealax_2Ereal.((p (ap (ap (ap (c_2Ereal__topology 2E_2D_2D_3E
ty_2Enum_2Enum) VO0s) V11) c_2Ereal__topology_2Esequentially))<
(VV2e € ty2Erealax_2Ereal .((p (ap (ap c2Erealax_2Ereal__It
(ap c2Ereal 2Ereal__of __num c_2Enum_2E0)) V2e))=(3V3N €
ty 2Enum_2Enum.(YV4n € ty 2Enum_2Enum.((p (ap (ap c_2Earithmetic_2E_3C_3D
V3N) Vin))=(p (ap (ap c_2Erealax 2Ereal__It (ap ¢ 2Ereal__topology 2E Dist
(ap (ap (c-2Epair2E_2C ty_2Erealaxr_2Ereal ty_2Erealax_2Ereal)
(ap V0s Vin)) V1D))) V2)))))
(122)
Assume the following.

VA_27a.nonempty A_27a=(VVO0net € (ty_2Ereal__topology_2Enet
A27a).(VV1a € ty_2Erealaz_2Ereal.(p (ap (ap (ap (c2Ereal__topology_2E_2D_2D_3E
A27a) (\V2x € A27a.V1a)) V1a) VOnet))))
(123)
Assume the following.

(VV0s € (2ty-2Brealaz-2Ereal) () (qp c_2Ereal__topology_2Ecompact
VO0s))e(YV1f € (@777 25N (vvat e
(2ty72Erealam,2Ereal).((p (ap (ap (C,QEbOOLQElN (2ty,2Erealam,2Ereal))

V2t) V1f))=(p (ap (ap (c2Etopology 2Eopen__in ty 2Erealax_2Ereal)

(ap (ap (c_2Ereal__topology 2Esubtopology ty 2Erealax_2Ereal)
c_2Ereal__topology_2Eeuclidean) V0s)) V2¢))))A(p (ap (ap (c-2Epred__set_2ESUBSET
ty_2FErealax_2Ereal) V0s) (ap (c_2Epred__set 2EBIGUNION ty_2Erealax_2Ereal)
VINN)EVES 27 € (225D (1) (g
(ap (c2Epred__set 2ESUBSET (2ty-2Erealaz-2Erealyy /3 £ o7)
V1f))A((p (ap (c2Epred__set 2EFINITE (2ty-2Frealaz-2Erealy)
V3f-27))A(p (ap (ap (c2Epred__set_2ESUBSET ty_2Erealax_2Ereal)

V0s) (ap (c_2Epred__set 2EBIGUNION ty_2Erealax_2Ereal) V3f_27))))))))))

(124)
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Assume the following.

(YVOf € (ty_2FErealaxr_2Erealtv-2Frealaz-2Brealy gy 14 ¢
(ty,2E?“ealax,ZErealtij’""‘al‘“‘*QE”’“”).(VV25 c (Qty,QErealax,QEreal).
(((p (ap (ap c_2Ereal__topology 2Econtinuous_on VOf) V2s))A
p (ap (ap c_2treal__topology_2Econtinuous__on q s)))=
2Ereal I 2E i Vig) V2
p (ap (ap c_2Ereal__topology_2Econtinuous__on (AV3z € ty_2Erealax_2Ereal.
(ap (ap c-2Ereal 2Ereal__sub (ap VOf V3x)) (ap V1g V3x)))) V2s))))))
(125)
Assume the following.

(YVOf € (ty_2Erealar_2Erealty-2Erealaz-2Breal) (g5 ¢
(2ty,2Erealax,2Ereal)_(VVQt c (2ty,2Erealax,2Ereal>.
(((p (ap (ap c_2Ereal__topology_2Econtinuous_on V0f) V1s))A
(p (ap c_2Ereal__topology 2EOpen V2t)))=-(p (ap (ap (c2Etopology_2Eopen__in
ty2Erealax_2Ereal) (ap (ap (c-2Ereal__topology_2Esubtopology
ty_2Erealar_2Ereal) c_2Ereal__topology_2Eeuclidean) V'1s))
(ap (c2Epred__set 2EGSPEC ty_2Erealar_2Ereal ty-2Erealax_2Ereal)
(A\V3z € ty 2Erealax 2Ereal.(ap (ap (c2Epair 2E_ 2C ty_2FErealax_2FEreal
2) V3x) (ap (ap c-2Ebool 2E_2F_5C (ap (ap (c_2Ebool 2EIN ty_2Erealax_2Ereal)
V3zx) V1s)) (ap (ap (c-2Ebool 2EIN ty_2Erealax_2Ereal) (ap VOf V3zx))
V2)))))
(126)
Assume the following.

VA 27a.nonempty A_27a=(VVOnet € (ty_2Ereal__topology_2Enet
A27a).(VV1f € (ty-2Erealar_2Ereal-27).(VV2g €
(ty-2Erealar 2Ereal*-?7).(YV 3l € ty_2Erealax_2Ereal.

(VVdm € ty_2Erealax_2Ereal.(((—(p (ap (c_2Ereal__topology_2Etrivial__limit
A_27a) VOnet)))A((p (ap (ap (ap (c-2Ereal__topology_2E 2D _2D_3E
A27a) V1f) V3I) VOnet))A((p (ap (ap (ap (c_2Ereal__topology 2E_2D_2D_3E
A27a) V2g) V4m) VOnet))A(p (ap (ap (c-2Ereal__topology_2Eeventually
A27a) (\V5x € A_27a.(ap (ap c_2Ereal 2Ereal__Ite (ap V1f V5z))

(ap V2g V52)))) VOnet)))))=(p (ap (ap c_2Ereal 2Ereal__lte V3I)

Vam))))))))

(127)

Assume the following.
(YVOt € 2.((=(=(p VO1)))e(p VOL))) (128)

Assume the following,.
(VV0A € 2.((p VOA)=((—(p VOA))=False))) (129)

Assume the following.
(VV0A € 2.(WVV1B € 2.(((—((p VOA)V(p V1B)))=False)& (130)

(((p VOA)=False)=((—(p V1B))=False)))))
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Assume the following.

(VV0A € 2.(WVV1B € 2.(((—((=(p VOA))V(p V1B)))=False)=

((p VOA)=((~(p V1B))=False))))) 13y

Assume the following.
(VV0A € 2.(((—(p VOA))=False)=(((p VOA)=False)=False))) (132)

Assume the following.

(VVOp € 2.(VV1g € 2.(WV2r € 2.(((p VOp)=(
(p V1ig)e(p V2r)))e(((p VOp)V((p V1g)V(p V2r)))A(((p VOp)V((—(
p V2r))V(=(p V1g)A(((p V1g)V((=(p V2r))V(=(p VOp)))A((p V2r)V
((=(p V1g)V(=(p VOp))))))))))
(133)
Assume the following.
(VVOp € 2.(VV1g € 2.(VV2r € 2.(((p VOp)<(
(p VigIn(p V2r)))e(((p VOop)V((=(p V1g))V(=(p V2r))))A(((p V1g)V
(=(p VOp)))A((p V2r)V(=(p VOp))))))))) 130

Assume the following.

(VVOp € 2.(VV1qg € 2.(VV2r € 2.(((p VOp)=(
(p Vig)V(p V2r)))=(((p VOp)V(=(p V1g)))A(((p VOp)V(=(p V2r)))A

((p V1ig)V((p V2r)V(=(p V0p))))))))))
(135)
Assume the following.

(VVOp € 2.(VV1g € 2.(VV2r € 2.(((p VOp)=(
(p V1ig)=(p V2r)))=(((p VOp)V(p V1g)A((p VOp)V(=(p V2r)))A((
=(p V1g))V((p V2r)V(=(p V0p))))))))))

(136)
Assume the following.
(VWOp € 2.(VV1q € 2.(((p VOp)=(=(p V1g)))=(((p VOp)V (137)
(p V1g))A((=(p V1g))V(~(p VOp)))))))
Assume the following.
(VVOp € 2.(VV1q € 2.((=((p VOp)=(p V1q)))=(p VOp)))) (138)

Assume the following.

(YVOp € 2.(vV1g € 2.((=((p VOp)=(p V1q)))=(~(p V1q))))) (139)
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Theorem 1

(vvof c ((ty72E,r€alaw72ETealty,2E7'ealax,QE’real)ty,QE'rLum,QEnum)_

(VV1g € (ty-2Erealax_2ErealtV-2Prealaz2Breal) (/94 ¢
(2ty-2Erealaz-2Breal) (((p (ap c_2Ereal__topology 2Ecompact
V2s))A((YV3n € ty2Enum_2Enum.(p (ap (ap c_2Ereal__topology_2Econtinuous__on
(ap VOf V3n)) V2s)))A((p (ap (ap c_2Ereal__topology_2Econtinuous__on
Vig) V2s))A((VWW4x € ty_2Erealax 2Ereal.((p (ap (ap (c_2Ebool 2EIN
ty 2FErealax_2Ereal) V4x) V2s))=(p (ap (ap (ap (c-2Ereal__topology_2E_2D_2D_3E
ty 2Enum_2Enum) (AV5n € ty 2Enum_2Enum.(ap (ap VOf Vbn) V4x)))
(ap V1g V4zx)) c_2Ereal__topology_2Esequentially))))A(VV6n €
ty_2Enum_2Enum.(VNV7x € ty_2Erealax_2Ereal.((p (ap (ap
(c-2Ebool 2EIN ty_2Erealax_2Ereal) V7x) V2s))=(p (ap (ap c_2Ereal 2Ereal__Ite
(ap (ap VOf V6n) V7z)) (ap (ap VOf (ap (ap c2Earithmetic 2E_2B V6n)
(ap c_2Earithmetic 2ENUMERAL (ap c_2Earithmetic_2EBIT1 c_2Earithmetic 2EZERO))))
V7z))))))))))=(VV8e € ty2Erealax_2Ereal.((p (ap (ap c2Erealax_2Ereal__It
(ap c2Ereal 2Ereal__of _num c_2Enum_2E0)) V8e))=-(p (ap (ap (
c_2Ereal__topology_2Eeventually ty_2Enum_2Enum) (A\V9n €
ty_ 2Enum_2Enum.(ap (c_2Ebool 2E 21 ty 2Erealax_2Ereal) (AV10x €
ty 2FErealaxz_2Ereal.(ap (ap c.2Emin_2E_3D_3D_3E (ap (ap (c-2Ebool 2EIN
ty2Erealax_2Ereal) V10x) V2s)) (ap (ap c_2Erealax_2Ereal__It
(ap c_2Ereal 2Eabs (ap (ap c_2Ereal_2Ereal__sub (ap (ap VOf VIn)

V10z)) (ap V1g V10x)))) V8e)))))) c2Ereal__topology 2Esequentially))))))))
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