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Definition 1 We define c_2Emin_2E_3D_3D_3E to be AP € 2.0\Q € 2.inj_o (p P=p Q)
of type t.

Definition 2 We define c.22Emin_2E_3D to be AA.\x € A \y € A.inj_o (z =vy)
of type t=>t.

Definition 3 We define c 2Ebool 2ET to be (ap (ap (c.2Emin 2E_3D (22)) (A\V0x € 2.V0z)) (\V1z € 2.V
Definition 4 We define c_22Ebool 2E_21 to be AA_27a : t.(A\VOP € (24-27%) (ap (ap (c.2Emin_2E_3D (24-27
Definition 5 We define c_2Ebool_2EF to be (ap (c_2Ebool 2E_21 2) (AVO0t € 2.V0t)).
Definition 6 We define c_22Ebool 2EIN to be A\A_27a : 1.(A\VO0z € A27a.(A\V1f € (24-27%).(ap V1f V0x)))
Let ty 2FEhreal 2Ehreal : ¢ be given. Assume the following.

nonempty ty_2Ehreal 2Ehreal (1)
Let ty 2Epair 2Eprod : t=-1=t be given. Assume the following.

VAO.nonempty A0=VYAl.nonempty Al=nonempty (ty_2Epair 2Eprod
A0 A1)

(2)

Let ty 2Erealax_2Ereal : ¢ be given. Assume the following.
nonempty ty_2Erealar_2Ereal (3)
Let c2Erealax 2Ereal__REP__CLASS : ¢ be given. Assume the following.

c2FErealax 2Ereal__REP__CLASS € ((Q(ty,2Epair,2Eprod ty_2FEhreal_2Ehreal ty_2Ehreal_2Ehreal) )ty,QErealam
(4)

Definition 7 We define c 2Emin_2E_40 to be \A.AP € 24.if (3x € A.p (ap P x)) then (the (\z.xz € ANp
of type t=-t.



Definition 8 We define c_2Erealax_2Ereal__REP to be AV 0a € ty_2Erealax_2Ereal.(ap (c2Emin_2E_40 (ty

Let c.2Erealax_2Etreal__lt : « be given. Assume the following.
c.2Erealax 2Etreal__It € ((2(ty-2Epair-2Bprod ty_2Ehreal 2Ehreal ty-2Ehreal-2Bhreal)) (ty-2Epair 2Eprod ty-2Eh
(5)
Definition 9 We define c_2Erealax_2Ereal__It to be A\VOT'1 € ty_2Erealax 2Ereal \V1T2 € ty 2Erealax_2
Let c_2Ereal__topology 2EOPEN _interval : ¢ be given. Assume the following.

c. 2Ereal tOpOlOgy 2FEOPEN __interval € ((2ty,2Erealaa:,2Ereal)(ty,ZEpair,ZEprod ty_2FErealar_2FEreal ty_2FErec

(6)
Definition 10 We define c_2Ebool 2E_TE to be (A\VOt € 2.(ap (ap c_2Emin_2E_3D_3D_3E V0t) c_2Ebool _2E
Definition 11 We define c_2Ereal 2Ereal__Ite to be \V0x € ty_2Erealax 2Ereal A\V1y € ty_2FErealax 2Er
Definition 12 We define c_2Epred__set 2EEMPTY to be AA_27a : 1. (A\VO0x € A_27a.c_2Ebool_2EF).
Let ty 2Flist 2FElist : t=1 be given. Assume the following.
VAO.nonempty A0=nonempty (ty_2FElist 2Elist A0) (7)
Let ¢ 2Elist 2ENIL : 1= be given. Assume the following.

VA 2Ta.nonempty A27a=c2FElist 2ENIL A 27a € (ty_2FElist_2Elist
A_27a)
(8)

Definition 13 We define c_22Ebool 2E_2F_5C to be (AV0t1 € 2.(A\V1¢2 € 2.(ap (c_2Ebool 2E_21 2) (A\V2¢ €
Let c2Epair 2EABS__prod : t=1=-t be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=c_2Epair 2EABS __prod
27b\ A_27a
A27a A27b € ((ty-2Epair 2Eprod A-27a A276)(* ™)™
(9)
Definition 14 We define c_2Epair 2E_2C to be NA_27a : t. AA27b : 1. AV Oz € A27a.A\V1y € A27b.(ap (c-2

Let ¢ 2Elist 2ECONS : 1= be given. Assume the following.

VA 27a.nonempty A27a=c2Elist 2ECONS A27a € (((ty-2Elist 2Elist
A727a)(ty,2Elist,2Elist A,27a))A,27a)
(10)
Let ¢ 2Elist 2EHD : 1= be given. Assume the following.

VA 27a.nonempty A 27a=c 2Elist 2EHD A 27a € (A_27q(ty-2Flist-2Elist A-2Ta))
(11)



Let c2Epair 2ESN D : t=-1=>1 be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=-c_2FEpair 2ESN D
A927a A27b € (A727b(ty,2Epair,2Eprod A_27a A,27b))
(12)
Let ¢ 2Epair 2EF ST : 1=1=- be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=c_2FEpair 2EFST
A927a A27b € (A727a(ty,2Epair,2Eprod A_27a A,27b))
(13)
Let c2Epred__set 2EGSPEC : 1=-1=- be given. Assume the following.

VA 2Ta.nonempty A27a=YA_27b.nonempty A_27b=c_2FEpred__set 2EGSPEC
A92Ta A27b € ((2A,27a)((ty,QEpair,2Eprod A_2Ta 2)A*27b))

(14)
Definition 15 We define c_2Ereal__topology 2ECLOSED__interval to be AV Ol € (ty-2Elist 2Elist (ty-2Epa

Assume the following.
True (15)

Assume the following,.

(VV0t1 € 2.(VV 12 € 2.(((p VOt)=(p V1t2))=(((p

V1t2)=(p VOt1))=((p VOt1)=(p V1t2)))))) (16)

Assume the following.
(VVOt € 2.(False=(p VOt))) (17)

Assume the following.
VA 27a.nonempty A_27a=(VV 0t € 2.((VV1x € (18)

A27a.(p VOt))=(p VOL)))
Assume the following.

(YVOt € 2.(((Truen(p VOt))<=(p VOO))A((((p VOE)ATrue)<
(p VOO)A(((Falsen(p VOt))=False)A((((p VOt)AFalse)< False)A  (19)
(((p VOO)A(p VL)) (p V01)))))))

Assume the following.

(VVOt € 2.((—(—(p VOL)))=(p VO)A(((—-True)=False) A
((-False)=True)))

Assume the following.

VA_27a.nonempty A 27a=(VV0x € A27a.(V0x = V0z)&
True))



Assume the following.

(YVOt € 2.(((Trues(p VOt))<(p VOr))
(p VOO)A(((Falses(p VOt))<=(—(p VOt)))

p V01)))))))

A(((p VOt)eTrue)<
A(((p VOt)=False)=(—=( (22)

Assume the following.

(VVO0x € ty-2Erealax_2Ereal.(—(p (ap (ap c2Erealax_2Ereal__It (23)
Voz) VO0x))))

Assume the following.

(VVO0z € ty_2Erealax_2Ereal.(p (ap (ap c_2Ereal 2Ereal__lte
V0z) VOx)))

Assume the following.

(YVO0zx € ty_2Erealax_2Ereal.(VV1a € ty_ 2Erealaz_2Ereal.
(VV2b € ty 2Erealaz_2Ereal.(((p (ap (ap (c-2Ebool 2EIN
ty 2FErealax_2Ereal) V0zx) (ap c.2Ereal__topology 2EOPEN __interval
(ap (ap (c_2Epair 2E_2C ty 2Erealax 2Ereal ty_2Erealax_2FEreal)
Vl1a) V2b))))<=((p (ap (ap c2Erealax_2Ereal__It V1a) VO0z))A(p (
ap (ap c_2Erealax_2Ereal__It V0z) V2b))))A((p (ap (ap (c-2Ebool 2EIN
ty-2Erealax_2Ereal) V0z) (ap c_2Ereal__topology 2ECLOSED__interval
(ap (ap (c2Elist 2ECONS (ty_2Epair 2Eprod ty 2Erealax_2Ereal
ty 2Erealax_2Ereal)) (ap (ap (c_2Epair 2E_2C ty 2Erealax_2Ereal
ty-2Erealax_2Ereal) V1a) V2b)) (c2Elist 2ENIL (ty-2Epair_2Eprod
ty_2Erealar_2Ereal ty-2Erealax_2Ereal))))))<((p (ap (ap c2Ereal_2Ereal__lte
Vi1a) VO0x))A(p (ap (ap c-2Ereal 2Ereal__lte V0zx) V2b))))))))
(25)
Assume the following.

(VV0a € ty 2Erealax 2Ereal (NV1b € ty 2Erealax 2Ereal.
(((—=((ap c2Ereal__topology 2ECLOSED__interval (ap (ap (c-2Elist 2ECON S
(ty-2Epair 2Eprod ty-2Erealax 2Ereal ty 2Erealax_2Ereal))

(ap (ap (c-2Epair2E_2C ty_2Erealax_2Ereal ty 2Erealax_2Ereal)

V0a) V1b)) (c2Elist 2ENIL (ty-2Epair 2Eprod ty_2Erealax_2Ereal
ty_2FErealar_2Freal)))) = (c_2Epred__set 2EEMPTY ty_2FErealax_2Ereal)))<
(p (ap (ap c_2Ereal_2Ereal__Ite V0a) V1b)))A((—((ap c2Ereal__topology 2EOPEN __interval
(ap (ap (c_2Epair.2E_2C ty_2FErealax_2Ereal ty_2Erealax_2Ereal)

V0a) V1b)) = (c2Epred__set 2EEMPTY ty_2Erealax_2Ereal)))<(

p (ap (ap c2Erealax_2Ereal__It V0a) V'1b))))))

(26)



Theorem 1

((VV0a € ty 2Erealax_2Ereal.(VV1b € ty 2Erealax_2Ereal.

((p (ap (ap (c_2Ebool 2EIN ty_2Erealaz_2Ereal) V0a) (ap c2Ereal__topology 2ECLOSED __interval
(ap (ap (c2Elist 2ECONS (ty-2Epair_2Eprod ty_2Erealaxr_2Ereal
ty_2Erealax_2Ereal)) (ap (ap (c2Epair 2E_2C ty_2Erealax_2Ereal

ty 2FErealax_2Ereal) V0a) V1b)) (c2Elist 2ENIL (ty_2Epair_2Eprod
ty 2Erealax_2Ereal ty 2Erealax_2Ereal))))))<(—((ap c2Ereal__topology 2ECLOSED __interval
(ap (ap (c2Elist 2ECONS (ty_2Epair_2Eprod ty 2Erealax_2Ereal
ty_2Erealax_2Ereal)) (ap (ap (c2Epair 2E_2C ty_2FErealax_2Ereal
ty_2Erealaz_2Ereal) V0a) V1b)) (c.2Elist 2ENIL (ty-2Epair_2Eprod
ty_2Erealaz_2Ereal ty_2Erealax_2Ereal)))) = (c-2Epred__set 2EEMPTY
ty 2Erealax_2Ereal))))))AN((VV2a € ty 2FErealax 2Ereal.

(VV3b € ty 2Erealax_2Ereal .((p (ap (ap (c-2Ebool 2EIN ty_2Erealax_2Ereal)
V3b) (ap c-2Ereal__topology 2ECLOSED __interval (ap (ap (c-2Elist 2ECON S
(ty-2Epair 2Eprod ty 2Erealax_2Ereal ty_ 2Erealar_2Ereal))

(ap (ap (c2Epair2E_2C ty_2FErealax_2FEreal ty_2Erealax_2FEreal)

V2a) V3b)) (c.2Elist 2ENIL (ty-2Epair 2Eprod ty_2Erealax_2Ereal
ty_ 2Erealax_2Ereal))))))<(—((ap c_2Ereal__topology 2ECLOSED __interval
(ap (ap (c2Elist 2ECONS (ty_2Epair_2Eprod ty 2Erealax_2FEreal
ty_2Erealax_2Ereal)) (ap (ap (c2Epair 2E_2C ty_2FErealax_2Ereal
ty 2FErealax_2Ereal) V2a) V3b)) (c2Elist 2ENIL (ty_2Epair_2Eprod
ty_2Erealax_2Ereal ty_2Erealax_2Ereal)))) = (c-2Epred__set 2EEMPTY
ty 2Erealax_2Ereal))))))A((VV4a € ty 2Erealax 2Ereal.

(VV5b € ty_2Erealar_2Ereal.(—(p (ap (ap (c_2Ebool 2EIN
ty_2Erealaxr_2Ereal) V4a) (ap c2Ereal__topology 2EOPEN __interval
(ap (ap (c2Epair2E_2C ty_2Erealax_2Ereal ty_2Erealaxr_2Ereal)

Vda) V5b)))))A(YV6a € ty_2Erealax_2Ereal (NVT7b €
ty_2Erealax_2Ereal.(—(p (ap (ap (c_2Ebool 2EIN ty_2Erealax_2Ereal)
V'7b) (ap c2Ereal__topology 2EOPEN __interval (ap (ap (c2Epair_2E_2C
ty_2Erealaxr_2Ereal ty2Erealax_2Ereal) V6a) V7b))))))))))



