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Let ty_2Enum_2Enum : ¢ be given. Assume the following.

nonempty ty_2Enum_2Enum (1)
Let c.2Earithmetic2EEV EN : ¢ be given. Assume the following.
c2Earithmetic2EEV EN ¢ (2t-2Fnum-2Enum) (2)
Let c2FEarithmetic2EODD : ¢ be given. Assume the following.
c2Earithmetic2EODD ¢ (2tv-2Fnum-2Enum) (3)
Definition 1 We define c 2Emin_2E_3D to be AA.\x € A y € Ainj_o (x =vy)

of type t=>t.
Definition 2 We define c_2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (A\V0z € 2.V0z)) (A\V1xz € 2.V
Definition 3 We define c 2Ebool 2E 21 to be AA_27a : 1. (AVOP € (24-27).(ap (ap (c.2Emin_2E_3D (24-27
Definition 4 We define c_2Ebool_2EF to be (ap (c_2Ebool 2E_21 2) (AV Ot € 2.V 0t)).
Definition 5 We define c 2Emin_2E_3D_3D_3E to be AP € 2.0\Q € 2.inj_o (p P=p Q)
of type ¢.
Definition 6 We define c_2Ebool 2E_7E to be (AV Ot € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0¢) c_2Ebool 2EF
Definition 7 We define c.2Ebool 2E_2F_5C to be (AV0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t € ¢
Let c2Enum 2EREP__num : ¢ be given. Assume the following.

c2Enum 2EREP_num € (omegay-2Fnum-2Enum) (4)
Let c2Enum 2ESUC__REP : 1 be given. Assume the following.

c2Enum 2ESUC__REP € (omega®™9%) (5)

Let c2Enum 2EABS__num : ¢ be given. Assume the following.

c2Enum 2EABS__num € (ty-2Enum_2Enum°™9%) (6)



Definition 8 We define c_22Enum_2ESUC to be AVOm € ty_2Enum_2Enum.(ap c2Enum 2EABS__num

Definition 9 We define c 2Emin_2E 40 to be NAAP € 24.if (32 € Ap (ap P x)) then (the (\z.x € AAp
of type t=>t.

Definition 10 We define c_2Ebool 2E_3F to be AA 27a : 1. (AVOP € (24-27%).(ap VOP (ap (c_2Emin_2E_40
Definition 11 We define c_2Eprim__rec_2E_3C to be AVOm € ty_ 2Enum_2Enum. AV 1n € ty_2Enum_2FEnu
Definition 12 We define c_2Earithmetic_2E_3E to be A\VOm € ty_ 2Enum_2Enum. AV 1n € ty 2Enum_2En
Definition 13 We define c_2Ebool 2E_5C_2F to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €
Definition 14 We define c_2Earithmetic_2E_3E_3D to be \VOm € ty 2Enum_2Enum. AV 1n € ty_2Enum_2
Let c2Enum 2EZFERO__REP : ¢ be given. Assume the following.

c2Enum 2EZERO__REP € omega (7)
Definition 15 We define c_2Enum_2EQ to be (ap c.2Enum_2EABS_num c2Enum 2EZERO__REP).
Definition 16 We define c_2Ebool 2ECOND to be AA_27a : t.(AVOt € 2.(AV1tl € A 27a.(A\V2t2 € A27a.(
Definition 17 We define c 2Eprim__rec 2EPRE to be A\VOm € ty_2Enum_2Enum.(ap (ap (ap (c_2Ebool 2F
Let c.2Earithmetic2EEXP : 1 be given. Assume the following.

c.2Earithmetic 2EEX P € ((ty_2Enum_2Enum!y-2Enum-2Enum)yty 2Enum 2Enum)

Let c.2Earithmetic2E 2D : ¢ be given. Assume the following. )

c.2Earithmetic2E 2D € ((ty_2Enum_2Enum!y-2Pnum-2Enum)ty 2Enum 2Enum)
(9)
Definition 18 We define c_2Enumeral 2EiiSUC to be AVOn € ty_2Enum_2Enum.(ap c2Enum_2ESUC (ap

Let c.2FEarithmetic2E_2B : « be given. Assume the following.

c.2Earithmetic2E 2B € ((ty_2Enum_2Enumty-2Enum-2Enum )ty 2Enum_2Enum)
(10)

Definition 19 We define c_2Earithmetic_2EBIT2 to be A\VOn € ty_2Enum_2Enum.(ap (ap c2Earithmetic
Definition 20 We define c 2Enumeral 2EiDUB to be A\V 0z € ty 2Enum_2Enum.(ap (ap c_2Earithmetic_:
Definition 21 We define c_22Enumeral 2EiZ to be A\VO0x € ty_2Enum_2Enum.V0zx.

Definition 22 We define c_2Earithmetic 2EZERO to be c_2Enum _2EQ.

Definition 23 We define c_2Earithmetic_2EBIT1 to be A\VOn € ty_2Enum_2Enum.(ap (ap c2Earithmetic



Definition 24 We define c_2Earithmetic 2ENUMERAL to be A\VOx € ty_2Enum_2Enum.V0x.
Let ty 2FEhreal 2Ehreal : ¢ be given. Assume the following.

nonempty ty_2Ehreal_2Ehreal (11)
Let ty 2Epair_2Eprod : t=-1= be given. Assume the following.

VAO.nonempty A0=VAl.nonempty Al=nonempty (ty-2Epair 2Eprod

A0 Al)
(12)
Let ty 2Erealax_2Ereal : 1 be given. Assume the following.
nonempty ty_2Erealax_2FEreal (13)

Let c2Erealax 2Ereal __REP__CLASS : ¢ be given. Assume the following.

c2FErealar 2Ereal__REP__CLASS € ((Q(ty,QEpair,QEprod ty_2FEhreal_2Ehreal ty_2Ehreal_2Ehreal) )ty,2Ereala:v
(14)
Definition 25 We define c_2Erealax_2Ereal__REP to be A\V0a € ty_2Erealax_2Ereal.(ap (c22Emin_2E_40 (¢

Let c.2Erealax_2Etreal__inv : ¢ be given. Assume the following.

c2Erealax_2Etreal__inv € ((ty-2Epair 2Eprod ty_2Ehreal 2Ehreal
ty,QEhreal,QEhreal) (ty-2Epair_2Eprod ty_2Ehreal _2Ehreal ty_2Ehreal_2Ehreal) )

(15)
Let c.2Erealax_2Etreal__eq : ¢ be given. Assume the following.

c 2Erealar_2Etreal eq € ((2(ty,2Epair,2Eprad ty_2FEhreal_2Ehreal ty,2Ehreal,2Ehreal))(ty,2Epair,2Eprod ty_2Eh

(16)
Let c2Erealaxr 2Ereal__ABS__CLASS : . be given. Assume the following.

2(ty,2Epa'i7‘72Ep7‘Od ty-2Ehreal _2Ehreal ty_2Ehreal _2Ehn
(17)
Definition 26 We define c_2Erealax_2Ereal __ABS to be A\VOr € (ty_2Epair 2Eprod ty-2Ehreal 2Ehreal ty

c2Erealax 2Ereal__ABS_CLASS € (ty_2FErealax_2Ereal'

Definition 27 We define c 2Erealax_2Einv to be \VO0T'1 € ty_2Erealax_2Ereal.(ap c_2Erealax 2Ereal __ABS
Let c2Erealaxr_2Etreal_neg : ¢ be given. Assume the following.

c2Erealax_2FEtreal_neg € ((ty-2Epair_2Eprod ty_2Ehreal 2Ehreal
ty,QEhTeal,QEhTeal)(ty’QEpair’QEprOd ty_2Ehreal_2Ehreal ty,ZEhreal,QEhreal))

(18)
Definition 28 We define c 2Erealax_2Ereal__neg to be \VOT'1 € ty_2Erealax_2Ereal.(ap c_2Erealax_2Ereal

Let c.2Frealax_2Etreal__mul : ¢ be given. Assume the following.

c2Erealax_2Etreal__mul € (((ty-2Epair 2Eprod ty_2Ehreal 2Ehreal
ty,?Ehreal,ZEhreal)(ty*QEpa“"*zEpmd ty_-2Ehreal _2Ehreal ty,ZEhreal,2Ehreal))(ty,ZEpai'r,2Eprod ty_2Ehreal _2Ehi

(19)



Definition 29 We define c_2Erealax_2Ereal__mul to be A\VOT'1 € ty_2Erealax 2FEreal A\V1T2 € ty_2Ereala
Definition 30 We define c_2Ereal 2E_2F to be \VOzx € ty_2FErealax 2Ereal A\V1y € ty_2Erealax_2Ereal.(
Definition 31 We define c_2Earithmetic_2E_3C_3D to be A\VOm € ty_2Enum_2Enum AV 1n € ty 2Enum_2
Let c.2FEarithmetic2E_2A : 1 be given. Assume the following.

c2Earithmetic2E_2A € ((ty-2Enum_2EnumtY-2Fnum-2Enum)ty_2Enum-_2Enum)
(20)
Let c.2FEreal 2Ereal__of __num : ¢ be given. Assume the following.

c2Ereal 2Ereal _of _num € (ty 2Erealax_2Ereql™V-2Fm m-2Enum) (91)

Let c.2Erealax_2Etreal It : ¢+ be given. Assume the following.
c2Brealax_2Etreal_lt € ((2(tv-2Bpair-2Eprod ty-2Bhreal 2Bhreal ty-2Bhreal 2Bhreal)(ty-2Epair 2Bprod ty-2Eh
(22)
Definition 32 We define c_2Erealax_2Ereal__It to be \VOT'1 € ty 2Erealar 2Ereal \V1T?2 € ty 2FErealax_
Definition 33 We define c_2Ereal 2Ereal__Ite to be \VOx € ty_2Erealax 2Ereal A\V1y € ty_2FErealax 2Er
Definition 34 We define c_2Ereal 2Eabs to be A\V0x € ty_2Erealax_2Ereal.(ap (ap (ap (c-2Ebool 2ECONI

Let c.2FEreal__topology_2FEball : « be given. Assume the following.
C,QEreal,,topology,QEball c ((2ty72Erealax,2Ereal)(ty,QEpair,ZEprod ty_2Erealaxr_2Ereal ty,ZEreala:c,ZEreal))
(23)
Let c.2FEreal__topology_2FEcball : ¢ be given. Assume the following.
C,ZETeal,,topology,QEcball c ((2ty,2Erealam,2Ereal)(ty,?Epair,QEprod ty_2FErealaxr_2Ereal ty,QErealaz,QEreal))
(24)
Let c2Ereal__topology_2E Dist : ¢ be given. Assume the following.
c,2E7"eal,,t0pology,QEDist c (ty,2E'realax,2Ereal(ty*QE”a”*ZEpmd ty_-2FErealar_2Ereal ty,QErealax,QEreal))
(25)
Let ¢ 2Epair 2EABS __prod : 1=1=1 be given. Assume the following.
VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=-c_2Epair 2EABS__prod
A_27a
A27a A2Tb € ((ty2Epair 2Eprod A-27a A276)(* ™)™
(26)
Definition 35 We define c2Epair 2E_2C to be N\A27a : t.AA27b : 1. AVO0x € A27a AV1y € A27b.(ap (c-2
Let c_2Ereal__topology_2Esphere : 1 be given. Assume the following.

((2ty,2Erealaw,2Ereal ) (ty_2Epair_2Eprod ty_2Erealax_2Ereal ty_2Erealax_2Ereal)
(27)

c2FEreal__topology-2Esphere €

Let c.2FErealax_2Etreal__add : . be given. Assume the following.

c¢2Erealax_2Etreal__add € (((ty-2Epair 2Eprod ty_2Ehreal 2Ehreal
ty,?Ehreal,ZEhreal)(ty*QEpa“"*zEpmd ty_2FEhreal_2Ehreal ty,ZEhreal,2Ehreal))(ty,ZEpai'r,2Eprod ty_2Ehreal_2Eh1

(28)



Definition 36 We define c_2Erealax_2Ereal__add to be \VOT'1 € ty_2Erealax 2Ereal \V1T?2 € ty_2FEreala
Definition 37 We define c_2Ereal 2Ereal__sub to be A\VO0x € ty_2FErealax 2Ereal A\V1y € ty_2Erealax 2E"
Definition 38 We define c 2Ebool 2EIN to be AA 27a : 1. (A\VO0z € A 27a.(A\V1f € (24-27%).(ap V1f VOx)
Definition 39 We define c_2Ereal__topology_2Econtinuous__on to be \VOf € (ty_2Erealax_2ErealV-2Ereek

Let c2FEreal__topology 2Ehomeomorphism : ¢ be given. Assume the following.

2(ty,2Epair,2Eprod (ty_2Erealax_2Ereqltv-2Erealaz=2Erealy (4 9 Breq,
(29)

Definition 40 We define c 2Ereal__topology_2Ehomeomorphic to be \V (s € (2ty-2Erealaz-2Erealy \y/11 ¢ (2

c2Ereal__topology 2Ehomeomorphism € ((

Assume the following.

(VVOn € ty 2Enum_2Enum.(p (ap (ap c_2Earithmetic 2E_3C_3D

c_2Enum_2EQ) V0n))) (30)

Assume the following.

(YVOm € ty_2Enum_2Enum.(NV1n € ty_ 2Enum_2Enum.(
(=(p (ap (ap c-2Earithmetic2E_3C_3D VOm) V1n)))<(p (ap (ap c_2Eprim__rec 2E_3C
Vin) VOm)))))

(31)
Assume the following.
(VVOm € ty_2Enum_2Enum.(YV1n € ty 2Enum_2Enum.(
((ap (ap c2Earithmetic2E 2B VOm) V1n) = c_2Enum_2EQ)<((VOm =
c_2Enum_2E0)A(V1n = c.2Enum_2EQ)))))
(32)

Assume the following.

((VVOn € ty 2Enum_2Enum.((p (ap (ap c_2Earithmetic 2E_3C_3D
VOn) c.22Enum_2E0))<(V0n = c.2Enum_2E0)))A(VV1m € ty_2Enum_2Enum.
(VV2n € ty2Enum_2Enum.((p (ap (ap c-2Earithmetic 2E_3C_3D
V1im) (ap c2Enum_2ESUC V2n)))<((V1im = (ap c.22Enum_2ESUC V2n))V
(p (ap (ap c_2Earithmetic 2E_3C_3D V1m) V2n)))))))

(33)

Assume the following.
True (34)

Assume the following.
(VVO0tL € 2.(9V 112 € 2.(((p VOrL)=(p V1t2))=(((p (35)

V1t2)=(p VOt1))=((p VOtl)=(p V1t2))))))

Assume the following.

(VVOt € 2.(False=(p VOt))) (36)



Assume the following.
(VVot € 2.((p VOr)V(=(p VOL)))) (37)
Assume the following.

VA_27a.nonempty A 27a=(VVO0t € 2.((VV1x €
A27a.(p VOL))<(p VOI)))

Assume the following.

(YVOt € 2.(((Truen(p VOt))<=(p VOO)A((((p VOt)ATrue)<
(p VOO)A(((Falsen(p VOt))=False)A((((p VOt)AFalse)< False)A  (39)

t)
(((p VOt)A(p VOt))=(p V01)))))))

Assume the following.

(VVOt € 2.(((TrueV(p VOt))eTrue)AN((((p VOt)VTrue)=True)A
(((FalseV(p VOt))<=(p VOt))A((((p VOt)VFalse)=(p VO)A(((p VO)V

(p VO1))=(p V01)))))))
(40)
Assume the following.
(YVOt € 2.(((True=(p VOt))=(p VOO)A((((p VOt)=True)<
True)A(((False=(p VOt))True) A((((p VOt)=(p VOt))=True)A((  (41)
(p VOt)=False)=(~(p V0t))))))))

Assume the following.

((VVOt € 2.((=(—(p VOt)))=(p VO)) )A(((—True)<False) A\

((=False)=True))) (42)
Assume the following.
VA 27a.nonempty A27a=(VV0x € A27a.(VO0z = VOz)&
True)) (43)
Assume the following,.
VA 27a.nonempty A27a=(VV0x € A27a.(VV1y € (44)

A27a.(VOzr = V1y)e(Viy = VOx))))
Assume the following.

(YVOt € 2.(((Trues(p VOt))=(p VOO)A((((p VOt ) =True)<
(p VOO)A(((Falses(p VOt)) ( (p VOO)A(((p VOt)& False)=(=( (45

Vo))

Assume the following.

VA 27a.nonempty A27a=(VV0tl € A27a.(VV1t2 €
A27a.(((ap (ap (ap (c-2Ebool 2ECOND A_27a) c_2Ebool 2ET) V0t1)
V1t2) = VOt A((ap (ap (ap (c_2Ebool 2ECOND A_27a) c_2Ebool 2EF)
VOtl) V1e2) = V1t2))))
(46)



Assume the following.

(VV0A € 2.(WV1B € 2.(((—((p VOA)A(p V1B)))=((—(
p VOA)V(=(p V1B))))A(=((p VOA)V(p V1B)))=((=(p VOA)A(=(p Vl(fi%g)))))
Assume the following.

(VWOt1 € 2.(VV1t2 € 2.(VV2t3 € 2.(((p VOt1)=

(p V12)=(p V23))((p VODA( V12)=(p V) )

Assume the following.

(VV0z € 2.(VV1x.27 € 2.(VV2y € 2.(VV 3y 27 €
2.((((p Voz)=(p V1z27)A((p V1z27)=((p V2y)=(p V3y.27))))=  (49)
(((p VOz)=(p V2y))=((p V12 27T)=(p V3y.27))))))))



Assume the following.

((VVOn € ty_2Enum_2Enum.((ap (ap c.2Earithmetic 2E 2B
c_2Enum_2EQ) VOn) = VOon))A((VV1n € ty 2Enum_2Enum.((ap
(ap c2Earithmetic2E 2B V1n) c.2Enum_2E0) = V1n))A((VV2n €
ty_2Enum_2Enum.(NYV3m € ty_2Enum_2Enum.((ap (ap c.2Earithmetic.2E 2B
(ap c-2Earithmetic2ENUMERAL V2n)) (ap c-2Earithmetic 2ENUMERAL
V3m)) = (ap c2Earithmetic 2ENUMERAL (ap c_2Enumeral 2EiZ (ap
(ap c2Earithmetic2E_2B V2n) V3m))))))A((VV4n € ty_2Enum_2Enum.
((ap (ap c2Earithmetic.2E 2A c_2Enum_2EQ) V4n) = c_2Enum_2EQ))A
((VV5n € ty 2Enum_2Enum.((ap (ap c2Earithmetic 2E 2A
Vbn) c.2Enum_2E0) = c_2Enum_2E0))A((VV6n € ty_2Enum_2Enum.
(VVTm € ty_2Enum_2Enum.((ap (ap c2Earithmetic2E_2A (
ap c_2Earithmetic 2ENUMERAL V6n)) (ap c_2EarithmeticZ 2ENUMERAL
Vim)) = (ap c2Earithmetic 2ENUMERAL (ap (ap c_2FEarithmetic 2E 2A
Vén) Vim)))WA((YV8n € ty_2Enum_2Enum.((ap (ap c2Earithmetic2E_2D
c2Enum_2E0) V8n) = c.2Enum_2E0))A((YVIn € ty_2Enum_2Enum.
((ap (ap c2Earithmetic.2E_2D V9n) c2Enum_2E0) = VIn))A((VV10n €
ty 2Enum_2Enum.(YV11lm € ty 2Enum_2Enum.((ap (ap c2Earithmetic2E_2D
(ap c2Earithmetic2ENUMERAL V'10n)) (ap c_2EarithmeticC2ENUMERAL
V11m)) = (ap c_2Earithmetic 2ENUMERAL (ap (ap c2Earithmetic2E_2D
V10n) V11m))A((VV12n € ty-2Enum_2Enum.((ap (ap c2Earithmetic 2EEX P
c_2Enum_2EQ) (ap c-2Earithmetic 2ENUMERAL (ap c_2Earithmetic_2EBIT1
V12n))) = c2Enum_2E0))A((VV13n € ty_2Enum_2Enum.((ap
(ap c2Earithmetic 2EEX P c_2Enum_2E0) (ap c_2Earithmetic 2ENUMERAL
(ap c2Earithmetic_2EBIT2 V13n))) = c.2Enum_2E0))A((VV14n €
ty 2Enum_2Enum.((ap (ap c2Earithmetic2EEX P V14n) c2Enum_2EQ) =
(ap c2Earithmetic2ENUMERAL (ap c_2Earithmetic_2EBIT1 c_2Earithmetic_.2EZEROQ))))A
((VV15n € ty-2Enum_2Enum.(VV16m € ty_2Enum_2Enum.
((ap (ap c2Earithmetic2EEX P (ap c_2Earithmetic 2ENUMERAL V'15n))
(ap c_2EarithmeticZ2ENUMERAL V'16m)) = (ap c_2Earithmetic 2ENUMERAL
(ap (ap c2Earithmetic2EEX P V15n) V16m)))))A(((ap c22Enum_2ESUC
c2Enum_2E0) = (ap c_2Earithmetic 2ENUMERAL (ap c_2Earithmetic_2EBIT1
c_2Earithmetic2EZERO)))A((VV17Tn € ty_2Enum_2Enum.(

(ap c22Enum_2ESUC (ap c_2EarithmeticZ 2ENUMERAL V17n)) = (ap c-2Earithmetic 2ENUMERAL
(ap c.22Enum_2ESUC V'17n))))A(((ap c2Eprim__rec2EPRE c_2Enum_2EQ) =
c_2Enum_2EQ)A((VV 18n € ty_2Enum_2Enum.((ap c2Eprim__rec_2EPRE
(ap c2Earithmetic 2ENUMERAL V'18n)) = (ap c_2Earithmetic 2ENUMERAL
(ap c2Eprim__rec.2EPRE V'18n))))A((VV19n € ty_2Enum_2Enum.

(((ap c_2Earithmetic 2ENUMERAL V197) = c_2Enum_2E0)<(V19n = c_2Earithmetic. 2EZERO)))A
((VV20n € ty-2Enum_2Enum.((c.2Enum_2E0 = (ap c_2Earithmetic 2ENUMERAL
V20n))<(V20n = c_2Earithmetic 2EZERO)))A((YV21n € ty_2Enum_2Enum.
(VV22m € ty_2Enum_2Enum.(((ap c2Earithmetic 2ENUMERAL
V21n) = (ap c-2Earithmetic 2ENUMERAL V22m))<(V21n = V22m))))A
((VV23n € ty2Enum_2Enum.((p (ap (ap c-2Eprim__rec_2E_3C
V23n) c_2Enum_2EQ0))< False))A((VV24n € ty_2Enum_2Enum.

((p (ap (ap c2Eprim__rec 2E_3C c_2Enum _2EQ) (ap c_2Earithmetic 2ENUMERAL
V24n)))<(p (ap (ap c2Eprim__rec_2E_3C c_2Earithmetic_2EZERO)
V24n))))A((YV25n € ty_-FEnum_2Enum.(YV26m € ty-2Enum_2Enum.

((p (ap (ap c-2Eprim__rec_2E_3C (ap c_2Earithmetic 2ENUMERAL
V25n)) (ap c_2Earithmetic 2ENUMERAL V26m)))<(p (ap (ap c-2Eprim__rec_2E_3C
V25n) V26m)))))A((YV27n € ty2Enum_2Enum.((p (ap (ap c_2Earithmetic_2E_3E
c_2Enum_2E0) V27n))< False))A((VV28n € ty_2Enum_2Enum.

((p (ap (ap c_2Earithmetic 2E_3E (ap c_2Earithmetic. 2ENUMERAL
V28n)) c.2Enum_2E0))<(p (ap (ap c-2Eprim__rec_2E_3C c_2Earithmetic.2EZERO)
V28n))))A((YV29n € ty_2Enum_2Enum.(YV30m € ty_2Enum_2Enum.

((p (ap (ap c-2Earithmetic_2E_3E (ap c_2EarithmeticZ2ENUMERAL
V29n)) (ap c_2Earithmetic 2ENUMERAL V30m)))<(p (ap (ap c-2Eprim__rec 2E_3C
V30m) V29n)))A((YV31n € ty 2Enum 2Enum.((p (ap (ap c2Earithmetic_2E_3C_3D
c_2Enum_2EQ) V31n))eTrue))A((VV32n € ty_2Enum_2Enum.

(Ao s L o~ O Aavtlhamtim O 2C 2D (v o~ O v+t~ OCNITHIMEDAL



Assume the following.

(VVOn € ty2Enum_2Enum.(YV1m € ty_2Enum_2Enum.(

((ap c_2Enumeral 2EiZ (ap (ap c2Earithmetic.2E_2B c_2Earithmetic 2EZERO)
VOon)) = VOn)A(((ap c2Enumeral 2EiZ (ap (ap c2Earithmetic2E 2B
VOn) c_2Earithmetic22EZERO)) = VOn)A(((ap c-2Enumeral 2EiZ (
ap (ap c2Earithmetic.2E_2B (ap c_2Earithmetic 2EBIT1 V0n)) (
ap c_2Earithmetic 2EBIT1 V1m))) = (ap c_2Earithmetic_2EBIT2 (
ap c_2Enumeral 2EiZ (ap (ap c2Earithmetic.2E 2B V0On) V1m))))A
(((ap c2Enumeral 2EiZ (ap (ap c2Earithmetic.2E_2B (ap c_2Earithmetic 2EBIT1
VOn)) (ap c-2Earithmetic 2EBIT2 V1m))) = (ap c_2Earithmetic_2EBIT1
(ap c22Enum_2ESUC (ap (ap c2Earithmetic2E_2B VOn) V1m))))A(

((ap c.2Enumeral 2EiZ (ap (ap c-2Earithmetic.2E 2B (ap c_2Earithmetic 2EBIT2
VOn)) (ap c-2Earithmetic 2EBIT1 V1m))) = (ap c_2Earithmetic_2EBIT1
(ap c2Enum_2ESUC (ap (ap c2Earithmetic2E 2B VOn) V1m))))A(

((ap c_2Enumeral 2EiZ (ap (ap c_2Earithmetic 2E_2B (ap c_2Earithmetic 2EBIT?2
VOn)) (ap c-2Earithmetic2EBIT2 V'1m))) = (ap c_2Earithmetic_2EBIT2
(ap c22Enum_2ESUC (ap (ap c2Earithmetic2E_2B VOn) V1m))))A(

((ap c22Enum_2ESUC (ap (ap c2Earithmetic2E_2B c_2Earithmetic 2EZERO)
V0n)) = (ap c2Enum_2ESUC VOn))A(((ap c.22Enum_2ESUC (ap (ap c2Earithmetic.2E 2B
VO0n) c_2Earithmetic 2EZERO)) = (ap c_2Enum 2ESUC VOn))A(((ap
c.2Enum_2ESUC (ap (ap c2Earithmetic2E_2B (ap c_2Earithmetic_2EBIT1
VOn)) (ap c-2Earithmetic2EBIT1 V1m))) = (ap c_2Earithmetic_2EBIT1
(ap c.22Enum_2ESUC (ap (ap c2Earithmetic2E_2B VOn) V1m))))A(

((ap c22Enum _2ESUC (ap (ap c2Earithmetic2E_2B (ap c_2Earithmetic_2EBIT1
VOn)) (ap c2Earithmetic 2EBIT2 V1m))) = (ap c_2Earithmetic 2EBIT2
(ap c.2Enum_2ESUC (ap (ap c2Earithmetic2E_2B VOn) V1m))))A(

((ap c2Enum_2ESUC (ap (ap c-2Earithmetic2E_2B (ap c_2Earithmetic_2EBIT2
VOn)) (ap c-2Earithmetic 2EBIT1 V1m))) = (ap c_2Earithmetic_2EBIT2
(ap c.22Enum_2ESUC (ap (ap c2Earithmetic2E_2B VOn) V1m))))A(

((ap c.2Enum_2ESUC (ap (ap c2Earithmetic 2E_2B (ap c_2Earithmetic 2EBIT?2
VOn)) (ap c-2Earithmetic 2EBIT2 V1m))) = (ap c_2Earithmetic_2EBIT1
(ap c22Enumeral 2EiSUC (ap (ap c-2Earithmetic2E 2B V0On) V1m))))A
(((ap c2Enumeral 2EiiSUC (ap (ap c-2Earithmetic.2E_2B c_2Earithmetic.2EZERO)
VOn)) = (ap c.2Enumeral 2EiiSUC VOn))A(((ap c-2Enumeral 2EiSUC
(ap (ap c2Earithmetic2E_2B VO0n) c_2Earithmetic.2EZERO)) = (
ap c_2Enumeral 2EiiSUC VOn))A(((ap c2Enumeral 2EiiSUC (ap (
ap c2Earithmetic2E_2B (ap c_2Earithmetic_2EBIT1 VOn)) (ap c_2Earithmetic_2EBIT1
V1m))) = (ap c2Earithmetic_2EBIT2 (ap c_.2Enum_2ESUC (ap (ap c2Earithmetic2E_2B
Von) V1im))))A(((ap c-2Enumeral 2EiiSUC (ap (ap c2Farithmetic2E_2B
(ap c_2Earithmetic 2EBIT1 VOn)) (ap c_2Earithmetic 2EBIT2 V1m))) =
(ap c2Earithmetic_2EBIT1 (ap c_2Enumeral 2EiiSUC (ap (ap c2Earithmetic2E_2B
Von) V1im))))A(((ap c-2Enumeral 2EiiSUC (ap (ap c2FEarithmetic 2E_2B
(ap c2Earithmetic_2EBIT2 VOn)) (ap c-2Earithmetic2EBIT1 V1m))) =
(ap c2Earithmetic_2EBIT1 (ap c_2Enumeral 2EiiSUC (ap (ap c-2Farithmetic2E_2B
Von) V1im))))A((ap c2Enumeral 2EiiSUC (ap (ap c2Earithmetic 2E 2B
(ap c2Earithmetic_2EBIT2 VOn)) (ap c-2Earithmetic 2EBIT2 V1m))) =
(ap c2Earithmetic_2EBIT2 (ap c_2Enumeral 2EiiSUC (ap (ap c2FEarithmetic2E 2B

Von) Vglm))))))))))))))))
(51)



Assume the following.

(YVOn € ty 2Enum_2Enum.(VYV1m € ty 2Enum_2Enum.(
((p (ap (ap c2Eprim__rec_2E_3C c_2Earithmetic_2EZERO) (ap c_2Earithmetic_2EBIT1
Von)))eTrue)AN(((p (ap (ap c.2Eprim__rec2E_3C c_2Earithmetic_.2EZERO)
(ap c_2Earithmetic_2EBIT2 VOn)))<True) A(((p (ap (ap c2Eprim__rec_2E_3C
VOn) c_2Earithmetic2EZERO))< False) A(((p (ap (ap c2Eprim__rec_2E_3C
(ap c_2Earithmetic_2EBIT1 VOn)) (ap c-2Earithmetic 2EBIT1 V1m)))<
(p (ap (ap c2Eprim__rec_2E_3C VOn) V1m)))A(((p (ap (ap c2Eprim__rec_2E_3C
(ap c_2Earithmetic_2EBIT2 VOn)) (ap c-2Earithmetic_2EBIT2 V1m)))<
(p (ap (ap c2Eprim__rec.2E_3C VOn) V1m)))A(((p (ap (ap c2Eprim__rec_2E_3C
(ap c_2Earithmetic_2EBIT1 VOn)) (ap c-2Earithmetic 2EBIT2 V1m)))<
(=(p (ap (ap c-2Eprim__rec2E_3C V1m) VOn))))A((p (ap (ap c_2Eprim__rec2E_3C
(ap c_2Earithmetic_2EBIT2 VOn)) (ap c_2Earithmetic 2EBIT1 V1m)))<
(p (ap (ap c2Eprim__rec.2E_.3C VOn) V1m)))))))))))
(52)
Assume the following.

(VVOn € ty-2Enum_2Enum.(((ap c.2Enumeral 2EiDUB (ap c_2Earithmetic_2EBIT1
VOn)) = (ap c_2Earithmetic_2EBIT2 (ap c_2Enumeral 2EiDUB V0n)))A
(((ap c2Enumeral 2EiDUB (ap c_2Earithmetic 2EBIT2 V0On)) = (ap
c_2Earithmetic_2EBIT2 (ap c_2Earithmetic 2EBIT1 VOn)))A((ap
c_2Enumeral 2EiDUB c_2Earithmetic22EZERO) = c_2Earithmetic2EZERO))))
(53)
Assume the following.

(VVOn € ty2Enum_2Enum.(YV1m € ty_2Enum_2Enum.(
((ap (ap c2Earithmetic2E_2A c_2Earithmetic 2EZERO) VOn) = c_2Earithmetic_.2EZERO)A
(((ap (ap c2FEarithmetic2E_2A VOn) c_2Earithmetic 2EZERQO) =
c_2Earithmetic 2EZERO)A(((ap (ap c2Earithmetic2E_2A (ap c_2Earithmetic_2EBIT1
VOn)) V1m) = (ap c.2Enumeral 2EiZ (ap (ap c2Earithmetic2E_2B
(ap c_2Enumeral 2EiDUB (ap (ap c2Earithmetic2E_2A VOn) V1im)))
V1im)))A((ap (ap c2Earithmetic2E_2A (ap c_2Earithmetic_2EBIT2
VOn)) V1im) = (ap c_2Enumeral 2EiDUB (ap c_2Enumeral 2EiZ (ap (ap
c2Earithmetic2E 2B (ap (ap c2Earithmetic2E_2A V0On) V1m))
Vim)))))
(54)
Assume the following.

(VVO0x € ty_2Erealax_2Ereal.(VV1y € ty_2Erealax_2Ereal.
((ap (ap c_2Erealax 2Ereal__add VO0zx) V1y) = (ap (ap c_2Erealax 2Ereal__add
V1y) V0z))))
(55)
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Assume the following.

(YV 0z € ty-2Erealax 2Ereal .(VV1y € ty_ 2Erealax_2Ereal.
(VV2z € ty 2Erealax_2Ereal.((ap (ap c_2Erealax_2Ereal__add
VO0x) (ap (ap c2Erealax_2Ereal__add V1y) V2z)) = (ap (ap c_2Erealax_2Ereal__add
(ap (ap c_2Erealax_2Ereal__add VO0z) V1y)) V2z2)))))
(56)
Assume the following.

(VVO0x € ty 2Erealax_2Ereal.((ap (ap c_2Erealax_2Ereal__add

(ap c2Ereal 2Ereal__of _num c_2Enum_2E0)) V0z) = V0z)) (57)

Assume the following.

(VVO0z € ty2Erealax_2Ereal.((ap (ap c2Erealax_2Ereal__add
(ap c_2Erealax_2Ereal__neg VO0z)) VO0z) = (ap c2Ereal_2Ereal__of __num
c_2Enum_2E0)))
(58)
Assume the following.

(VVO0x € ty_2Erealax_2Ereal.(VV 1y € ty_2Erealax_2Ereal.
(VV2z € ty_2Erealar_2Ereal.(((p (ap (ap c-2Erealax_2Ereal__It (59)
V0zx) V1y))A(p (ap (ap c2Erealax_2Ereal__It V1y) V2z)))=(p (ap
(ap c2Erealax_2Ereal__It V0x) V22))))))

Assume the following.

(YV 0z € ty_2Erealax 2Ereal . (VV 1y € ty 2Erealax_2Ereal.
((ap (ap c-2Erealax_2Ereal__mul V0z) V1y) = (ap (ap c-2Erealax_2Ereal__mul
Viy) V0r))))
(60)
Assume the following.

(VVO0zx € ty_2Erealax 2Ereal .(VV1y € ty_ 2Erealax_2Ereal.
(VV2z € ty_2FErealax_2Ereal.((ap (ap c-2Erealax_2Ereal__mul
VO0x) (ap (ap c2Erealax_2Ereal__mul V1y) V2z)) = (ap (ap c_2Erealax_2Ereal__mul
(ap (ap c_2Erealax_2Ereal__mul V0z) V1y)) V2z)))))
(61)
Assume the following.

(VVO0zx € ty_2Erealax_2Ereal.((ap (ap c_2Erealax_2Ereal__mul
(ap c2Ereal 2Ereal__of __num (ap c_2Earithmetic 2ENUMERAL ( (62)
ap c_2Earithmetic_2EBIT1 c_2Earithmetic 2EZERO)))) V0x) = V0x))

Assume the following.

(VVO0zx € ty_2Erealax 2Ereal.(VV 1y € ty_ 2Erealax_2Ereal.
(((p (ap (ap c_2Erealax_2Ereal__It (ap c2Ereal 2Ereal__of __num
c_2Enum_2E0)) VO0x))A(p (ap (ap c2Erealax_2Ereal__It (ap c-2Ereal_2Ereal__of __num
c2Enum_2E0)) V1y)))=-(p (ap (ap c2Erealax_2Ereal__It (ap c.2Ereal 2Ereal__of __num
c_2Enum_2EQ)) (ap (ap c_2Erealax_2Ereal__mul V0z) V1y))))))
(63)
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Assume the following.

(VVO0z € ty-2Erealax_2Ereal.((ap (ap c2Erealax_2Ereal__add

VO0z) (ap c2Ereal 2Ereal__of —_num c_2Enum_2E0)) = V0z)) (64)

Assume the following.

(VVO0z € ty2Erealax_2Ereal.((ap (ap c_2Erealax_2Ereal__add
VO0zx) (ap c-2Erealax_2Ereal__neg V0z)) = (ap c2Ereal 2Ereal__of__num
c_2Enum_2E0)))

(65)
Assume the following.
(VVOz € ty_2Erealax_2Ereal.((ap (ap c_2Erealax_2Ereal__mul
VO0z) (ap c:2Ereal 2Ereal__of __num (ap c_2Earithmetic 2ENUMERAL
(ap c_2Earithmetic_2EBIT1 c_2Earithmetic 2EZERO)))) = V0z))
(66)

Assume the following.

(VVO0x € ty_2Erealax_2Ereal.((~(V0x = (ap c2Ereal 2Ereal__of __num
c_2Enum_2E0)))=-((ap (ap c-2Erealax_2Ereal__mul V0z) (ap c_2Erealax_2Einv
VO0z)) = (ap c2Ereal 2Ereal__of __num (ap c_2Earithmetic 2ENUMERAL
(ap c-2Earithmetic 2EBIT1 c_2Earithmetic2EZERO))))))

(67)
Assume the following.
(VV 0z € ty_2Erealax 2Ereal .(VV 1y € ty_2Erealax_2Ereal.
((ap c_2Erealax_2Ereal__neg (ap (ap c_2Erealax_2Ereal__add V0x) (68)

V1y)) = (ap (ap c_2Erealax_2Ereal__add (ap c_2Erealax_2Ereal__neg
VO0z)) (ap c_2Erealax_2Ereal__neg V1y)))))

Assume the following.

(VVOz € ty_2Erealax_2Ereal.((ap (ap c_2Erealax_2Ereal__mul
(ap c2Ereal 2Ereal __of __num c_2Enum_2E0)) V0z) = (ap c2Ereal 2Ereal__of __num
c_2Enum_2E0)))
(69)
Assume the following.

(VVOzx € ty_2Erealax_2Ereal.((ap (ap c-2Erealax_2Ereal__mul
VO0x) (ap c.2Ereal 2Ereal__of __num c_2Enum_2EQ)) = (ap c_2Ereal 2Ereal__of __num
c_2Enum_2E0)))
(70)
Assume the following.

(VVO0x € ty_2Erealax 2Ereal.(VV 1y € ty_2Erealax_2Ereal.
(VV2z € ty 2Erealaz_2Ereal.((p (ap (ap c2Erealax_2Ereal__It
(ap (ap c-2Erealax_2Ereal__add VO0z) V1y)) (ap (ap c2Erealax_2Ereal__add
V0x) V2z2)))<(p (ap (ap c2Erealax 2Ereal__It V1y) V2z))))))
(71)

12



Assume the following.

(YV 0z € ty-2Erealax 2Ereal . (VV 1y € ty_2Erealax_2Ereal.
((p (ap (ap c_2Ereal 2Ereal_lte V0z) V1y))V(p (ap (ap c2Ereal 2Ereal__lte
Vly) V0z)))))

(72)
Assume the following.
(VVOz € ty_2Erealax_2Ereal.(p (ap (ap c_2Ereal 2Ereal__lte (73)
Vozx) VOx)))
Assume the following.
(VVO0x € ty_2Erealax_2Ereal.(VV1y € ty_2Erealax_2Ereal.
(VV2z € ty_2Erealaz_2Ereal.(((p (ap (ap c-2Erealax_2Ereal__It (74)
V0x) V1y))A(p (ap (ap c2Ereal 2Ereal__Ite V1y) V2z)))=(p (ap (
ap c_2Erealax_2Ereal__It V0z) V22))))))
Assume the following.
(YV 0z € ty_2Erealax 2Ereal . (VV 1y € ty 2Erealax_2Ereal.
(VV2z € ty_2Erealax_2Ereal.(((p (ap (ap c_2Ereal 2Ereal__lte (75)
V0zx) V1y))A(p (ap (ap c2Erealax_2Ereal__It V1y) V2z)))=(p (ap
(ap c_2Erealax_2Ereal_It V0z) V22))))))
Assume the following.
(VVO0x € ty_2Erealax_2Ereal.(VV1y € ty_2Erealax_2Ereal.
(VV2z € ty 2Erealax_2Ereal.(((p (ap (ap c_2Ereal 2Ereal__Ite (76)

V0x) V1y))A(p (ap (ap c2Ereal 2Ereal__Ite V1y) V2z)))=(p (ap (
ap c_2Ereal_2Ereal__lte V0x) V22))))))

Assume the following.

(YV 0z € ty_2Erealax 2Ereal . (VV 1y € ty 2Erealax_2Ereal.
(((p (ap (ap c-2Ereal 2Ereal__lte VOz) V1y))A(p (ap (ap c_2Ereal 2Ereal__lte
Viy) VOx)))=(Voz = Viy))))
(77)
Assume the following.

(YV 0z € ty_2Erealax 2Ereal . (VV 1y € ty_2Erealax_2Ereal.
(((p (ap (ap c_2Ereal 2Ereal__lte (ap c.2Ereal 2Ereal__of __num
c_2Enum_2E0)) VO0x))A(p (ap (ap c2Ereal 2Ereal__lte (ap c-2Ereal 2Ereal__of __num
c2Enum_2E0)) V1y)))=(p (ap (ap c_2Ereal_2Ereal__lte (ap c.2Ereal 2Ereal_of_num
c_2Enum_2E0)) (ap (ap c_2Erealax_2Ereal__mul V0z) V1y))))))
(78)
Assume the following.

(VV 0z € ty_2Erealax 2Ereal.((ap (ap c_2Ereal 2Ereal__sub

VO0z) VOz) = (ap c2Ereal 2Ereal __of __num c_2Enum_2EO0))) (79)

13



Assume the following.

(VVO0x € ty_2Erealax_2Ereal.(VV1y € ty_2Erealax_2Ereal.

((p (ap (ap c2Erealax 2Ereal It V0z) Vig))=(~(V0z = V1g)))) V)

Assume the following.

(VVOx € ty_2Erealax 2Ereal.(VV1y € ty_2Erealax_2Ereal.
(VV2z € ty 2Erealax_2Ereal.((p (ap (ap c-2Erealax_2Ereal __It
(ap c2Ereal 2Ereal__of __num c_2Enum_2E0)) V0z))=((p (ap (ap
c_2Erealax_2Ereal__It (ap (ap c_2Erealax_2Ereal__mul V0z) V1y))
(ap (ap c-2Erealax_2Ereal__mul V0x) V2z)))<(p (ap (ap c2Erealax_2Ereal__It
Viy) V22))))))
(s1)
Assume the following.

(VVOm € ty_2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(
(ap (ap c_2Erealax_2Ereal__add (ap c.2Ereal 2Ereal__of__num
VOom)) (ap c2Ereal 2Ereal__of _num V1n)) = (ap c2Ereal 2Ereal_of__num
(ap (ap c2Earithmetic2E 2B VOm) V1n)))))
(2)
Assume the following.

(VVO0z € ty-2Erealax_2Ereal .((—(V0x = (ap c2Ereal 2Ereal__of __num
c2Enum_2E0)))=((ap (ap c2Ereal 2E_2F V0z) VO0z) = (ap c2Ereal 2Ereal__of __num
(ap c2Earithmetic2ENUMERAL (ap c_2Earithmetic_2EBIT1 c_2Earithmetic_2EZERQ))))))

(83)
Assume the following.

(VVO0x € ty_2Erealax 2Ereal.(VV1y € ty_2Erealax_2Ereal.
(VV2z € ty2Erealaz2Ereal.((p (ap (ap c_2Erealax_2Ereal__It
(ap c2Ereal 2Ereal__of -_num c_2Enum_2EQ)) V0z))=((p (ap (ap
c_2Ereal_2Ereal__lte (ap (ap c-2Erealax_2Ereal__mul V0z) V1y))
(ap (ap c_2Erealax_2Ereal__mul V0z) V2z)))<(p (ap (ap c_2Ereal 2Ereal__lte
Vig) V22)
(34)
Assume the following,.

(VVO0x € ty_2Erealax_2Ereal.((ap c_2Ereal 2Eabs (ap c_2Erealax_2Ereal__neg
V0z)) = (ap c2Ereal_2Eabs V0x)))
(85)
Assume the following.

(VVO0x € ty_2Erealax 2Ereal.(VV 1y € ty_2Erealax_2Ereal.
((ap c_2Ereal 2Eabs (ap (ap c-2Erealax_2Ereal__mul V0z) V1y)) =
(ap (ap c-2Erealax_2Ereal__mul (ap c_2Ereal_2Eabs V0x)) (ap c_2Ereal 2Eabs

V1y))))) )
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Assume the following.

(YV 0z € ty_2Erealax 2Ereal.(VV 1y € ty 2Erealax_2Ereal.
((ap c_2Ereal 2Eabs (ap (ap c_2Ereal 2Ereal_sub V0z) V1y)) = ( (87)
ap c_2Ereal 2Eabs (ap (ap c_2Ereal_2Ereal__sub V1y) V0x)))))

Assume the following.

(VVO0x € ty_2Erealax_2Ereal.((~(V0x = (ap c2Ereal 2Ereal__of —_num
c_2Enum_2EQ)))=-((ap c_2Ereal_2Eabs (ap c_2Erealax_2Einv V0x)) =
(ap c_2Erealax_2Einv (ap c_2Ereal_2Eabs V0z)))))

(88)
Assume the following.
(YV 0z € ty_2Erealax 2Ereal . (VV 1y € ty 2Erealax_2Ereal.
((ap (ap c_2Erealax_2Ereal__mul V0x) (ap c_2Erealax_2Ereal__neg (89)
V1y)) = (ap c_2Erealax_2Ereal__neg (ap (ap c_2Erealax_2Ereal__mul
Voz) V1y)))))
Assume the following.
(YV 0z € ty_2Erealax 2Ereal .(VV 1y € ty_2Erealax_2Ereal.
((ap (ap c-2Erealax_2Ereal__mul (ap c_2Erealax_2Ereal__neg V0x)) (90)

V1y) = (ap c_2Erealax_2Ereal__neg (ap (ap c_2Erealax_2Ereal__mul
Vox) Viy)))))

Assume the following.

(VVO0y € ty 2Erealax 2Ereal.(VV1x € ty 2Erealax_2Ereal.
((p (ap (ap c_2Erealax_2Ereal__It V1z) VOy))<(—(p (ap (ap c_2Ereal 2Ereal__lte
VOy) Viz))))))
(91)
Assume the following.

(VVO0x € ty_2Erealax_2Ereal. (VV1y € ty_2Erealax_2Ereal.
(VV2z € ty 2Erealax 2Ereal.((p (ap (ap c_2Ereal 2Ereal __lte
V1y) V2z))=(p (ap (ap c_2Ereal 2Ereal_lte (ap (ap c_2Erealax_2Ereal__add
V0x) V1y)) (ap (ap c_2Erealax_2Ereal__add V0z) V2z2)))))))
(92)
Assume the following.

(VVO0x € ty-2Erealax_2Ereal.(VV 1y € ty_2Erealax_2Ereal.

((p (ap (ap c2Ereal 2Ereal__lte (ap c_2Erealax_2Ereal_neg VO0zx))
V1y))<(p (ap (ap c2Ereal 2Ereal__lte (ap c.2Ereal 2Ereal__of __num
c2Enum_2E0)) (ap (ap c_2Erealax_2Ereal__add V0zx) V1y))))))

(93)
Assume the following.

(VVO0x € ty_2Erealax_2Ereal.(VV 1y € ty_2Erealax_2Ereal.
((p (ap (ap c_2Ereal 2Ereal__lte (ap c_2Erealax_2Ereal__neg V0zx))
(ap c_2Erealax_2Ereal_neg V1y)))<(p (ap (ap c2Ereal 2Ereal__lte

Viy) VOz)))))

(94)
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Assume the following.

(VVOz € ty_2Erealax_2Ereal.((ap c_2Erealax_2Ereal__neg
(ap c_2Erealax_2Ereal__neg V0zx)) = V0z))

Assume the following.

(YV 0z € ty_2Erealax 2Ereal . (VV 1y € ty 2Erealax_2Ereal.
((p (ap (ap c-2Ereal_2Ereal__Ite VOz) (ap c_2Erealax_2Ereal__neg
V1y)))<(p (ap (ap c2Ereal 2Ereal__Ite (ap (ap c-2Erealax_2Ereal__add
V0z) V1y)) (ap c2Ereal 2Ereal__of __num c_2Enum_2EQ))))))

Assume the following.

(VVO0x € ty_2Erealax_2Ereal.(VV1y € ty_2Erealax_2Ereal.
(VV2z € ty_2Erealax_2Ereal.((p (ap (ap c-2Erealax_2Ereal__It
(ap c2Ereal 2Ereal__of __num c_2Enum_2E0)) V2z))=-((p (ap (ap
c_2Ereal 2Ereal__Ite (ap (ap c_2Ereal 2E_2F VOz) V2z)) V1y))&
(p (ap (ap c_2Ereal_2Ereal__Ite VOx) (ap (ap c_2Erealax_2Ereal__mul

Viy) V22)))))))

Assume the following.

(YV 0z € ty_2Erealax 2Ereal .(VV 1y € ty_2Erealax_2Ereal.
(VV2z € ty_2Erealax_2Ereal.((p (ap (ap c2Erealax_2Ereal__It
(ap c2Ereal 2Ereal __of __num c_2Enum_2E0)) V2z))=((p (ap (ap
c_2Erealax_2Ereal__It (ap (ap c-2Ereal 2E_2F V0x) V2z)) V1y))&
(p (ap (ap c_2Erealax_2Ereal__It V0z) (ap (ap c_2Erealax_2Ereal__mul

Viy) V22))))))))

Assume the following.

(YVO0zx € ty-2Erealax 2Ereal .(VV1y € ty_ 2Erealax_2Ereal.
(VV2z € ty_2Erealax_2Ereal.((ap (ap c-2Erealax_2Ereal__mul
VO0x) (ap (ap c2Erealax_2Ereal__add V1y) V2z)) = (ap (ap c_2Erealax_2Ereal__add
(ap (ap c-2Erealax_2Ereal__mul V0x) V1y)) (ap (ap c-2Erealax_2Ereal__mul
Voz) V22))))))
(99)
Assume the following.

(YV 0z € ty_2Erealax 2Ereal .(VV1y € ty_ 2Erealax_2Ereal.
(VV2z € ty_2Erealaxr_2Ereal.((ap (ap c2Erealax_2Ereal__mul
(ap (ap c_2Erealax_2Ereal__add VO0z) V1y)) V2z) = (ap (ap c-2Erealax_2Ereal__add
(ap (ap c_2Erealax_2Ereal__mul V0x) V2z)) (ap (ap c-2Erealax_2Ereal__mul

Viy) V22))))))
(100)
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Assume the following.

(YVOm € ty 2Enum_2Enum.(VV1n € ty 2Enum_2Enum.(
(p (ap (ap c_2Ereal 2Ereal__lte (ap c2Ereal 2Ereal__of __num
VOom)) (ap c2Ereal 2Ereal__of —_num V1n)))<(p (ap (ap c2Earithmetic 2E_3C_3D
Vom) V1n)))))
(101)
Assume the following.

(VVOm € ty_2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(
(ap (ap c_2Erealax 2Ereal__mul (ap c2Ereal 2Ereal__of __num
VOm)) (ap c2Ereal 2Ereal__of _num V1n)) = (ap c2Ereal 2Ereal_of__num
(ap (ap c2Earithmetic2E_2A VOm) V1n)))))
(102)
Assume the following.

(VVO0x € ty_2Erealax_2Ereal.(VV1y € ty_2Erealax_2Ereal.
((ap c2Ereal__topology 2E Dist (ap (ap (c_2Epair 2E_2C ty_2Erealax_2FEreal
ty 2Erealax_2Ereal) V0zx) V1y)) = (ap c_2Ereal 2Eabs (ap (ap c_2Ereal 2Ereal__sub
Vor) V1))
(103)
Assume the following.

(VVO0zx € ty_2Erealax 2Ereal.(VV1y € ty_2Erealax_2Ereal.

(VV2e € ty_2Erealax_2Ereal.((p (ap (ap (c_2Ebool 2EIN ty_2FErealax_2Ereal)
V1y) (ap c2Ereal__topology 2FEball (ap (ap (c_2Epair 2E_ 2C ty_2Erealax _2Ereal
ty-2Erealaz_2Ereal) V0x) V2e))))<(p (ap (ap c_2Erealax_2Ereal__It
(ap c-2Ereal__topology2E Dist (ap (ap (c-2Epair 2E_2C ty_2Erealax_2FEreal

ty 2FErealax_2Ereal) V0zx) Vy))) V2e))))))
(104)
Assume the following.

(YV 0z € ty_2Erealax 2Ereal . (VV 1y € ty 2Erealax_2FEreal.

(VV2e € ty_2Erealax_2Ereal.((p (ap (ap (c.2Ebool 2EIN ty_2FErealaxr_2Ereal)
V1y) (ap c2Ereal__topology-2Ecball (ap (ap (c-2Epair_2E_2C ty_2FErealaxz_2Ereal
ty-2Erealaz_2Ereal) V0z) V2e))))<(p (ap (ap c2Ereal 2Ereal__lte
(ap c2Ereal__topology2EDist (ap (ap (c-2Epair 2E_2C ty_2Erealax_2Ereal

ty 2Erealax_2Ereal) V0x) V1y))) V2e))))))
(105)
Assume the following.

(VVO0zx € ty_2Erealax_2Ereal.(VV1y € ty_ 2Erealaxz_2Ereal.
(VV2e € ty_2Erealax_2Ereal.((p (ap (ap (c_2Ebool 2EIN ty_2Erealax_2Ereal)
V1y) (ap c2Ereal__topology-2Esphere (ap (ap (c-2Epair 2E_2C
ty 2FErealax_2Ereal ty_2Erealar_2Ereal) V0z) V2e))))<((ap c.2Ereal -_topology2E Dist
(ap (ap (c_2Epair 2E_2C ty_2FErealax_2Ereal ty 2Erealax_2Ereal)
Voz) Vi) = V2¢)))))
(106)
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Assume the following.

(VV0s € (2tv-2Erealaz-2Ereal (yV/{c € ty 2FErealar_2Ereal.
(p (ap (ap c_2Ereal__topology_2Econtinuous__on (A\V2z € ty_2FErealax_2Ereal.
Vlc)) V0s))))
(107)
Assume the following.

(YVOf € (ty_2Erealaxr_2Erealty-2Erealaz-2Erealy (g1 ¢
ty 2Erealar 2Ereal .(YV2s € (2tv-2Frealaz2Erealy (
(p (ap (ap c2Ereal__topology 2Econtinuous_on V0f) V2s))=(p
(ap (ap c_2Ereal__topology_2Econtinuous__on (A\V 3z € ty 2FErealax_2Ereal.
(ap (ap c-2Erealax_2Ereal__mul V1c¢) (ap VOf V3x)))) V2s))))))
(108)
Assume the following.

(VVOf € (ty-2Erealax_2ErealtV-2Erealaz-2Ereal) (gy/14 ¢
(ty,QETealal‘,2ET6alty’2ErealaI’ZEreal).(VVQS c (2ty,2Erealax,2Ereal).
(((p (ap (ap c-2Ereal__topology_2Econtinuous__on V0f) V2s))A
(p (ap (ap c_2Ereal__topology_2Econtinuous__on V1g) V2s)))=(
p (ap (ap c_2Ereal__topology_2Econtinuous__on (AV3z € ty_2Erealax_2FEreal.
(ap (ap c_2Erealax_2Ereal__add (ap VOf V3z)) (ap V1g V3x)))) V2s))))))
(109)
Assume the following.

(YVOf € (ty_2FErealar_2Erealtv-2Frealaz-2Brealy gy 14 ¢
(ty,2ET€a,la$,2ET€alty’2Erealaw’2Ereal).(VVQS c (2ty,2E7'ealaw,2Ereal).
(((p (ap (ap c-2Ereal__topology_2Econtinuous__on V0f) V2s))A
(p (ap (ap c_2Ereal__topology_2Econtinuous__on V1g) V2s)))=(
p (ap (ap c_2Ereal__topology_2Econtinuous__on (A\V3z € ty_ 2Erealax_2Ereal.
(ap (ap c-2Ereal_2Ereal__sub (ap VOf V3x)) (ap V1g V3x)))) V2s))))))
(110)
Assume the following.

(VV0s € (2tv-2Brealaz-2Ereal (4, (qp (ap c_2Ereal__topology 2Econtinuous__on
(A\V1z € ty_2Erealax_2Ereal.V1z)) V0s)))
(111)
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Assume the following.

(VVOS c (2ty,2Erealaw,2Ereal).(VVlt c (2ty,2Ereala:E,2Ereal)_

((p (ap (ap c-2Ereal__topology_2Ehomeomorphic V0s) V1t))<(IV2f €
(ty_2Erealar_2ErealtV-2Frealaz-2Ereal) (3734 ¢ (ty 2Erealax_2Erealtv-2Erealaz-2Erealy
((VV4x € ty2Erealax_2Ereal.((p (ap (ap (c-2Ebool 2EIN
ty_2FErealax_2Ereal) V4zx) V0s))=((p (ap (ap (c_2Ebool 2EIN ty_2Erealax_2Ereal)

(ap V2f Vdx)) V1t))A((ap V3¢ (ap V2f Vdz)) = V4x))))A((VV by €
ty2Erealaz_2Ereal.((p (ap (ap (c-2Ebool 2EIN ty_2Erealax_2Ereal)

Vby) V1t))=((p (ap (ap (c2Ebool_2EIN ty_2Erealar_2Ereal) (ap
V3g V5y)) V0s))A((ap V2f (ap V3g V5y)) = V5y))))A((p (ap (ap c2Ereal__topology_2Econtinuous__on
V2f) VO0s))A(p (ap (ap c2Ereal__topology 2Econtinuous__on V3g)

V1t)))))))))

(112)

Assume the following.
(VVOt € 2.((—(—(p VOt)))=(p VOL))) (113)

Assume the following.
(VV0A € 2.((p VOA)=((—(p VOA))=False))) (114)

Assume the following.
(VV0A € 2.(WVV1B € 2.(((—((p VOA)V(p V1B)))=False)& 115
(((p VOA)=False)=((—(p V1B))=False))))) (115)

Assume the following.
(VV0A € 2.(WVV1B € 2.(((—((—=(p VOA))V(p V1B)))=False)= (116)

((p VOA)=((=(p V1B))=False)))))
Assume the following.
(VVO0A € 2.(((—(p VOA))=False)=(((p VOA)=False)=False)))  (117)

Assume the following.

(VVOp € 2.(VW1qg € 2.(VV2r € 2.(((p VOp)=(
(p Vig)e(p V2r)))e(((p Vop)V((p V1g)V (

p V2r))V(=(p V1g))A(((p V1V ((=(p V2r

((=(p V1g))V(~(p VOp))

Assume the following.
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Assume the following.

(VVOp € 2.(VW1qg € 2.(VV2r € 2.(((p VOp)=(
(p V1g)V(p V2r)))=(((p VOop)V(=(p V1g)))A(((p VOp)V(=(p V2r)))A
((p V1g)V((p V2r)v(=(p V0p))))))))))
(120)
Assume the following.

(VVOp € 2.(VV1g € 2.(VV2r € 2.(((p VOp)=(
(p V1g)=(p V2r)))=(((p VOp)V(p V1g)A(((p VOp)V(=(p V2r)))A((
—(p V1g))V((p V2r)V(=(p V0p))))))))))
(121)
Assume the following.

(YVOp € 2.(VV1g € 2.(((p VOp)=(=(p V1g)))=(((p VOp)V

(b V1g)A((—(p V1)V (~(p VOp)))))) (122)

Theorem 1

((VV0a € ty-2Erealaz_2Ereal.(NV1b € ty 2Erealaz_2Ereal.
(VV2d € ty 2Erealar_2Ereal .(VYV 3e € ty_2Erealax_2Ereal.

(((p (ap (ap c_2Erealax_2Ereal__It (ap c_2Ereal 2Ereal__of __num
c_2Enum_2EQ)) V2d))A(p (ap (ap c_2Erealax_2Ereal__It (ap c.2Ereal 2Ereal_of__num
c_2Enum_2EQ)) V3e)))=-(p (ap (ap c-2Ereal__topology_2Ehomeomorphic
(ap c-2Ereal__topology-2FEball (ap (ap (c-2Epair-2E_2C ty_2Erealaz_2Ereal
ty 2Erealar_2Ereal) V0a) V2d))) (ap c-2Ereal__topology-2FEball
(ap (ap (c2Epair 2E_2C ty 2FErealax_2Ereal ty_2Erealax_2Ereal)

V1b) V3e))))))))NA((YV4a € ty 2Erealax_2Ereal . (YVV5b €
ty_2Erealax_2Ereal .(VV6d € ty_2Erealax_2Ereal . (YV7e €
ty_2Erealax_2Ereal.(((p (ap (ap c2Erealax_2Ereal__It (ap c_2Ereal 2Ereal__of __num
c2Enum_2E0)) V6d))A(p (ap (ap c2Erealax_2Ereal__It (ap c_2Ereal 2Ereal__of __num
c_2Enum_2EQ)) V7e)))=(p (ap (ap c-2Ereal__topology_2Ehomeomorphic
(ap c2Ereal__topology 2Ecball (ap (ap (c_2Epair 2E_2C ty_2Frealax_2Ereal
ty_2Erealax_2Ereal) V4a) V6d))) (ap c-2Ereal__topology-2Ecball
(ap (ap (c2Epair 2E_2C ty_2Frealax_2Ereal ty_2Erealaz_2Ereal)

V5b) V'7e)))))))))A(YV8a € ty_2Erealax_2Ereal .(VV9b €
ty 2FErealar_2Ereal .(YV10d € ty_ 2Erealax_2Ereal . (YV1le €
ty 2FErealax_2Ereal.(((p (ap (ap c-2Erealax_2Ereal__It (ap c2Ereal 2Ereal__of __num
c_2Enum_2E0)) V'10d))A(p (ap (ap c2Erealax_2Ereal__It (ap c_2Ereal 2Ereal__of __num
c_2Enum_2EQ)) V'1le)))=-(p (ap (ap c-2Ereal__topology_2Ehomeomorphic
(ap c2Ereal__topology-2Esphere (ap (ap (c_2Epair 2E_2C ty_2FErealax_2Ereal
ty_2FErealax_2Ereal) V8a) V10d))) (ap c-2Ereal__topology_2E sphere
(ap (ap (c2Epair 2E 2C ty 2FErealax_2Ereal ty 2Erealax_2Ereal)

Vob) V11e)))))))))))
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