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Definition 1 We define c 2Emin_2E_3D to be AA.Xx € A y € A.inj_o (x = vy)
of type t=>t.

Definition 2 We define c 2Ebool 2ET to be (ap (ap (c_2Emin 2E_3D (22)) (\V 0z € 2.V0z)) (\V1z € 2.V
Let ty 2Erealax_2Ereal : 1 be given. Assume the following.
nonempty ty_2Erealax_2Ereal (1)

Definition 3 We define c 2Emin_2E_3D_3D_3E to be AP € 2.0\Q € 2.inj_o (p P=p Q)
of type t.

Definition 4 We define c_2Ebool 2E_21 to be AA_27a : t.(AVOP € (24-27%)(ap (ap (c_2Emin_2E_3D (24-27
Definition 5 We define c.2Ebool 2E_2F_5C to be (AVO0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t € ¢
Let ty_2FEpair 2Eprod : t1=>1=>t be given. Assume the following.

VAO.nonempty A0=VAl.nonempty Al=nonempty (ty-2Epair_2Eprod
A0 A1)

(2)

Let c2Epair 2EABS __prod : t=t=-t be given. Assume the following.

VA 27Ta.nonempty A_27a=YA_27b.nonempty A_27b=c_2FEpair 2EABS __prod
A27a A27b € ((ty-2Epair 2Eprod A 27a A727b)((2A—27b)A727Q))
(3)

Definition 6 We define c_2Epair 2E_2C to be A\A27a : t.NA27b : 1. A\V0x € A27a.A\V1y € A_27b.(ap (c2F

Let c_2Ereal__topology_2E Dist : ¢ be given. Assume the following.

c,2Ereal,,topology,ZEDist c (ty,ZETealaz,2Er6al(ty*2Epai“2Epmd ty_2FErealar_2FEreal ty,QErealax,QEreal))

(4)



Let ty 2FEhreal 2Ehreal : ¢ be given. Assume the following.
nonempty ty_2Ehreal_2Ehreal (5)
Let c.2Erealax 2Ereal __REP__CLASS : ¢ be given. Assume the following.

c2Erealax 2Ereal__REP__CLASS ¢ ((Q(ty,2Epair,2Eprod ty_2FEhreal_2Ehreal ty_2Ehreal_2Ehreal) )ty,2Ereala:1:
(6)

Definition 7 We define c 2Emin_2E_40 to be NA.AP € 24.if (32 € Ap (ap P x)) then (the (\z.x € AAp
of type t=>t.

Definition 8 We define c_2Erealax_2Ereal__REP to be AV 0a € ty_2Erealax_2Ereal.(ap (c2Emin_2E_40 (ty

Let c.2Erealax_2Etreal__lt : « be given. Assume the following.

c2Erealax 2Etreal _lt € ((2(ty,2Epair,2Eprod ty_2Ehreal_2Ehreal ty,QEhreal,QEhreal))(ty,2Epai'r,2Eprod ty_2Eh

(7)
Definition 9 We define c_2Erealax_2Ereal__It to be \VOT'1 € ty_2Erealax 2Ereal A\V1T2 € ty 2Erealax_2

Definition 10 We define c_2Ebool 2EF to be (ap (c2Ebool_2E_21 2) (AVO0t € 2.V 0t)).
Definition 11 We define c_2Ebool 2E_TE to be (AVOt € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0t) c_2Ebool _2E
Definition 12 We define c_2Ereal 2Ereal__Ite to be \V0x € ty_2Erealax 2Ereal A\V1y € ty_2FErealax 2Er
Let c2Enum 2EZFERO__REP : 1 be given. Assume the following.
c2Enum 2EZERO__REP € omega (8)
Let ty 2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2Enum (9)
Let c2Enum 2EABS__num : ¢ be given. Assume the following.
c2Enum 2EABS__num € (ty_2Enum_2Enum’™®) (10)
Definition 13 We define c_2Enum_2EQ to be (ap c2Enum_2EABS_num c2Enum 2EZERO__REP).
Let c.2FEreal 2Ereal__of __num : ¢ be given. Assume the following.
c2Ereal 2Ereal _of__num € (ty_2Erealax_2EreqltV-2Enum-2Enumy — (q7)
Let ty_ 2FEreal__topology 2Enet : 1= be given. Assume the following.
VAO0.nonempty A0=nonempty (ty_2Ereal__topology_2Enet A0) (12)
Let c2Ereal__topology_2Emk__net : 1= be given. Assume the following.

VA 27a.nonempty A_27a=c_2FEreal__topology 2Emk_net

o7a\A_27a 13
A 27a € ((ty_2Ereal__topology 2Enet A,27a)((2A AT (13)

)



Definition 14

Definition 15

We define c_2Ereal__topology_2Eat to be AV 0a € ty_2Erealax_2Ereal.(ap (c-2Ereal__topolo

We define c_2Ebool 2EIN to be NA_27a : 1.(A\V 0z € A27a.(AV1f € (24-27%) (ap V1f VOx)

Let c2Ereal__topology_2Enetord : 1=t be given. Assume the following.

VA 27a.nonempty A_27a=c_2Ereal__topology-2Enetord A27a €
( ( (2A727a ) A,27a) (ty_2Ereal__topology_2Enet A_27a) ) ( 14)

Definition 16

Definition 17

Definition 18

Definition 19

Definition 20

Definition 21

We define c_2Ereal__topology_2Ewithin to be A\A_2Ta : t.A\VOnet € (ty_2Ereal__topology 2En
We define c2Ebool 2E 3F to be AA_27a : 1.(AVOP € (24-27%).(ap VOP (ap (c_2Emin_2E_40
We define c.2Ebool 2E_5C_2F to be (AV0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €
We define c_2Ereal__topology_2Etrivial__limit to be AA_27a : 1. A\VOnet € (ty_2Ereal__topologs
We define c_2Ereal__topology 2Eeventually to be N\A_27a : t.A\VOp € (24-27%) AV 1net € (ty_2

We define c_2Ereal__topology 2E 2D 2D _3E to be AA_27a : t.AVOf € (ty,ZErealam,QErealA'

Assume the following,.

True (15)

Assume the following.

(VVOt1 € 2.(VV1#2 € 2.(((p VOt1)=(p V1t2))=(((p

Assume the following.

Assume the following.

Assume the following.

Assume the following.

V112)=(p VOI)=((p VOIL )& (p V112))))) (16)
(YOt € 2.(False=(p V0t))) (17)

(YVO0t € 2.((p VOOV(=(p VOL)))) (18)
(YVOt € 2.(((p VOI)= False)=(=(p V1)) (19)
(YV Ot € 2.((~(p VOt))=((p VO)=False))) (20)

Assume the following.

(YVOt € 2.(((Truen(p VOt))<=(p VOO))A((((p VOt)ATrue)<
(p VOO)A(((Falsen(p VOt))=False)A((((p VOt)AFalse)< False)A  (21)

t)
(((p VO)A(p VO))&(p V01)))))))



Assume the following.

(VVOt € 2.(((TrueV(p VOt))=True) A(((p VOt)VTrue)=True) A
(((FalseV(p VOt))<=(p VOt))A((((p VOt)VFalse)<(p VO)A(((p VOE)V

(p VO1))=(p V01)))))))
(22)
Assume the following.

(YVOt € 2.(((True=(p VOt))=(p VOO))A((((p VOt)=True)e
True)A(((False=(p VOt))eTrue) AN((((p VOt)=(p VOt))=True)A((  (23)
(p VOt)=False)<(~(p V0t))))))))

Assume the following.

((VVOt € 2.((=(—(p VOt)))=(p VOL)))A(((-True)<False) A\

((mFalse)=True))) (24)
Assume the following.
VA 27a.nonempty A27a=(VYV0x € A27a.(VOzx = VOz)&
True)) (25)
Assume the following.
VA 27a.nonempty A 27a=(VV0zx € A27a.(VV1y € (26)

A27a.(VOz = V1y)e(V1y = VOx))))
Assume the following.

(VVOt € 2.(((Trues(p VOt))<(p Vo)) A(((p VOt)=True)s
(p VO)A(((False=(p VOt) ( pV )t)))/\(((p VOt)& False)e(—( (27)

V0t))))))

Assume the following.

(VWO0A € 2.(VV1B € 2.(VV2C € 2.(((p VOA)V(

(0 VIB)V(p V2C)))s((p VOAN(p VIB)V(p V20))) D)
Assume the following.
(YVO0A € 2.(¥V1B € 2.(((p VOAN(p V1B))=((p V1B)V (29)

(p V0A)))))

Assume the following.

(VV0A € 2.(WV1B € 2.(((=((p VOA)A(p V1B)))<=((—(

p VOA)V(=(p V1B))))A(=((p VOA)V(p V1B)))=((=(p VOA)A(=(p Vl(B);)))))
30
Assume the following.

(VV 0z € ty_2Erealax 2Ereal.(—~(p (ap (ap c2Erealax 2Ereal __It

Voz) V0z)))) (31)
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Assume the following.

(VVO0x € ty 2Erealax 2Ereal.(NV 1y € ty 2Erealax_2Ereal.
((ap c-2Ereal__topology 2E Dist (ap (ap (c_2Epair 2E_2C ty_2Erealax_2Ereal
ty_2Erealax_2Ereal) V0x) V1y)) = (ap c-2Ereal __topology2E Dist
(ap (ap (c-2Epair2E_2C ty_2Erealax_2Ereal ty 2Erealax_2Ereal)
Vly) VO0z)))))
(32)
Assume the following.

(YV 0z € ty_2Erealax 2Ereal . (VV 1y € ty 2Erealax_2Ereal.
((=(VOoz = V1y))<(p (ap (ap c2Erealax_2Ereal__It (ap c2Ereal 2Ereal__of __num
c_2Enum_2EQ)) (ap c-2Ereal__topology 2E Dist (ap (ap (c-2Epair-2E_2C
ty 2Erealaxr_2Ereal ty 2Erealax_2Ereal) V0z) V1y)))))))
(33)
Assume the following.

(VVOI € ty_2Erealax 2Ereal (VV1f € (ty_2Erealax_2ErealtV-2Prealaz-2Ereal)
(YV2g € (ty-2Erealar 2ErealtV-2Frealaz-2Ereal) (¢} 34 ¢
ty 2Erealar 2Ereal (VV4s € (2Wy-2Erealaz2Breal) (
VYV5d € ty2Erealaz2Ereal.(((p (ap (ap c2Erealax_2Ereal__It
(ap c2Ereal 2Ereal__of __num c_2Enum_2E0)) V5d))A((VV 6227 €
ty 2FErealax_2Ereal.(((p (ap (ap (c_2Ebool 2EIN ty_2Erealax_2Ereal)
V62 27) V4s))A((p (ap (ap c_2Erealax 2Ereal__It (ap ¢ 2Ereal 2Ereal__of__num
c_2Enum_2E0)) (ap ¢ 2Ereal__topology 2E Dist (ap (ap (c2Epair 2E_2C
ty_2Erealaxr_2Ereal ty_2Erealar_2FEreal) V6x_27) V3x))))A(p (
ap (ap c_2Erealax_2Ereal__It (ap c2Ereal__topology-2E Dist (
ap (ap (c2Epair-2E_2C ty_2Erealax_2Ereal ty_2Erealax_2Ereal)
V62 27) V3z))) V5d))))=((ap V1f V6x_27) = (ap V29 V6x_27))))A(p
(ap (ap (ap (c_2Ereal__topology 2E_2D_2D _3E ty_2Erealax_2Ereal)
V1f) VOl) (ap (ap (c-2Ereal__topology_2Ewithin ty_2Frealax_2Ereal)
(ap c_2Ereal__topology_2Eat V3z)) V4s)))))=(p (ap (ap (ap (c2Ereal__topology_2E_2D_2D_3E
ty_2Frealax_2Ereal) V2g) VOI) (ap (ap (c-2Ereal__topology_2Ewithin
ty_2FErealax_2FEreal) (ap c-2Ereal__topology 2Eat V3z)) V4s))))))))))

(34)

Assume the following.
(YVOt € 2.((—(~(p VOL)))(p VOL))) (35)

Assume the following.
(VV0A € 2.((p VOA)=((~(p VOA))=False))) (36)

Assume the following.
(V04 € 2.(WV1B € 2((((p VOANV(p VIB))=False)ss g

(((p VOA)=False)=((—(p V1B))=False)))))



Assume the following.

(VV0A € 2.(WV1B € 2.(((=((=(p VOA))V(p V1B)))=False)=

((p VOA)=((~(p V1B))=False))))) (38)

Assume the following.
(VV0A € 2.(((=(p VOA))=False)=(((p VOA)=False)=False))) (39)
Assume the following.

(VVOp € 2.(VV1g € 2.(VV2r € 2
(

(
((p Vig)v(p V2r)))A

2.
(p Vig)e(p V2r)))e(((p Vop)Vv ))A(((p VOp)V((—(
p V2r))V(=(p V1g) DA(((p V1)V ((=(p V2r))V(=(p VOp))))A((p V2r)V
((=(p V1g))v(=(p VOp)))))))))))
(40)
Assume the following.
(VVOp € 2.(¥V1g € 2.(¥V2r € 2.(((p VOp)=(
(p VigIn(p V2r)))e(((p VOop)V((=(p V1g))V(=(p V2r))))A(((p V1g)V
(=(p VOp)))A((p V2r)V(=(p VOp))))))))) "
1

Assume the following.

(VVOp € 2.(VV1qg € 2.(VV2r € 2.(((p VOp)e(
(p Vig)V(p V2r)))=(((p VOp)V(=(p V1g)))A(((p VOp)V(=(p V2r)))A

((p V1ig)V((p V2r)V(=(p V0p)))))))))) )
Assume the following.

(VVOp € 2.(VV1g € 2.(WV2r € 2.(((p VOp)=(
(p V1g)=(p V2r)))=(((p VOp)V(p V1g))A((p VOp)V(=(p V2r))A((  (43)
=(p V1g))V((p V2r)V(=(p V0p))))))))))

Assume the following.

(VWop € 2.(VV1g € 2.(((p VOp)&(=(p V1g)))=(((p VOp)V

(b VIg)A((—(p VIg)V(~(p VOP)))) (44)
Assume the following.
(YVOp € 2.(vV1g € 2.((—((p VOp)=(p V1q)))=(p VOp)))) (45)

Assume the following.

(YVOp € 2.(VV1g € 2.((=((p VOp)=(p V1q)))=(=(p V1q)))))  (46)

Assume the following.

(VVOp € 2.(VV1g € 2.((=((p VOp)V(p V1q)))=(=(p VOp))))) (47)
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Assume the following.
(VWOp € 2.(vW1g € 2.((~((p VOp)V(p V1g)))=(~(p V1q)))))  (48)

Assume the following.

(VV0p € 2.((=(=(p VOp)))=(p VOp))) (49)
Theorem 1

(YVOI € ty_2Erealax 2Ereal (VV1f € (ty2Erealax_2Erealtv-2Erealaz-2Erealy
(VV2g € (ty_2Erealax 2Erealty-2Erealaz2Erealy (/34 ¢
ty_2Erealar_2Ereal .(VV4b € ty_ 2Erealax_2Ereal .(YV5s €
(2ty-2Erealaz_2Breal) (((~(V3q = V4b))A((VV6x € ty_2Erealax_2Ereal.
(((p (ap (ap (c_2Ebool 2EIN ty_2Erealaxr_2Ereal) V6x) V5s))A((
—(V6zx = V3a))A(=(V6x = V4b))))=((ap V1f V6x) = (ap V2¢ V62))))A(p
(ap (ap (ap (c-2Ereal__topology 2E_2D_2D _3E ty_2FErealax_2Ereal)

V1f) VOl) (ap (ap (c_2Ereal__topology 2Ewithin ty_2FErealax_2Ereal)

(ap c_2Ereal__topology_2Eat V3a)) V5s)))))=(p (ap (ap (ap (c-2Ereal__topology_2E_2D_2D_3E
ty 2Erealax_2Ereal) V2g) VOl) (ap (ap (c-2Ereal__topology_2Ewithin
ty_2Erealar_2Ereal) (ap c_2Ereal__topology_2Eat V3a)) V'5s))))))))))



