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Definition 1 We define c 2Emin_2E_3D to be AA.Xx € A y € A.inj_o (x = vy)
of type t=>t.

Definition 2 We define c 2Ebool 2ET to be (ap (ap (c_2Emin 2E_3D (22)) (\V 0z € 2.V0z)) (\V1z € 2.V
Definition 3 We define c 2Ebool 2E 21 to be AA_27a : 1. (AVOP € (24-27).(ap (ap (c.2Emin_2E_3D (24-27
Definition 4 We define c.2Ebool_2EF to be (ap (c_2Ebool 2E_21 2) (AV Ot € 2.V 01)).

Definition 5 We define c_2Emin_2E_3D_3D_3E to be AP € 2.0\Q € 2.inj_o (p P=p Q)
of type t.

Definition 6 We define c_2Ebool 2E_7E to be (A\V 0t € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0t) c_2Ebool 2EF
Definition 7 We define c_.2Ebool 2E_2F_5C to be (AV 01 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t € ¢
Definition 8 We define c_2Ebool 2EIN to be AA_27a : 1.(A\V0z € A27a.(AV1f € (24-27) (ap V1f V02)))
Let ty_ 2FEreal__topology 2Enet : 1= be given. Assume the following.

YV AQ.nonempty A0=nonempty (ty-2Ereal__topology-2Enet A0) (1)
Let c_2Ereal__topology 2Enetord : 1=t be given. Assume the following.

VA 2T7a.nonempty A_27a=c_2Ereal__topology 2Enetord A27a €
(((2A727a)A,27a)(ty,2Ereal,,topology,2Enet A,27a)) (2)

Let c.2Ereal__topology2Emk__net : 1= be given. Assume the following.

VA 27a.nonempty A_27a=>c_2Ereal__topology_2Emk__net
A 27a € ((ty_2Ereal__topology 2Enet A727a)((2A—27a)A,27a)

) (3)

Definition 9 We define c_2Ereal__topology_2Ewithin to be AA_27a : t.A\VOnet € (ty_2Ereal__topology-2Ene



Let ty 2Erealax_2Ereal : ¢ be given. Assume the following.
nonempty ty_2Erealax_2Ereal (4)
Let ty_2FEpair 2Eprod : t1=-1= be given. Assume the following.
YV AO.nonempty A0=VYAl.nonempty Al=nonempty (ty_2Epair 2Eprod
A0 A1)
(5)
Let c2Epair 2EABS __prod : 1=1=1 be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=c_2FEpair 2EABS __prod
2 A_27a
A27a A27b € ((ty_2Epair 2Eprod A_27a A_27b)(2"™) 7 )
(6)
Definition 10 We define c2Epair 2E_2C to be AA27a : t. XA 2Tb : 1. AVOz € A27a.\V1y € A27b.(ap (c-2
Let c.2FEreal__topology 2E Dist : « be given. Assume the following.

c,2Ereal,,t0pology,2EDist c (ty,QETealax,2Ereal(ty*2Ep“i“2Epmd ty_2Erealar_2Ereal ty,ZEreala:v,ZEreal))

(7)
Let ty 2FEhreal 2Fhreal : ¢ be given. Assume the following.

nonempty ty_2Ehreal 2Ehreal (8)
Let c2Erealax 2Ereal__REP__CLASS : 1 be given. Assume the following.

c2FErealax 2Ereal . REP__CLASS € ((Q(ty,2Epair,2Eprod ty-2Ehreal_2Ehreal ty,2Ehreal,2Ehreal))ty,2Ereala:v
(9)
Definition 11 We define c 2Emin_2E_40 to be N\AAP € 24.if (3z € A.p (ap P z)) then (the (\z.xz € AN
of type 1=>t.

Definition 12 We define c_2Erealax_2Ereal __REP to be AV 0a € ty_2Erealax_2Ereal.(ap (c.2Emin_2E_40 (¢

Let c.2FErealax_2Etreal__It : « be given. Assume the following.

c.2Erealax 2Etreal__lt € ((2(ty-2Epair-2Eprod ty_2Ehreal 2Ehreal ty-2Ehreal-2Ehreal))(ty-2Epair 2Eprod ty-2Eh
(10)
Definition 13 We define c_2Erealax_2Ereal__It to be AVOT'1 € ty 2Erealax 2Ereal A\V1T2 € ty 2Erealax-
Definition 14 We define c_2Ereal 2Ereal__Ite to be \V0x € ty_2Erealax 2Ereal A\V1y € ty_2FErealax 2Er
Let c2Enum 2EZFERO__REP : 1 be given. Assume the following.
c2Enum 2EZERO__REP € omega (11)
Let ty_2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2Enum (12)
Let c2Enum 2EABS__num : ¢ be given. Assume the following.
c2Enum 2EABS__num € (ty-2Enum_2Enum°™9%) (13)



Definition 15 We define c_2Enum_2EOQ to be (ap c.2Enum_2EABS_num ¢ 2Enum 2EZERO__REP).

Let c.2FEreal 2Ereal__of __num : ¢ be given. Assume the following.
c2Freal 2Ereal _of_num € (ty_2Erealax_2EreqltV-2Erum-2Enumy — (4)

Definition 16 We define c_2Ereal__topology_2Eat to be A\V0a € ty_2Erealax_2Ereal.(ap (c2Ereal__topolo
Definition 17 We define c_2Ereal__topology_2Enetlimit to be AA_27a : t. AV Onet € (ty-2Ereal __topology-2F
Definition 18 We define c 2Ebool 2E_3F to be AA 27a : 1. (AVOP € (24-27%).(ap VOP (ap (c_2Emin_2E_40
Definition 19 We define c 2Ebool 2E 5C_2F to be (A\V0t1 € 2.(A\V'1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €
Definition 20 We define c_2Ereal__topology_2Etrivial__limit to be AA_27a : 1. AV Onet € (ty_2FEreal__topologt
Definition 21 We define c 2Ereal__topology 2Eeventually to be A\A_27a : 1. AV Op € (24-27) A\V 1net € (ty_2
Definition 22 We define c_2Ereal__topology 2E_ 2D _2D_3E to be AA_27a : t.A\VOf € (ty,QErealax,ZErealA'
Definition 23 We define c_2Ereal__topology_2Econtinuous to be AA_27a : t.AVOf € (ty,2Erealax,2ErealA’
Let c.2Frealax_2Etreal__mul : ¢ be given. Assume the following.

c2Erealax_2Etreal__mul € (((ty-2Epair_2Eprod ty_2Ehreal 2Ehreal
ty,th’l“eal,2Eh’F6al)(ty*QEpair*QEpr()d ty_2FEhreal _2Ehreal ty,QEhreal,QEhreal))(ty,2Epair,2Eprod ty_2FEhreal _2Eh
(15)
Let c2Erealar_2FEtreal__eq : v be given. Assume the following.

c.2Erealar_2Etreal eq € ((2(ty,2Epm’r,2Eprod ty_2FEhreal_2Ehreal ty,2Ehreal,2Ehreal))(ty,QEpair,QEprod ty_2Eh

(16)
Let c2Erealaxr 2Ereal__ABS__CLASS : . be given. Assume the following.

2(ty,2Epa'L"r72Ep'rod ty-2FEhreal_2Ehreal ty_2Ehreal _2Ehn

(17)

c2FErealax 2Ereal__ABS_CLASS € (ty2Erealax_2Ereal

Definition 24 We define c 2Erealax_2Ereal __ABS to be \VOr € (ty_2Epair 2Eprod ty_2Ehreal_2Ehreal ty
Definition 25 We define c_2Erealax_2Ereal__mul to be A\VOT'1 € ty_2Erealax 2FEreal A\V1T2 € ty_2Ereala

Let c.2Erealax_2Etreal__add : ¢ be given. Assume the following.

c2Erealax_2FEtreal__add € (((ty-2Epair_2Eprod ty_ 2Ehreal 2Ehreal
ty,QEhreal,QEhreal ) (ty_2Epair_2Eprod ty_2Ehreal_2Ehreal ty_2Ehreal_2Ehreal) ) (ty_2Epair_2Eprod ty_2Ehreal _2Ehi

(18)
Definition 26 We define c_2Erealax_2Ereal__add to be \VOT'1 € ty_2Erealax 2Ereal \V1T?2 € ty_2FEreala

Definition 27 We define c_2Ereal__topology_2Elinear to be \VOf € (ty_2Erealax_2ErealtV-2Ereatar-2Erealy



Assume the following.
True (19)

Assume the following.

VA_27a.nonempty A 27a=(VVO0t € 2.((VV1x €

A 27a.(p VOL)(p VOL)) (20)

Assume the following.

(YVOt € 2.(((True=(p VOt))=(p VOO)A((((p VOt)=True)<
True)A((False=(p VOt))eTrue) A((((p VOt)=(p VOt))=True)A(( (21)
(p VOt)=False)=(~(p V0t))))))))

Assume the following.

VA 27a.nonempty A27a=(VV0x € A27a.(VV1y €

A27a.(VOx = Viy)=(Viyg = V0z)))) 22)

Assume the following.

(VVO0t € 2.(((Trues(p VOt))<(p VOt))
(p VOO)A(((Falses(p VOt))<(—(p VOt)))

p V0i)))))))

A(((p VOt)eTrue)<=
A(((p VOt)=False)=(—=( (23)

Assume the following.

(VVOtl € 2.(VV1t2 € 2.(VV2t3 € 2.(((p VOt1)=

(0 V12)=(p V23))((p VODA( V1E2)=(p V) 2D

Assume the following.

(VVO0z € 2.(VV1x. 27 € 2.(VV2y € 2.(VV3y 27 €
2.((((p Voz)=(p V1z27)A((p V1z27)=((p V2y)=(p V3y.27))))= (25)
(((p VOz)=(p V2y))=((p V12 27T)=(p V3y.27))))))))

Assume the following.

(VVOf € (ty_2Erealax_2Erealty-2Erealaz-2Ereal) (g\/ {5 ¢
ty2Erealar_2Ereal.(YV2s € (2ty-2Erealaz_2Erealy (
(p (ap (ap (c2Ereal__topology 2Econtinuous ty_2Erealax_2Ereal)
VOf) (ap c-2Ereal__topology 2Eat V'1x)))=(p (ap (ap (c-2Ereal__topology-2Econtinuous
ty_2FErealax_2Ereal) VOf) (ap (ap (c_2Ereal__topology_2Ewithin
ty_2FErealax_2FEreal) (ap c_2Ereal__topology 2Eat V1z)) V2s)))))))

(26)
Assume the following.
(YVOf € (ty2Erealax_2ErealtV-2Erealaz-2Ereal) (y\/1q ¢
ty_2FErealax_2Ereal.((p (ap c_2Ereal__topology 2Elinear V0 f))= (27)

(p (ap (ap (c_2Ereal__topology 2Econtinuous ty_2FErealax_2Ereal)
VOf) (ap c_2Ereal__topology_2Eat V'1a))))))



Theorem 1

(VVOf € (ty_2Erealax_2Erealtv-2Erealaz-2Brealy (y\/ 15 ¢
(2ty-2Erealaz-2Ereal) (V2 ¢ ty 2Erealax_2Ereal.(
(p (ap c_2Ereal__topology_2Elinear VOf))=-(p (ap (ap (c_2Ereal__topology_2Econtinuous
ty_2Erealaz_2Ereal) VOf) (ap (ap (c_2Ereal__topology_2Ewithin
ty 2Erealax_2FEreal) (ap c_2Ereal__topology 2Eat V2z)) V1s)))))))



