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Definition 1 We define c.22Emin_2E_3D to be AA.\x € A y € A.inj_o (z =y)
of type t=>t.

Definition 2 We define c_2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (\V0z € 2.V0z)) (A\V1x € 2.V
Let c2Enum 2EZERO__REP : 1 be given. Assume the following.
c2Enum 2EZERO__REP € omega (1)
Let ty 2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2Enum (2)
Let c2Enum 2EABS__num : ¢ be given. Assume the following.
c2Enum_2EABS__num € (ty-2Enum_2Enum°™") (3)
Definition 3 We define cC2Enum_2EQ to be (ap c2Enum_2EABS_num c2Enum 2EZERO_REP).
Definition 4 We define c_2Earithmetic_ 2EZERO to be c_2Enum_2EO.
Let c2Enum 2EREP__num : ¢ be given. Assume the following.
c2Enum 2EREP_num € (omegay-2Fnum-2Enum) (4)
Let ¢ 2Enum 2ESUC__REP : 1 be given. Assume the following.
c2Enum 2ESUC__REP € (omega®™9%) (5)
Definition 5 We define c 2Ebool 2E 21 to be AA_27a : 1. (AVOP € (24-27).(ap (ap (c.2Emin_2E_3D (24-27
Definition 6 We define c_22Enum_2ESUC to be AVOm € ty 2Enum_2Enum.(ap c2Enum 2EABS__num |
Let c2Farithmetic2E 2B : ¢ be given. Assume the following.

c2Earithmetic 2E 2B € ((ty_2Enum _2Enumty-2Enum-2Enum)ty 2Enum-2Enum)

(6)



Definition 7 We define c_2Earithmetic_2EBIT1 to be A\VOn € ty 2Enum_2Enum.(ap (ap c-2Earithmetic_
Definition 8 We define c_2Earithmetic 2ENUMERAL to be A\V 0z € ty_2Enum_2Enum.V0x.
Let ty_2Frealax_2Ereal : ¢ be given. Assume the following.
nonempty ty_2FErealax_2Ereal (7)
Let ty_2FEpair 2Eprod : t1=>1=>t be given. Assume the following.

VAO.nonempty A0=VAl.nonempty Al=nonempty (ty-2Epair_2Eprod
A0 A1)
(8)

Let c_2FEreal__topology_2FEball : « be given. Assume the following.

c,ZETeal,,topology,QEball c ((2ty,2Erealam,2Ereal)(ty,QEpair,QEprod ty_2Erealaxr_2Ereal ty,2Erealaz,2Ereal))

(9)

Let c2Ereal 2Ereal__of __num : ¢ be given. Assume the following.
c2Ereal 2Ereal _of _num € (ty 2Erealax_2Ereql™-2Emum-2Enumy (1)
Let ty_ 2FEhreal 2Ehreal : ¢ be given. Assume the following.
nonempty ty_2Ehreal 2Ehreal (11)
Let c2FErealax 2Ereal _REP__CLASS : . be given. Assume the following.

c2Frealax 2Ereal__ REP__ CLASS € ((Q(ty,QEpair,QEprod ty_2Ehreal_2Ehreal ty_2Ehreal_2Ehreal) )ty,2E7'eala1'
(12)

Definition 9 We define c 2Emin_2E_40 to be AAAP € 24.if (32 € Ap (ap P x)) then (the (\z.x € AAp
of type t=>t.

Definition 10 We define c_2Erealax_2Ereal __REP to be AV 0a € ty_2Erealax_2Ereal.(ap (c.2Emin_2E_40 (¢

Let c2Erealax_2FEtreal It : « be given. Assume the following.

c2FErealax_ 2Etreal__lt € ((2(ty,2Epair,2Eprod ty_2FEhreal _2Ehreal ty,2E'hreal,2Ehreal))(ty,2E'pair,2Eprod ty_2Ehi
(13)

Definition 11 We define c_2Erealax_2Ereal__It to be \VOT'1 € ty_ 2Erealar 2Ereal \V1T?2 € ty 2FErealax_
Definition 12 We define c 2Ebool 2EIN to be AA_27a : 1.(AVO0x € A 27a.(A\V1f € (24-27%).(ap V1f VOz))

Definition 13 We define c 2Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_o (p P=p Q)
of type .

Definition 14 We define c 2Ebool 2E_2F 5C to be (A\V0t1 € 2.(A\V'1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €



Let c2Epair 2EABS__prod : t=t=-t be given. Assume the following.

VA 27a.nonempty A 27a=YA_27b.nonempty A_27b=c_2FEpair 2EABS __prod

A 27a A27b € ((ty_2Epair 2Eprod A 27a A,27b)((2A,27b)A,27a,))
(14)

Definition 15 We define c_2Epair 2E_2C to be NA_27a : t. AA27b : 1. AV Oz € A 27a.A\V1y € A27b.(ap (c-2

Let c_2Ereal__topology 2FE Dist : + be given. Assume the following.

c,2Ereal,,topology,QEDist c (ty,2Erealax,2Ereal(tijp“”*QEpmd ty-2Erealax_2Ereal ty,QErealaz,QEreal))
(15)

Definition 16 We define c 2Ebool 2E 3F to be AA_27a : 1. (AVOP € (24-27).(ap VOP (ap (c_2Emin_2E_40
Definition 17 We define c_2Ereal__topology 2EOpen to be A\V0s € (2ty-2Erealaz-2Ereal) (qp (¢ 2Ebool 2E_2

Let c.2Ereal__topology 2FEcball : « be given. Assume the following.

0,2Ereal,,topologijcball c ((2ty72Erealaw,2Ereal)(ty,ZEpair,2Ep7'od ty-2Erealax_2Ereal ty,2Erealaw,2Ereal))
(16)

Definition 18 We define c_2Ebool 2EF to be (ap (c_2Ebool_2E_21 2) (AV 0t € 2.V 0t)).
Definition 19 We define c_2Ebool 2E_TE to be (A\V 0t € 2.(ap (ap c-2Emin_2E_3D_3D_3E V0t) c_2Ebool_2E
Definition 20 We define c_2Eprim__rec_2E_3C to be A\VOm € ty_2Enum_2Enum.\V1n € ty_2Enum_2FEnu
Definition 21 We define c_2Earithmetic_2E_3E to be A\VOm € ty_ 2Enum_2Enum. AV 1n € ty 2Enum 2En
Definition 22 We define c_2Ebool 2E_5C_2F to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €
Definition 23 We define c_2Earithmetic_2E_3E_3D to be \VOm € ty 2Enum_2Enum.A\V1n € ty_2Enum_2
Let ty_2Freal__topology-2Enet : 1= be given. Assume the following.

YV AOQ.nonempty A0=nonempty (ty_2Ereal__topology_2Enet A0) (17)
Let c.2FEreal__topology 2Emk__net : 1= be given. Assume the following.

VA 27a.nonempty A27a=c_2FEreal__topology 2Emk_net
A27a € ((ty-2Ereal _topology 2Enet A 27a)(2*=)" "))

(18)

Definition 24 We define c_2Ereal__topology_2Esequentially to be (ap (c_2Ereal__topology 2Emk__net ty_ 21
Definition 25 We define c_2Ecombin_2Eo to be NA_27a : 1.AA27b : LAA2Tc : L.AVOSf € (A2767-27) AV 1,
Let c.2Ereal__topology_2Enetord : 1=t be given. Assume the following.

VA 27a.nonempty A_27a=c_2Ereal__topology_2Enetord A27a €
( ( (2A,27a ) A_27a ) (ty_2Ereal__topology_2Enet A_27a) ) ( 19)



Definition 26 We define c_2Ereal__topology_2Etrivial__limit to be AA_27a : t. AV Onet € (ty-2Ereal __topologs
Definition 27 We define c 2Ereal__topology 2Eeventually to be A\A_27a : t.AVOp € (24-27%) AV Inet € (ty_2
Definition 28 We define c_2Ereal__topology 2E_2D_2D_3E to be AA27a : t.AVOf € (ty,ZEreala:r,QErealA'
Definition 29 We define c 2Ereal__topology 2Ecompact to be A\V0s € (2tv-2Frealaz-2Ereal) (4 (c_2Ebool 2l
Definition 30 We define c 2Epred__set 2ESUBSET to be AA_27a : t.A\V0s € (24-272) AV 1t € (24-27%).(ap (
Let ty_2Ftopology-2Etopology : 1=t be given. Assume the following.
YV AO.nonempty AO=nonempty (ty_2Etopology_2Etopology A0) (20)
Let c_2Etopology_2FEtopology : 1= be given. Assume the following.

VA 27a.nonempty A_27a=c_2FEtopology_2Etopology A 27a €

o(2A-270) (21)
((ty_2Etopology_2Etopology A_27a)( )
Definition 31 We define c_2Ereal__topology_2Eeuclidean to be (ap (c2Etopology_2Etopology ty_2Erealax.
Let c_2FEtopology-2Fopen__in : t=-t be given. Assume the following.

YA 27a.nonempty A_27a=>c_2Etopology_2Fopen__in A 27a €

((2(2‘4*27“ ) ) (ty—2Etopology-2Etopology A_2T7a) ) (22)

Let ¢ 2Epred__set 2EGSPEC : 1=>1=>1 be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=c_2FEpred__set 2EGSPEC
A927a A27b € ((2A727a)((ty,2Epair,2Eprod A_27a 2)A727b))

(23)
Definition 32 We define c 2Epred__set 2EINTER to be AA_27a : 1. AV 0s € (24-27%) AV 1t € (24-27%).(ap (c-

Definition 33 We define c_2Ereal__topology_2Esubtopology to be AA_27a : t.\V Otop € (ty_2Etopology 2FEt

gty-2Brealas 2Ereal) )

Definition 34 We define c_2Ereal__topology_2Elocally to be A\VOP € (2 AVls € (2ty-2Ere

Assume the following.
True (24)

Assume the following.

(VVotl € 2.(VV1t2 € 2.(((p VOt1)=(p V1t2))=(((p

V1t2)=(p VOt1)=((p VOt ) (p V1t2)))))) (25)
Assume the following.
VA_27a.nonempty A 27a=(VVO0t € 2.(VV1x € (26)

A27a.(p VOt))=(p VOL)))



Assume the following.

(VVOt € 2.(((p VOt)=False)=(—(p V0t))))
Assume the following.

(VVOot € 2.((—(p VOt))=((p VOt)=False)))
Assume the following.

(VVOt € 2.(((Truen(p VOL))(p VOO))A((((p VOE) AT rue)<
(p VOO)A(((Falsen(p VOt))False)AN((((p VOt)AFalse)< False)A

t)
(((p VOOA(p VOE))&(p V01)))))))

Assume the following.

(YVOt € 2.(((True=(p VOt))=(p VOO)A((((p VOt)=True)<
True)A(((False=(p VOt))eTrue) A((((p VOt)=(p VOt))=True)A((
(p VOt)=False)=(=(p V01))))))))

Assume the following.

((VVOt € 2.((=(=(p VOt)))=(p VO))A(((—True)<False) A
((=False)=True)))

Assume the following,.

VA 27a.nonempty A27a=NVV0zx € A27a.(VV1y €
A27a.(VOx = V1y)e(Viy = V0x))))

Assume the following.

(YVOt € 2.(((True=(p VOt))(p VOO))A((((p VOt )=True)=
(p VOR)A(((Falses(p V0t)) ( pV ;))) (((p VOt)&=False)(—(

(
Vot))))))

Assume the following.

VA 27a.nonempty A27a=(YVOP € (24-27%).((-(IV 1z €
A27a.(p (ap VOP Vlz))))=(VV2x € A27a.(—(p (ap VOP V2z))))))

Assume the following.

VA_27a.nonempty A27a=(VVOP € (24-27%).(VV1Q €
2.((3V2z € A27a.((p (ap VOP V2z))A(p V1Q)))=((IV3z €
A27a.(p (ap VOP V3x)))Alp V1Q)))))

Assume the following.

VA 27a.nonempty A_27a=(YVOP € 2.(WV1Q € (
24-27a) ((3V 2z € A 27a.((p VOP)A(p (ap V1Q V2z))))=((p
VOP)A(IV3z € A27a.(p (ap V1Q V3z)))))))
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(30)

(32)



Assume the following.

YA_27a.nonempty A27a=(VVOP € 2.(VV1Q € (
24-270) (VV2z € A27a.((p VOP)V(p (ap V1Q V2z))))=((p (37)
VOP)V(VV3z € A27a.(p (ap V1Q V3zx)))))))

Assume the following.

(VWW0A € 2.(vW1B € 2.((p VOA)V(p V1B))=((p V1B)V

(b V0A4))))) (38)

Assume the following.

(VWO0A € 2.(WV1B € 2.(((~((p VOA)A(p V1B)))e((~
p VOA)V(=(p V1B)))A((=((p VOA)V(p V1B)))e((=(p VOA)A(=(p Vlgg;)))))

—~

Assume the following.

(VVOt1 € 2.(VV1t2 € 2.(VV2t3 € 2.(((p VOt1)=

(p V12)=(p V23))((p VODA( V12)=(p V) 20

Assume the following.

(VV0z € 2.(VV 1227 € 2.(YV2y € 2.(YV3y_27 €
2.((((p VOoz)=(p V1x27)A((p V1z27)=((p V2y)<=(p V3y-27))))= (41)
(((p VOz)=(p V2y))=((p V1z2T)=(p V3y-27))))))))

Assume the following.

VA 27a.nonempty A 27a=(YVOP € (24-27%).(VV1Q €
2.(((3V2z € A27a.(p (ap VOP V2z)))=(p V1Q))=(VV3x € (42)
A27a.((p (ap VOP V3z))=(p V1Q))))))

Assume the following.

(YVOr € 2.(vVip € 2.(VV2q € 2.((((p V1ip)A
(p V2q))=(p VOr))=((p Vip)=((p V2q)=(p V0r)))))))

Assume the following.

(43)

VYA _27a.nonempty A_27a=(VV0s € (24-27%) (VV 1t €
(24-270) ((V0s = V1t)&(VV 2z € A27a.((p (ap (ap (c-2Ebool 2EIN
A27a) V2z) V0s))<(p (ap (ap (c2Ebool 2EIN A_27a) V2zx) V1t)))))))
(44)
Assume the following.

VA 27a.nonempty A27a=(VV0s € (24-272).(VV 1t €
(24-27a) (VW22 € A27a.((p (ap (ap (c_2Ebool 2EIN A_27a)
V2z) (ap (ap (c2Epred_set 2EINTER A_27a) V0s) V1t)))<((p (ap  (45)
(ap (c2Ebool 2EIN A_27a) V2zx) V0s))A(p (ap (ap (c_2Ebool 2EIN
A 27a) V2z) V1t)))))))
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Assume the following.

VA 27a.nonempty A27a=(VV0s € (24-27%).(VV1t €
(24-279) (VV2u € (24-27%).((p (ap (ap (c_2Epred__set 2ESUBSET
A27a) V0s) (ap (ap (c_2Epred_set 2EINTER A_27a) V1t) V2u)))&  (46)
((p (ap (ap (c-2Epred__set 2ESUBSET A_27a) V0s) V1t))A(p (ap (ap
(c-2Epred__set 2ESUBSET A_27a) V0s) V2u)))))))

Assume the following.

(p (ap (ap c2Erealax_2Ereal__It (ap c2Ereal 2Ereal__of __num
c2Enum_2E0)) (ap c2Ereal 2Ereal__of __num (ap c_2Earithmetic 2ENUMERAL
(ap c_2Earithmetic_2EBIT1 c_2Earithmetic 2EZERO)))))
(47)
Assume the following.

(VVO0zx € ty-2Erealax_2Ereal.(VV1e € ty_2Erealax_2Ereal.
(p (ap (ap (c2Epred__set_2ESUBSET ty_2Erealax 2Ereal) (ap c-2Ereal -_topology-2Eball
(ap (ap (c_2Epair2E_2C ty_2FErealax 2Ereal ty-2Erealax_2Ereal)
V0x) V1e))) (ap c.2Ereal__topology 2Ecball (ap (ap (c_2Epair 2E_2C
ty 2FErealax 2Ereal ty_2Erealar_2Ereal) V0z) Ve))))))

(48)
Assume the following.
(VVO0zx € ty_2Erealax_2Ereal.(VV1e € ty_2Erealax_2Ereal.
(p (ap c_2Ereal__topology 2EOpen (ap c_2Ereal__topology-2Eball (49)

(ap (ap (c-2Epair2E_2C ty_2Erealax 2Ereal ty_2Erealax_2Ereal)
V0z) Vle))))))

Assume the following.

(VV 0z € ty_2Erealax 2Ereal.(VV1e € ty_2Erealax_2Ereal.
((p (ap (ap (c-2Ebool 2EIN ty_2FErealar_2Ereal) VOz) (ap c2Ereal __topology-2Eball
(ap (ap (c_2Epair_2E_2C ty_2FErealax_2Ereal ty_2Erealax_2Ereal)
VOz) Vle))))<=(p (ap (ap c2Erealax_2Ereal__It (ap c2Ereal 2Ereal__of __num
c_2Enum_2E0)) V'1e)))))
(50)
Assume the following.

(VV0s € (2tv-2Brealaz2Ereal ((p (qp c_2Ereal__topology 2EOpen
V0s))=(VV iz € ty 2Erealax 2Ereal .((p (ap (ap (c-2Ebool 2EIN
ty 2Erealax_2Ereal) V1x) V0s))=(3V2e € ty 2Erealax_2Ereal.

((p (ap (ap c2Erealax 2Ereal_It (ap c2Ereal 2Ereal__of __num
c2Enum_2E0)) V2e))A(p (ap (ap (c2Epred__set_2ESUBSET ty_2Erealax_2Ereal)
(ap c2Ereal__topology-2Ecball (ap (ap (c-2Epair 2E_2C ty_2FErealax_2Ereal
ty 2Frealax_2Ereal) V1x) V2e))) V0s))))))))

(51)



Assume the following.

(VVOS c (Qty,ZETeala:c,ZEreal).(VVlu c (Qty,QErealam,QEreal).
((p (ap (ap (c2Etopology 2Eopen__in ty 2Erealax_2Ereal) (ap
(ap (c_2Ereal__topology 2Esubtopology ty_2Erealax_2Ereal)
c_2Ereal__topology_2Eeuclidean) V1u)) V0s))<(3V2t € ( (52)
ty-2Brealaz-2Ereal) (1) (qp c_2Ereal__topology 2EOpen V2t))A
(V0s = (ap (ap (c_2Epred__set_2EINTER ty_2Erealax_2Ereal) V1u)

V2t))))))

Assume the following.

(VVOU c (2ty,2E'r'ealaz,2E7'eal)_(VVLS c (2ty,2Erealaa:,2Ereal)_

((p (ap c_2Ereal__topology 2EOpen V'1s))=(p (ap (ap (c-2Etopology-2FEopen__in
ty 2Erealax_2Ereal) (ap (ap (c_2Ereal__topology_2Esubtopology
ty_2Erealar_2Freal) c_2Ereal__topology_2Eeuclidean) V0u))

(ap (ap (c-2Epred__set 2EINTER ty_2Erealax_2Ereal) VOu) V1s))))))
(53)
Assume the following.

(VVOS c (2ty,2ETealax,2ETeal)_(v‘/lt c (2ty,2Erealam,2Ereal).
(((p (ap c2Ereal__topology_2Ecompact V0s))A(p (ap c_2Ereal__topology 2Ecompact
V1t)))=(p (ap c_2Ereal__topology 2Ecompact (ap (ap (c_2Epred__set 2EINTER
ty 2Erealax_2Ereal) V0s) V1t))))))

(54)
Assume the following.
(VVO0z € ty_2Erealax_2Ereal.(VV1e € ty_2Erealax_2Ereal.
(p (ap c_2Ereal__topology_2Ecompact (ap c_2FEreal__topology_2FEcball (55)
(ap (ap (c_2Epair 2E_2C ty 2Erealax_2Ereal ty 2Erealax_2Ereal)
Voz) Vle))))))
Assume the following.
(VVOt € 2.((=(—=(p VO1)))=(p VOL))) (56)
Assume the following.
(VV0A € 2.((p VOA)=((—(p VOA))=False))) (57)
Assume the following.
(VV0A € 2.(WV1B € 2.(((=((p VOA)V(p V1B)))=False)& (58)
(((p VOA)=False)=((—(p V1B))=False)))))
Assume the following.
(VV0A € 2.(WV1B € 2.(((—((—=(p VOA))V(p V1B)))=False)= (59)

((p VOA)=((—(p V1B))=False)))))



Assume the following.
(VV0A € 2.(((=(p VOA))=False)=(((p VOA)=False)=False))) (60)
Assume the following.

(VVO0p € 2.(¥V1q € 2.(

(p V1ig)=(p V2r)))=(((p Vop)V((p V1g)V
p V2r)V(=(p V1g))A(((p V1gV((=(p V2r
(p (p VOp))

vV 2r € 2.(((p VOp)&<(
(p V2r) (
)
)

(=(p V1ig))v(= ) )))
(61)
Assume the following.
(VVOp € 2.(VV1g € 2.(VV2r € 2.(((p VOp)=(
(p V1igA(p V2r)))=(((p VOop)V((=(p V1g)V(=(p V2r)))A((p V1g)V
(=(p VOp)))A((p V2r)V(=(p VOp))))))))) )

Assume the following.

(VVOp € 2.(VW1qg € 2.(VV2r € 2.(((p VOp)=(
(p Vig)V(p V2r)))=(((p VOp)V(=(p V1g)))A(((p VOp)V(=(p V2r)))A

((p V1ig)V((p V2r)V(=(p V0p)))))))))) )
Assume the following.

(VVOp € 2.(VV1g € 2.(WV2r € 2.(((p VOp)=(
(p V1g)=(p V2r)))=(((p VOp)V(p V1g)A(((p VOp)V(=(p V2r))A((  (64)
=(p V1g))V((p V2r)V(=(p V0p))))))))))

Assume the following.

(YVOp € 2.(VV1g € 2.(((p VOp)=(=(p V1g)))=(((p VOp)V
(p V1g))A((=(p V1g))V(=(p VOp)))))))

Assume the following.

(65)

YA_27a.nonempty A_27a=(VV0top € (ty_2Etopology_2Etopology
A27a).(VV1s € (24-279) (VV2t € (24-279) (((p
(ap (ap (c-2Etopology-2Eopen__in A27a) V0top) V1s))A(p (ap (ap

(c-2Etopology-2FEopen__in A_27a) VOtop) V2t)))=(p (ap (ap (c-2Etopology-2Eopen__in

A_27a) VOtop) (ap (ap (c-2Epred_set 2EINTER A_27a) V1s) V2t)))))))
(66)



Theorem 1

(VV0s € (2tv-2Erealaz2Erealy ((p (qp (ap c_2Ereal__topology 2Elocally
c_2Ereal__topology_2Ecompact) V0s))<(VV 1z € ty_2Erealax_2Ereal.
((p (ap (ap (c_2Ebool 2EIN ty_2FErealax_2Ereal) V1z) V0s))=(3V2u €
(2ty72Erealax,2Ereal).(HV?’U c (2ty,2Erealax,2Ereal)-
((p (ap (ap (c_2Ebool 2EIN ty_2Erealax 2Ereal) V1x) V2u))A((p
(ap (ap (c2Epred__set 2ESUBSET ty_2FErealax_2Ereal) V2u) V3v))A
((p (ap (ap (c_2Epred__set 2ESUBSET ty_2Erealax_2Ereal) V3v)
V0s))A((p (ap (ap (c2Etopology_2Fopen__in ty_2Erealax_2Ereal)
(ap (ap (c_2Ereal__topology_2Esubtopology ty_2Erealax_2Ereal)
c_2Ereal__topology 2Eeuclidean) V0s)) V2u))A(p (ap c_2Ereal__topology 2Ecompact

V30))))))))))
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