thm_2Ereal__topology 2ELOCALLY __TRANSLATION
(TMR6Y4WNnZUrDvksCn8DVwnJFkmvKPXag3z)

October 26, 2020

Definition 1 We define c 2Emin_2E_40 to be NAAP € 24.if (32 € Ap (ap P x)) then (the (\z.x € AAp
of type t=>t.

Definition 2 We define c.2Emin_2E_3D to be A\A.X\x € A y € Ainj_o (x = y)
of type t=-t.

Definition 3 We define c 2Ebool 2E 3F to be A\A_27a : 1.(AVOP € (24-27%).(ap VOP (ap (c_2Emin_2E_40
Definition 4 We define c_2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (\V0z € 2.V0z)) (A\V1x € 2.V

Definition 5 We define c_.2Ecombin_2EK to be A\A_27a : t.NA27b : 1.(AVOz € A27a.(A\V1y € A27b.V0x))

Definition 6 We define c_2Ecombin_2ES to be AA_27a : 0. AA27b : L. XA 27c: 1. (AVOf € ((14,270‘4*2717)A270

Definition 7 We define c.2Ecombin_2El to be AA_27a : v.(ap (ap (c_2Ecombin 2ES A_27a (A_27a”-27%) A_
Definition 8 We define c 2Ebool 2E 21 to be AA_27a : 1. (AVOP € (24-27%).(ap (ap (c.2Emin_2E_3D (24-27
Definition 9 We define c_2Ecombin_2Eo to be AA_27a : 1t.AA27b : L.AA27c : L.AVOS € (A2767-27) AV 1g
Let c2Enum 2EZERO__REP : 1 be given. Assume the following.
c2Enum 2EZERO__REP € omega (1)
Let ty 2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2Enum (2)
Let c2Enum 2EABS__num : ¢ be given. Assume the following.
c2Enum 2EABS__num € (ty-2Enum_2Enum®™%) (3)

Definition 10 We define c_2Enum_2EQ to be (ap c.2Enum_2EABS_num c2Enum 2EZERO__REP).



Definition 11 We define c_2Earithmetic 2EZERO to be c_2Enum _2EQ.
Let c2Enum 2EREP_num : ¢ be given. Assume the following.
c2Enum_2EREP_num € (omegat¥-2Enum-2Enum) (4)
Let c2Enum 2ESUC__REP : 1 be given. Assume the following.
c2Enum 2ESUC__REP € (omega®™®9%) (5)

Definition 12 We define c 2Enum_2ESUC to be \VOm € ty 2Enum_2Enum.(ap c2Enum 2EABS__num

Let c2FEarithmetic2E 2B : 1 be given. Assume the following.

c.2Earithmetic2E 2B € ((ty_2Enum_2Enumty-2Enum-2Enum )ty 2Enum_2Enum)
(6)
Definition 13 We define c_2Earithmetic 2EBIT1 to be A\VOn € ty_2Enum_2Enum.(ap (ap c_2Earithmetic

Definition 14 We define c_2Earithmetic 2ENUMERAL to be A\VO0x € ty_2Enum_2Enum.V0zx.
Let ty_2Fhreal 2Fhreal : 1 be given. Assume the following.

nonempty ty_2FEhreal 2Ehreal (7)
Let ty_2FEpair 2Eprod : t1=>1=>. be given. Assume the following.

VA0.nonempty A0=VAl.nonempty Al=nonempty (ty-2Epair_2Eprod
A0 A1)
(8)

Let ty 2Erealax_2Ereal : ¢ be given. Assume the following.
nonempty ty_2FErealax_2Ereal 9)
Let c.2Erealax 2Ereal __REP__CLASS : ¢ be given. Assume the following.

c2Erealar 2Ereal__REP__CLASS € ((Q(ty,QEpair,QEprod ty_2Fhreal_2Ehreal ty_2Ehreal_2Ehreal) )ty,2Ereala:v
(10)

Definition 15 We define c_2Erealax_2Ereal__REP to be AV 0a € ty_2Erealaxz_2Ereal.(ap (c_.2Emin_2E_40 (¢

Let c.2Erealax 2Etreal It : ¢+ be given. Assume the following.

c2Erealax 2FEtreal_lt € ((2(ty,2Epair,2Eprod ty_2Ehreal_2Ehreal ty,ZEhreal,QEhreal))(ty,2Epair,2Eprod ty_2Eh
(11)

Definition 16 We define c_2Erealax_2Ereal__It to be \VOT'1 € ty 2Erealar 2Ereal \V1T2 € ty 2FErealax_



Let c.2FEreal 2Ereal__of __num : ¢ be given. Assume the following.
c2Ereal 2Ereal _of _num € (ty 2Erealax_2FEreql™-2Erum-2Enumy — (19)
Let c2Erealar_2Etreal__neg : ¢ be given. Assume the following.

c2Erealax_2FEtreal_neg € ((ty-2Epair_2Eprod ty_2Ehreal 2Ehreal
ty,2Eh7"€al,2Eh7"€al)(ty’QEpaiT’2EpTOd ty_2Ehreal_2Ehreal ty,QEhreal,2EhTeal))

(13)
Let c.2FErealax_2Etreal__eq : 1 be given. Assume the following.

c,2Erealax,2Etreal,,eq c ((2(ty,2Epair,2Eprod ty_2Ehreal_2Ehreal ty,2Ehreal,2Ehreal))(ty,QEpair,2EpTod ty_2Eh
(14)
Let c.2Erealax 2Ereal __ABS__CLASS : . be given. Assume the following.

o(ty-2Bpair_2Bprod ty_2Bhreal_2Bhreal ty_2Bhreal 2Eh:

(15)

c2Erealar 2Ereal__ABS_CLASS € (ty 2Erealax_2Ereal'

Definition 17 We define c_2Erealax_2Ereal __ABS to be A\VOr € (ty_2Epair 2Eprod ty-2Ehreal 2Ehreal ty
Definition 18 We define c 2Erealax_2Ereal__neg to be \VOT'1 € ty_2Erealax_2Ereal.(ap c_2Erealax_2Ereal
Definition 19 We define c_2Ebool 2EF to be (ap (c_2Ebool_2E_21 2) (AV 0t € 2.V 0t)).

Definition 20 We define c 2Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_-o (p P=p Q)
of type ¢.

Definition 21 We define c_2Ebool 2E_7E to be (AVOt € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0t) c_2Ebool 2E
Definition 22 We define c_2Ereal 2Ereal__lte to be A\VOx € ty 2Erealax_ 2Ereal AV 1y € ty 2Erealax_2Er
Let c.2FErealax_2Etreal__mul : ¢ be given. Assume the following.

c2Erealax_2Etreal__mul € (((ty-2Epair 2Eprod ty_2Ehreal 2Ehreal
ty,?Ehreal,ZEhreal)(ty*QEpa“"*zEpmd ty_-2Ehreal _2Ehreal ty,ZEhreal,2Ehreal))(ty,ZEpai'r,2Eprod ty_2Ehreal _2Ehi

(16)
Definition 23 We define c_2Erealax_2Ereal__mul to be \VOT'1 € ty_2FErealax 2Ereal A\V1T2 € ty_2FEreala
Let c2Erealar_2Etreal__add : « be given. Assume the following.

c-2Erealax_2FEtreal__add € (((ty-2Epair_2Eprod ty_ 2Ehreal 2Ehreal
ty,QEhreal,QEhreal)(tijp“i“QEpmd ty_2Ehreal_2Ehreal ty,2EhTeal,2Ehreal))(ty,QEpair,QEprod ty_2Ehreal _2Eh;

(17)
Definition 24 We define c_2Erealax_2Ereal__add to be \V0T'1 € ty_2Erealax 2Ereal \V1T?2 € ty_2Ereala

Definition 25 We define c 2Ebool 2E_2F 5C to be (A\V0t1 € 2.(A\V'1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €



Let c2Epair 2EABS__prod : t=t=-t be given. Assume the following.

VA 2Ta.nonempty A_27a=YA_27b.nonempty A_27b=c_2FEpair 2EABS __prod

A27a A27b € ((ty_2Epair 2Eprod A2Ta A727b)((2A727b)A,27a))
(18)

Definition 26 We define c_2Epair 2E_2C to be AA_27a : t. AA27b : 1. AVOz € A 27a.A\V1y € A27b.(ap (c-2

Let c2Ereal__topology_2E Dist : ¢ be given. Assume the following.

C,QETeal,,topology,QEDist c (ty,2Erealax,2Ereal(tijp“i“QEp”’d ty-2Erealax_2Ereal ty,ZErealaw,QEreal))
(19)

Definition 27 We define c_2Ebool 2EIN to be AA_27a : 1. (A\V0z € A27a.(A\V1f € (24-27%).(ap V1f VOx)
Definition 28 We define c_2Ereal__topology_2Econtinuous__on to be \VOf € (ty_2Erealax_2ErealV->Freok
Let c2Epred__set 2EGSPEC : 1=-1=-1 be given. Assume the following.

VA 27a.nonempty A 27a=VA_27b.nonempty A_27b=-c 2FEpred__set 2EGSPEC
A927a A27b € ((2A727a)((ty,QEpair,QE;m“od A_27a 2)A*27b)>

(20)
Definition 29 We define c_2Epred__set 2EIMAGE to be NA_27a : t. NA27b : 1. AVOf € (A,27bA*27a).)\Vls €
Definition 30 We define c 2Epred__set 2ESUBSET to be AA_27a : t.A\V0s € (24-277) AV 1t € (24-27%).(ap (
Definition 31 We define c 2Ereal__topology 2EOpen to be A\V0s € (2ty-2Erealaz-2Ereal) (qp (¢ 2Ebool 2E_2
Let ty_2Ftopology-2Etopology : 1=t be given. Assume the following.
VAO.nonempty AO=nonempty (ty_2Etopology_2Etopology A0) (21)
Let c_2Etopology_2Etopology : 1=t be given. Assume the following.

VA 27a.nonempty A_27a=c_2FEtopology_2Etopology A 27a €

o(24-27a) (22)
((ty_2Etopology_2Etopology A_27a)! )
Definition 32 We define c_2Ereal__topology_2Eeuclidean to be (ap (c2Etopology_2Etopology ty_2Erealax.
Let c_2Etopology_2FEopen__in : 1=t be given. Assume the following.

VA 27a.nonempty A_27a=c_2Etopology_2Fopen_iin A 2Ta €

((2(2“*27‘1))(ty,2Etopology,QEtopology A_27a) ) (23)

Definition 33 We define c 2Epred__set 2EINTER to be AA_27a : 1t.AV0s € (24-2T) \V'1t € (24-27%) (ap (c.

Definition 34 We define c_2Ereal__topology_2Esubtopology to be AA_27a : 1. AV Otop € (ty-2Etopology 2 Ftc

2ty72E7‘eala.’L'72E7‘eal ) )

Definition 35 We define c_2Ereal__topology_2Elocally to be A\VOP € (2 Vs € (2ty-2Ere



Let c2Ereal__topology 2 Ehomeomorphism : ¢ be given. Assume the following.

((Q(ty,ZEpair,QEprod (ty_2Erealax_2Ereqltv-2Erealaz=2Erealy (4 9 Bpreq,

(24)

c2FEreal__topology 2 Ehomeomorphism €

Definition 36 We define c 2Ebool 2E 5C_2F to be (A\V0t1 € 2.(A\V'1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €

Assume the following,.
True (25)

Assume the following.

(VW01 € 2.(VV1t2 € 2.(((p VOt =(p V1¢2))=(((p

V12)= (p VOIL)=((p VoI (p V12)))))) (26)
Assume the following.
VA_27a.nonempty A27a=(VVO0t € 2.((VV1x € (27)

A 27a.(p VOt))=(p VOI)))
Assume the following.

(VVOt € 2.(((TrueA(p VOt))(p VO))A((((p VO) AT rue)<
(p VOO)A(((Falsen(p VOt))=False)A((((p VOt)AFalse)< False)A  (28)

(((p VO)A(p VOI)) & (p VO01)))))))

Assume the following.

(YVOt € 2.(((True=(p VOt))=(p VOr)A((((p
True)A((False=(p VOt))=True)A((((p VOt)=(p
(p VOt)=False)=(=(p V01))))))))

VOt)=True)s
Vot))eTrue)A(( (29)

Assume the following.

((VVOt € 2.((=(—(p VOt)))=(p VO)))A(((—True)<False) A\

((-False)=True))) (30)
Assume the following.
VA 27a.nonempty A27a=(VV0x € A27a.(VO0zx = VOz)&
True)) (31)
Assume the following.
VA_27a.nonempty A27a=(VV0zx € A27a.(VV1y € (32)

A27a.(VOz = V1y)e(V1y = VOx))))
Assume the following.

(VVO0t € 2.(((Trues(p VOt))<(p Vo)) A(((p VOt)=True)s
(p VOO)A((Falses(p VL)< (—(p VOO)))A(((p VOt) & False)=(=( (33)

p V0i)))))))



Assume the following.

VA 27a.nonempty A27a=(VV0Q € 2.(WVV1P € (
24-27a) ((VV2z € A 27a.((p (ap V1P V2z))V(p VOQ)))=((VV3r € (34)
A27a.(p (ap V1P V3z)))V(p V0Q)))))

Assume the following.

(VVO0A € 2.(VW1B € 2.(vV2C € 2.(((p VOA)V(

(0 VIB)V(p V2C)))s((p VOAN(p VIB)V(p V2O))) )
Assume the following.
(VV0A € 2.(WW1B € 2.(((p VOAN(p V1B))a((p V1BV (36)

(p V0A)))))

Assume the following.

(VW0A € 2.(vV1B € 2.(((=((p VOA)A(p V1B)))((~(
p VOA))V(=(p V1B))))A((=((p VOA)V(p V1B)))=((=(p VOA))A(=(p V1B)))))))

(37)
Assume the following.
(VW0A € 2.(WVV1B € 2.(VV2C € 2.(((p VOA)V( (38)
(p VIB)A(p V20)))&=(((p VOA)V(p VIB))A((p VOA)V(p V2C)))))))
Assume the following.
(VV0A € 2.(WVV1B € 2.(vVV2C € 2.((((p V1B)A (39)
(p V20)V(p VOA))=(((p VIB)V(p VOA)A((p V2C)V(p VOA)))))))
Assume the following.
(VV0A € 2.(WVV1B € 2.(((p VOA)=(p V1B))=((—(p VOA))V (40)
(» V1B)))))
Assume the following.
(VV0tl € 2.(VV1#2 € 2.(VV2t3 € 2.(((p VOt1)= (41)

((p V1t2)=(p V2t3)))=(((p VOLtL)A(p V1t2))=(p V2t3))))))
Assume the following.

(VVOzx € 2.(VV1z.27 € 2.(VV2y € 2.(VV3y 27 €
2.(((p VOz)=(p V1x27)A((p V1z2T)=((p V2y)=(p V3y27))))= (42)
(((p VOx)=(p V2y))&((p V1z27)=(p V3y-27))))))))

Assume the following.

VA 27a.nonempty A27a=(VVOf € (24-27%).(VW1v €
A27a.(VV2x € A27a.(V2z = V1v)=(p (ap VOf V2x))))=(p ( (43)
ap VOf V1v)))))

6



Assume the following.

(YVOr € 2.(vVip € 2.(WVV2q € 2.((((p V1ip)A

44
(0 V20)=(p VOr)&((p VIp)=((p V2= Vo)) Y

Assume the following.
VA 27a.nonempty A-27a=(¥YV0x € A27a.((ap (c_2Ecombin_2El (45)

A27a) V0z) = V0zx))
Assume the following.

YA_27a.nonempty A27a=VA_27b.nonempty A_27b=(
YVOf € (A2764-27) (((ap (ap (c_2Ecombin 2Eo A 27a A_27b
A_27b) (c_2Ecombin_2El A_27b)) VOf) = VOf)A((ap (ap (c.2Ecombin_2Eo
A27Ta A27b A27a) VOf) (c_2Ecombin_2El A_27a)) = VOf)))
(46)
Assume the following.

VA 27a.nonempty A27a=(¥V0s € (24-27%).((ap (ap
(c-2Epred__set 2EIMAGE A_27a A_27a) (\V1x € A27a.V1x)) V0s) = (47)
V0s))

Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=YA 27c.
nonempty A27c=(VVO0f € (A27¢4-27).(VV1g € (A27b4-272).
(YV2s € (24-27%).((ap (ap (c_2Epred__set 2EIMAGE A_27a
A27¢) (ap (ap (c-2Ecombin 2Eo A_27a A 27c A27b) VOf) V1g)) V2s) =
(ap (ap (c-2Epred__set 2EIMAGE A_27b A_27¢) VOf) (ap (ap (c-2Epred__set_2EIMAGE
A27a A27b) V1g) V2s))))))
(43)
Assume the following.

(YV 0z € ty_2Erealax 2Ereal . (VV 1y € ty 2Erealax_2Ereal.
((ap (ap c_2Erealax_2Ereal__add V0z) V1y) = (ap (ap c_2Erealax_2Ereal__add
Viy) Voz))))
(49)
Assume the following.

(VVO0x € ty_2Erealax 2Ereal. (VV1y € ty_2Erealax_2Ereal.
(VV2z € ty 2Erealax 2Ereal.((ap (ap c2Erealax_2Ereal__add
VO0z) (ap (ap c2Erealax_2Ereal__add V1y) V2z)) = (ap (ap c_2Erealax_2Ereal__add
(ap (ap c_2Erealax_2Ereal__add VO0z) V1y)) V2z)))))
(50)
Assume the following.

(VVOz € ty_2Erealax_2Ereal.((ap (ap c_2Erealax_2Ereal__add
(ap c_2Erealax_2Ereal_neg V0z)) VOx) = (ap c.2Ereal 2Ereal_of _num
c2Enum_2E0)))
(51)



Assume the following.

(VVO0zx € ty_2Erealax_2Ereal.((ap (ap c_2Erealax_2Ereal__mul
(ap c2Ereal 2Ereal__of __num (ap c_2Earithmetic 2ENUMERAL ( (52)
ap c_2Earithmetic_2EBIT1 c_2Earithmetic 2EZERO)))) V0x) = V0x))

Assume the following.

(VVO0z € ty_2Erealax_2Ereal.((ap (ap c2Erealax_2Ereal__add (53)
VO0z) (ap c.2Ereal 2Ereal__of __num c_2Enum_2E0)) = V0z))

Assume the following.

(VVO0z € ty_2Erealax_2Ereal.((ap (ap c2Erealax_2Ereal__add
V0zx) (ap c-2Erealax_2Ereal__neg V0x)) = (ap c-2Ereal 2Ereal__of__num
c_2Enum_2E0)))

(54)
Assume the following.
(YV 0z € ty_2Erealax 2Ereal . (VV 1y € ty 2Erealax_2Ereal.
((ap c2Erealax_2Ereal__neg (ap (ap c_2Erealax_2Ereal__add V0x) (55)

V1y)) = (ap (ap c-2Erealax_2Ereal__add (ap c_2Erealax_2Ereal__neg
V0z)) (ap c2Erealax_2Ereal__neg V1y)))))

Assume the following.

(VVO0z € ty_2Erealax_2Ereal.((ap (ap c_2Erealax_2Ereal__mul
(ap c2Ereal 2Ereal __of __num c_2Enum_2E0)) V0z) = (ap c2Ereal 2Ereal __of __num
c_2Enum_2E0)))
(56)
Assume the following.

(VVO0zx € ty_2Erealax_2Ereal.(p (ap (ap c-2Ereal 2Ereal__lte (57)
Voz) VOx)))

Assume the following.

(VVO0x € ty_2Erealax 2Ereal.(VV 1y € ty_2Erealax_2Ereal.
(((p (ap (ap c_2Ereal_2Ereal__lte VOz) V1y))A(p (ap (ap c2Ereal 2Ereal__lte
Viy) Vox)))e(Vox = Vy))))

(58)
Assume the following.
(YV 0z € ty_2Erealax 2Ereal.(VV 1y € ty_2Erealax_2Ereal.
((ap (ap c_2Erealax_2Ereal__mul (ap c_2Erealax_2Ereal__neg V0x)) (59)

V1y) = (ap c_2Erealax_2Ereal__neg (ap (ap c_2Erealax_2Ereal__mul
Voz) V1y)))))



Assume the following.

(YVO0y € ty 2Erealax 2Ereal.(VV1x € ty 2Erealax_2Ereal.
((p (ap (ap c2Erealax_2Ereal__It V1z) VOy))<(—(p (ap (ap c_2Ereal 2Ereal__lte
Voy) Viz))))))
(60)
Assume the following.

(VVO0x € ty_2Erealax_2Ereal.(VV 1y € ty_2Erealax_2Ereal.

((p (ap (ap c2Ereal 2Ereal__lte (ap c_2Erealax_2Ereal_neg VO0zx))
V1y))<(p (ap (ap c2Ereal 2Ereal__lte (ap c.2Ereal 2Ereal__of __num
c2Enum_2EO0)) (ap (ap c_2Erealax_2Ereal__add V0zx) V1y))))))

(61)
Assume the following.

(VVO0x € ty_2Erealax_2Ereal.(VV 1y € ty_2Erealax_2Ereal.
((p (ap (ap c_2Ereal 2Ereal__lte (ap c_2Erealax_2Ereal__neg V0z))
(ap c_2Erealax_2Ereal_neg V1y)))<(p (ap (ap c2Ereal 2Ereal__lte

Viy) VOz)))))

(62)

Assume the following.

(VVOz € ty_2Erealax_2Ereal.((ap c_2Erealax_2Ereal__neg (63)
(ap c_2Erealax_2Ereal__neg V0zx)) = V0z))

Assume the following.

(YV 0z € ty_2Erealax 2Ereal.(VV 1y € ty_2Erealax_2Ereal.
((p (ap (ap c_2Ereal_2Ereal__Ite VOz) (ap c_2Erealax_2Ereal__neg
V1y)))<(p (ap (ap c2Ereal 2Ereal__lte (ap (ap c-2Erealax_2Ereal__add
V0zx) V1y)) (ap c2Ereal 2Ereal__of __num c_2Enum_2EQ0))))))

(64)

Assume the following.

(VVO0x € ty_2Erealax 2Ereal. (VV1y € ty_2Erealax_2Ereal.
(VV2z € ty_2Erealax_2Ereal.((ap (ap c-2Erealax_2Ereal__mul
(ap (ap c_2Erealax_2Ereal__add VO0z) V1y)) V2z) = (ap (ap c-2Erealax_2Ereal__add
(ap (ap c_2Erealax_2Ereal__mul V0x) V2z)) (ap (ap c-2Erealax_2Ereal__mul
Viy) V22))
(65)
Assume the following.

(VV0s € (2tv-2Erealaz-2Ereal (yV/{c € ty 2Erealar_2Ereal.
(p (ap (ap c_2Ereal__topology_2Econtinuous__on (A\V2z € ty_2FErealax_2Ereal.
Vie)) V0s))))
(66)



Assume the following.

(YVOf € (ty-2Erealax_2Erealtv-2Erealaz-2Erealy (yy/1g ¢
(ty,2ErealaxiErealty*zE”“l‘”LzETe“l).(VVQS c (2ty,2Ereala:c,2Ereal).

(((p (ap (ap c-2Ereal__topology_2Econtinuous__on V0f) V2s))A

(p (ap (ap c_2Ereal__topology_2Econtinuous__on V1g) V2s)))=(
p (ap (ap c_2Ereal__topology_2Econtinuous__on (A\V3zx € ty_2Erealax_2FEreal.
(ap (ap c_2Erealax_2Ereal__add (ap VOf V3z)) (ap V1g V3x)))) V23)))))() |
67

Assume the following.

(VV0s € (2ty-2Brealaz-2Brealy (1, (gp (ap c_2Ereal__topology_2Econtinuous__on
(A\V1x € ty 2Erealax 2Ereal.V1x)) V0s)))
(68)
Assume the following.

(VVOS c (2ty,2Ereala:r,2Ereal)'(VVlt c (2ty,2Erealam,2Ereal)'
(VV2f € (ty2FErealar_2Erealtv-2Frealaz-2Brealy (gy/34 ¢
(ty_2Erealax 2Erealtv-2Erealaz-2Ereal) ((p (ap (ap c_2Ereal__topology 2Ehomeomorphism
(ap (ap (c,2Epair,2E,2C (2ty,2Erealax,2Ereal) (2ty,2Erealaa:,2Ereal))
V0s) V1t)) (ap (ap (c2Epair 2E_2C (ty_2Erealax_2Erealtv-2Erealaz-2Ereal)
(ty2Erealax_2Erealty-2Frealar-2Erealy) v/9 £) VV34))) e ((VV4r €
ty2Erealaz_2Ereal.((p (ap (ap (c-2Ebool 2EIN ty_2Erealax_2Ereal)
V4z) V0s))=((ap V3g (ap V2f Vdz)) = V4z)))A(((ap (ap (c2Epred__set_2EIMAGE
ty_2FErealar_2Ereal ty 2Erealax 2Ereal) V2f) V0s) = V1) A((p (
ap (ap c_2Ereal__topology_2Econtinuous__on V2f) V0s))A((VVby €
ty 2Erealax_2Ereal.((p (ap (ap (c_2Ebool 2EIN ty 2Erealax_2Ereal)
Vb5y) V1t))=((ap V2f (ap V3g V5y)) = V5y)))A(((ap (ap (c-2Epred__set_2EIMAGE
ty_2Erealar_2Ereal ty_2Erealax_2Ereal) V3g) V1t) = VO0s)A(p (ap
(ap c_2Ereal__topology_2Econtinuous__on V3g) V1t))))))))))))
(69)
Assume the following.

(VVOP e (2( VVlQ e (2(2ty72E7‘ealaz,2Ereal)).

(VV2f € (ty 2Erealax_2ErealtV-2Frealaz-2Ereal) (yy/34 ¢
(ty72E7,.eala$72Erealty,2Erealaw,2Ereal)'((vv4s c (2ty,2Erealaw,2Ereal)'
(YV5t € (2tv-2Erealaz-2Ereal) ((p (ap (ap c-2Ereal__topology-2Ehomeomorphism
(ap (ap (c,2Epair,2E,2C (2ty,2Erealaa:,2Ereal) (2ty,2Erealaz,2Ereal))

V4s) V5t)) (ap (ap (c2Epair 2E_2C (ty_2Erealax_2Erealtv-2Frealaz-2Ereal)
(ty_2Erealax 2Erealtv-2Erealaz-2Erealyy y/9 ) /3g)))=((p (ap
VOP Vis))&(p (ap V1Q V5t))))))=(VV6s € (2tv-2Erealar2Ereal)

(YV Tt € (2tv-2Erealaz-2Ereal ((p (ap (ap c-2Ereal__topology-2Ehomeomorphism
(ap (ap (c,2Epair,2E,2C (Qty,ZErealax,ZEreal) (Zty,ZErealaz,QEreal))

V6s) VTt)) (ap (ap (c2Epair 2E_2C (ty_2Erealax_2Erealtv-2Frealaz-2Ereal)
(ty_2Erealax 2Erealtv-2Erealaz-2Ereal)y /9 ) V/3g)))=((p (ap
(ap c_2Ereal__topology_2Elocally VOP) V6s))<(p (ap (ap c_2Ereal__topology_2Elocally

V1Q) V1i)))))))))))

2ty72E7‘ealaz,2Er6al ) ) (

(70)

10



Assume the following.
(VY01 € 2.((~(~(p VOL)))&(p VOL))) (71)

Assume the following.
(VVO0A € 2.((p VOA)=((—(p VOA))=False))) (72)

Assume the following.

(VV0A € 2.(WV1B € 2.(((=((p VOA)V(p V1B)))=False)=

((p VOA)= False)=((~(p V1B))= False))))) (73)
Assume the following.
(VV0A € 2.(WV1B € 2.(((=((=(p VOA))V(p V1B)))=False)= (74)

((p VOA)=((~(p V1B))=False)))))
Assume the following.
(VV0A € 2.(((=(p VOA))=False)=(((p VOA)=False)=False))) (75)

Assume the following.

(VVOp € 2.(VV1g € 2.(VV2r € 2.(((p VOp)&(
(p Vig)e(p V2r)))e(((p Vop)V((p V1g)V(p V2r)))A(((p VOp)V((=(
p V2r))V(=(p V1g))A(((p V1QV((=(p V2r))V(=(p VOp))))A((p V2r)V
((=(p V1g))V(=(p VOp)))))))))))
(76)
Assume the following.
(VVOp € 2.(¥V1q € 2.(¥V2r € 2.(((p VOp)=(
(p VigIn(p V2r)))e(((p VOop)V((=(p V1g))V(=(p V2r))))A(((p V1g)V
(=(p VOp)A((p V2r)V(=(p VOp))))))))) -

Assume the following.

(VVOp € 2.(VV1g € 2.(VV2r € 2.(((p VOp)=(
(p V1ig)V(p V2r)))=(((p VOop)V(=(p V1g))A((p VOp)V(=(p V2r)))A

((p V1g)V((p V2r)V(=(p V0p)))))))))) -
8
Assume the following.

(VVOp € 2.(VV1g € 2.(WV2r € 2.(((p VOp)=(
(p V1g)=(p V2r)))=(((p VOop)V(p V1g)A(((p VOp)V(=(p V2r))A(  (79)
=(p V1g))V((p V2r)V(=(p V0p))))))))))

Assume the following.

(YVOp € 2.(VV1g € 2.(((p VOp)=(=(p V1g)))=(((p VOp)V

(p V1g))A((p V1)V (~(p VOp)))))) (80)
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Assume the following.
(VWop € 2.(VV1g € 2.((=((p VOp)=(p V1q)))=(p VOp)))) (81)

Assume the following.
(WWop € 2.(VV1g € 2.(=((p VOp)=(p V1q)))=(~(p V1q)))))  (82)

Theorem 1

gty-2Erealaz_2Ereal ) ) ((

(YVOP € (2 VV1a € ty_2Erealax_2Ereal.
(YV2s € (2tv-2Erealaz-2Erealy ((p (ap VOP (ap (ap (c_2Epred__set 2EIMAGE
ty 2Frealax_2Ereal ty 2Erealax_2Ereal) (A\V3x € ty_2Erealax_2Ereal.
(ap (ap c_2Erealax_2Ereal__add V1a) V3z))) V2s)))<=(p (ap VOP V2s)))))=
(VV4a € ty 2Erealax_2Ereal.(VV5s € (2ty-2Frealaz-2Ereal)
((p (ap (ap c-2Ereal__topology_2Elocally VOP) (ap (ap (c_2Epred__set 2EIMAGE
ty 2Erealax_2Ereal ty 2Erealax_2Ereal) (\V6x € ty_2Erealax_2Ereal.
(ap (ap c2Erealax_2Ereal__add V4a) V6z))) V5s)))<(p (ap (ap c2Ereal__topology_2Elocally
VOP) V5s)))))))
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