thm_2Ereal__topology 2EOPEN__AFFINITY
(TMKZadpPaqZr-
Wmn5Z5425jiMLkU09YMeK9m)

October 26, 2020

Definition 1 We define c 2Emin_2E_3D to be AA.Xx € A y € A.inj_o (x = vy)
of type t=>t.

Definition 2 We define c 2Ebool 2ET to be (ap (ap (c_2Emin 2E_3D (22)) (\V 0z € 2.V0z)) (\V1z € 2.V
Definition 3 We define c 2Ebool 2E 21 to be AA_27a : 1. (AVOP € (24-27).(ap (ap (c.2Emin_2E_3D (24-27
Definition 4 We define c.2Ebool_2EF to be (ap (c_2Ebool 2E_21 2) (AV Ot € 2.V 01)).
Definition 5 We define c_2Ecombin_2Eo to be AA_27a : t.AA_27b : L.AA2Tc : LAVOS € (A2767-27) AV 1g
Let ty 2FEhreal 2Ehreal : ¢ be given. Assume the following.

nonempty ty_2Ehreal 2Ehreal (1)
Let ty 2Epair 2Eprod : t=-1=t be given. Assume the following.

VAO.nonempty A0=VAl.nonempty Al=nonempty (ty-2Epair 2Eprod
A0 A1)

(2)

Let ty 2Erealax_2Ereal : ¢ be given. Assume the following.
nonempty ty_2Erealax_2FEreal (3)
Let c2Erealaxr_2Ereal__REP__CLASS : i be given. Assume the following.

c2FErealax_ 2Ereal__REP__CLASS € ((Q(ty,QEpair,QEprod ty_2Ehreal_2Ehreal ty_2Ehreal_2Ehreal) )ty,ZErealax
(4)

Definition 6 We define c 2Emin_2E_40 to be \A.AP € 24.if (3x € A.p (ap P x)) then (the (\z.xz € ANp
of type t=-t.

Definition 7 We define c_2Erealax_2Ereal__REP to be AV 0a € ty_2Erealax_2Ereal.(ap (c2Emin_2E_40 (ty



Let c.2FErealax_2Etreal__mul : ¢ be given. Assume the following.

c2Erealax_2Etreal__mul € (((ty-2Epair_2Eprod ty_2Ehreal 2Ehreal
ty,th’l“eal,th’l“e(ll)(ty*2EpaiT*2EpTOd ty_2Ehreal_2Ehreal ty,2EhTeal,2Ehreal))(ty,QEpair,2Eprod ty_2Ehreal _2Ehs

()

Let c.2FErealax_2Etreal__eq : 1 be given. Assume the following.

c.2Erealar_2Etreal eq € ((2(ty,2Epair,2Eprad ty_2FEhreal_2Ehreal ty,2Ehreal,2Ehrcal))(ty,QEpair,QEprod ty_2Eh

(6)
Let c2Erealar 2Ereal__ABS__CLASS : ¢ be given. Assume the following.

(ty_2Epair_2Eprod ty_2Ehreal_2Ehreal ty_2Ehreal _2Ehi

(7)
Definition 8 We define c_2Erealax_2Ereal__ABS to be A\VOr € (ty-2Epair 2Eprod ty_2Ehreal 2Ehreal ty-

c2Erealaxr 2Ereal__ABS_CLASS € (ty 2Erealax_2Ereal?

Definition 9 We define c_2Erealax_2Ereal__mul to be A\VOT'1 € ty 2Erealax 2Ereal A\V1T2 € ty 2Erealax
Let c2Enum 2EZFERO__REP : 1 be given. Assume the following.
c2Enum 2EZERO__REP € omega (8)
Let ty 2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2Enum (9)
Let c2Enum 2EABS__num : ¢ be given. Assume the following.
c2Enum 2EABS__num € (ty-2Enum_2Enum°™9%) (10)

Definition 10 We define c_2Enum_2EQ to be (ap c.2Enum_2EABS_num c2Enum 2EZERO__REP).

Let c.2FEreal 2Ereal__of __num : ¢ be given. Assume the following.
c2Ereal 2Ereal _of _num € (ty 2Erealax_2Ereal™V-2Emm-2Enum) —(q71)

Definition 11 We define c 2Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_-o (p P=p Q)
of type ¢.

Definition 12 We define c_2Ebool 2E_TE to be (A\VO0t € 2.(ap (ap c_2Emin_2E_3D_3D_3E V0t) c_2Ebool 2E
Definition 13 We define c_22Ebool 2E_2F_5C to be (A\V0t1 € 2.(AV1¢2 € 2.(ap (c_2Ebool 2E_21 2) (A\V2¢ €
Let c2Erealar_2Etreal__add : « be given. Assume the following.

c2Erealax_2Etreal__add € (((ty-2Epair 2Eprod ty_2Ehreal 2Ehreal
ty,ZEhreal,ZEhreal) (ty_2Epair_2Eprod ty_2Ehreal _2Ehreal ty_2Ehreal_2Ehreal) ) (ty_2Epair_2Eprod ty_2Ehreal _2Ehi

(12)
Definition 14 We define c_2Erealax_2Ereal__add to be A\VOT'1 € ty_ 2Erealar 2Ereal \V1T2 € ty 2Ereala



Definition 15 We define c 2Ebool 2EIN to be AA_27a : 1.(AVO0x € A 27a.(A\V1f € (24-27%).(ap V1f VOz))
Let ¢ 2Epair 2EABS __prod : 1=1=1 be given. Assume the following.

VA 27a.nonempty A 27a=VA_27b.nonempty A_27b=-c 2Epair 2EABS__prod

A27a A27b € ((tnyEpaihQEprod A27a A727b)((2A727b)A727a))
(13)

Definition 16 We define c2Epair 2E_2C to be N\A27a : t.AA27b : 1. AVO0x € A27a AV1y € A27b.(ap (c-2
Let c2Epred__set 2EGSPEC : 1=1= be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=c_2FEpred__set 2EGSPEC
A927a A27b € ((2A727a)((ty,2Epair,2Eprod A_27a Z)A*Wb))

(14)
Definition 17 We define c_2Epred__set 2EIMAGE to be AA_27a : 1t.AA27b : LAVOf € (A27b"27) A\V1s €

Let c.2Ereal__topology 2E Dist : v be given. Assume the following.

c,2Ereal,,topology,QEDist c (ty,2E7“ealax,2Ereal(ty*QEpa”JEpmd ty_2Erealaxr_2FEreal ty,QETealax,QETeal))
(15)
Let c.2Erealax2FEtreal__It : « be given. Assume the following.

c2Erealaxr 2FEtreal It € ((z(ty,QEpairjEprod ty_2Ehreal_2Ehreal ty,2EhreaL2Ehreal))(ty,ZEpair,QEprod ty_2Ehi
(16)

Definition 18 We define c_2Erealax_2Ereal__It to be AVOT'1 € ty 2Erealax 2Ereal A\V1T2 € ty 2Erealax-
Definition 19 We define c 2Ebool 2E_3F to be AA 27a : 1. (AVOP € (24-27%).(ap VOP (ap (c_2Emin_2E_40
Definition 20 We define c 2Ereal__topology 2EOpen to be A\V0s € (2ty-2Erealaz-2Ereal) (qp (¢ 2Ebool 2E_2

Assume the following.
True (17)

Assume the following.

(YVOtL € 2.(¥V 12 € 2.(((p VOtL)=(p V1£2))=(((p

V1t2)=(p VOr))=((p VOt1) e (p V1£2)))) (18)

Assume the following.
(VVOt € 2.(False=(p VOt))) (19)

Assume the following.

(YVOt € 2.(((Truen(p VOt))<=(p VOO))A((((p VOE)ATrue)<
(p VOO)A(((Falsen(p VOt))=False)A((((p VOt)AFalse)< False)A  (20)

t)
(((p VOO)A(p VOI)) & (p VO01)))))))



Assume the following.

((VVOt € 2.((=(=(p VOt)))=(p VO)))A(((—True)< False) A
((mFalse)=True)))

Assume the following.

VA_27a.nonempty A27a=(VV0x € A27a.(V0z = VOz)&
True))

Assume the following.

(YVOt € 2.(((True=(p VOt))(p VOO))A((((p VOt ) &True)<
(p VOO)A(((Falses(p VOt))=(—(p VOO)))A(((p VOt)=False)=(—=( (23)

pV01))))))

Assume the following.

(YVOt1 € 2.(YV 112 € 2.(vV 213 € 2.(((p VOi1)= (24)
((p V1t2)=(p V2t3)))=(((p VOtA(p V1t2))=(p V2t3))))))

Assume the following.

VA 27a.nonempty A 27a=VA_27b.nonempty A_27b=YA 27c.
nonempty A 27c=(VVOf € (A27¢4-27).(VV1g € (A27b4-272).
(VV2s € (24-277).((ap (ap (c_2Epred__set 2EIMAGE A_27a
A_27¢) (ap (ap (c-2Ecombin_2Eo A_27a A 27c A27b) VOf) V1g)) V2s) =
(ap (ap (c_2Epred__set 2EIMAGE A_27b A_27¢) VOf) (ap (ap (c-2Epred__set 2EIMAGE
A27a A27b) V1g) V2s))))))
(25)
Assume the following.

(VV0s € (2ty-2Erealaz2Brealy (¢ 1c € ty 2Erealar 2Ereal.
(((=(V1e = (ap c2Ereal 2Ereal o f -_num c2Enum_2E0)))A(p (ap
c_2Ereal__topology_2EOpen V0s)))=(p (ap c_2Ereal__topology_2EOpen

(ap (ap (c_2Epred_set 2EIMAGE ty_2FErealar_2Ereal ty_2Erealar_2Ereal)
(A\V2z € ty 2Frealax_2Ereal.(ap (ap c_2Erealax 2Ereal__mul
Vie) V2x))) V0s)))
(26)
Assume the following.

(VV0s € (2ty-2Erealaz2Breal) (¢ 1q € ty 2Erealar 2Ereal.
((p (ap c2Ereal__topology_2EOpen V0s))=-(p (ap c_2Ereal__topology_2EOpen
(ap (ap (c-2Epred__set 2EIMAGE ty_2Erealaz_2Ereal ty-2FErealax_2Ereal)
(A\V2x € ty 2Erealax_2Ereal.(ap (ap c_2Erealax_2Ereal__add
Vla) V2z))) V0s))))))
(27)



Theorem 1

(YV0s € (2tv-2Erealaz2Erealy (¢ 1g € ty 2Erealar 2Ereal.

(VV2¢ € ty 2Erealax_2Ereal .(((p (ap c_2Ereal__topology 2EOpen
V0s))A(—(V2¢ = (ap c2Ereal 2Ereal__of -_num c_2Enum_2EQ))))=
(p (ap c_2Ereal__topology 2EOpen (ap (ap (c_2Epred__set 2EIMAGE
ty_2Erealax_2Ereal ty_2Erealax_2Ereal) (\V3z € ty_2FErealax_2Ereal.
(ap (ap c_2Erealax_2Ereal__add V1a) (ap (ap c_2Erealax_2Ereal__mul
V2¢) V3x)))) V0s)))))))



