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Definition 1 We define c 2Emin_2E_40 to be \A.AP € 24.if (3x € A.p (ap P x)) then (the (\z.xz € ANp
of type t=-t.

Let ty 2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2Enum (1)
Let c2FEarithmetic2EEV EN : 1 be given. Assume the following.
c2Earithmetic 2EEVEN ¢ (2tv-2Enum-2Enum) (2)
Let c.2FEarithmetic2EODD : ¢ be given. Assume the following.
c2Earithmetic2EODD ¢ (2ty-2EFnum-2Enum) (3)

Definition 2 We define c 2Emin_2E_3D to be \A Az € Ay € A.inj_o (x = y)
of type t=-t.

Definition 3 We define c_2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (\VO0z € 2.V0z)) (A\V1z € 2.V
Definition 4 We define c_2Ebool 2E 21 to be A\A_27a : t.(A\VOP € (24-27%) (ap (ap (c_2Emin_2E_3D (24-27
Definition 5 We define c_2Ebool 2EF to be (ap (c_2Ebool 2E_21 2) (AV 0t € 2.V 0t)).

Definition 6 We define c.2Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_-o (p P=p Q)
of type ¢.

Definition 7 We define c.2Ebool 2E_7E to be (AV 0t € 2.(ap (ap c2Emin_2E_3D_3D_3E V0¢) c_2Ebool 2EF

Definition 8 We define c_2Ebool 2E_2F 5C to be (AVO0t1 € 2.(AV1¢2 € 2.(ap (c_2Ebool 2E_21 2) (AV2¢ € ¢



Let c.2Enum_2EREP__num : 1 be given. Assume the following.

c2Enum 2EREP_num € (omega'v-2Enum-2Enum) (4)

Let c2Enum 2ESUC__REP : 1 be given. Assume the following.

¢ 2Enum 2ESUC__REP € (omega®™9%) (5)

Let c2Enum 2EABS__num : ¢ be given. Assume the following.

Definition

Definition

Definition

Definition

Definition

Definition

c2Enum 2EABS__num € (ty-2Enum_2Enum®™") (6)

9 We define c_2Enum 2ESUC to be A\VOm € ty_2Enum_2Enum.(ap c.2Enum 2EABS__num |
10 We define c_2Ebool 2E_3F to be AA_27a : 1.(AVOP € (24-27%).(ap VOP (ap (c_2Emin_2E_40
11 We define c2Eprim__rec 2E_3C to be \VOm € ty_2Enum_2Enum.AV 1n € ty_2Enum_2Enu
12 We define c_2Earithmetic_2E_3E to be A\VOm € ty_2Enum _2Enum.A\V1n € ty 2Enum_2En
13 We define c_2Ebool 2E_5C_2F to be (A\VO0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €

14 We define c_2Earithmetic_2E_3E_3D to be A\VOm € ty 2Enum_2Enum.\V1n € ty_2Enum_2

Let c2Enum 2EZFERO__REP : 1 be given. Assume the following.

Definition

Definition

Definition

c2Enum 2EZERO__REP € omega (7)
15 We define c22Enum_2EQ to be (ap c2Enum_2EABS__num c2Enum 2EZERO__REP).
16 We define c_2Ebool 2ECOND to be AA_27a : t.(AVOt € 2.(AV1tl € A27a.(A\V2t2 € A27a.(

17 We define c2Eprim__rec_2EPRE to be AVOm € ty_2Enum_2Enum.(ap (ap (ap (c_2Ebool 2F

Let c2Farithmetic2EEX P : 1 be given. Assume the following.

c2Earithmetic 2EEX P € ((ty 2Enum_2EnumtY-2Enum-2Enum )ty 2Enum -2Enum)

(8)

Let c2FEarithmetic2E 2D : . be given. Assume the following.

c2Earithmetic.2E 2D € ((ty-2Enum_2 Enum!y-2Enum-2Enum)ty 2Enum-2Enum)

(9)

Let c.2Farithmetic2E 2A : ¢« be given. Assume the following.

c2Earithmetic 2E 2A € ((ty_2Enum_2EnumtY-2Enum-2Enum)ty 2Enum_2Enum)

Definition

Definition

(10)
18 We define c2Enumeral 2EiZ to be AV 0z € ty 2Enum_2Enum.V0z.

19 We define c_2Earithmetic 2ENUMERAL to be AV 0z € ty 2Enum_2Enum.V0z.



Let c.2Farithmetic2E 2B : 1 be given. Assume the following.

c.2Earithmetic 2E 2B € ((ty_2Enum_2Enumty-2Enum-2Enum )ty 2Enum_2Enum)

(11)
Definition 20 We define c 2Earithmetic_2EBIT2 to be A\VOn € ty 2Enum_2Enum.(ap (ap c.2Earithmetic

Definition 21 We define c 2Earithmetic_2EBIT1 to be A\VOn € ty 2Enum_2Enum.(ap (ap c.2Earithmetic
Definition 22 We define c_2Earithmetic_2EZERO to be c_2Enum_2EO.
Let ty_2Fhreal 2Fhreal : ¢ be given. Assume the following.
nonempty ty_2Ehreal 2Ehreal (12)
Let ty 2Epair 2Eprod : t=-1=-t be given. Assume the following.

VAO.nonempty A0=VAl.nonempty Al=nonempty (ty-2Epair_2Eprod

A0 A1)
(13)
Let ty 2Erealax_2Ereal : ¢ be given. Assume the following.
nonempty ty_2Erealax_2Ereal (14)

Let c.2Erealax 2Ereal __REP__CLASS : ¢ be given. Assume the following.
c2FErealax_ 2Ereal__REP__ CLASS ¢ ((2(ty,2Epair,2Eprod ty_2FEhreal _2Ehreal ty,2Eh'r‘eal,2Ehreal))ty,ZE'realam
(15)
Definition 23 We define c_2Erealax_2Ereal__REP to be AV 0a € ty_2FErealaz_2Ereal.(ap (c_.2Emin_2E_40 (¢

Let c.2FErealax_2Etreal__neg : 1 be given. Assume the following.

c2Erealax_2Etreal_neg € ((ty_2Epair 2Eprod ty 2Ehreal 2Ehreal
ty,QEhreal,QEhreal)(ty*QEp“"*QEpmd ty_2Ehreal_2Ehreal ty,2Ehreal,2Ehreal))

(16)
Let c.2Erealax_2Etreal__eq : ¢ be given. Assume the following.

c 2Erealar_2Etreal eq € ((2(ty,2Epai7;2Ep7'od ty_2Ehreal _2Ehreal ty,QEhreal,QEhT'eal))(ty,QE'pair,QEp'r'od ty_2Eh

(17)
Let c2FErealax 2Ereal _ABS__CLASS : 1 be given. Assume the following.

—2Eprod ty-2Ehreal_2Ehreal ty_2FEhreal _2Ehn

(18)

c2FErealar 2FEreal__ABS__CLASS € (ty,QErealax,QEreal(Q(tyszpa“‘

Definition 24 We define c 2Erealax_2Ereal __ABS to be A\VOr € (ty_2Epair 2Eprod ty_2Ehreal 2Ehreal ty
Definition 25 We define c 2Erealax_2Ereal__neg to be \VOT'1 € ty_2Erealax_2Ereal.(ap c_2Erealax_2Ereal

Definition 26 We define c_2Earithmetic_2E_3C_3D to be A\VOm € ty 2Enum 2Enum. AV 1n € ty 2Enum_2



Let c.2FEreal 2Ereal__of __num : ¢ be given. Assume the following.
c2Ereal 2Ereal _of _num € (ty_2Erealax_2EreqlV-2Fmm-2Enum) (19)

Let c2Erealaxr_2Etreal It : « be given. Assume the following.

c2FErealax_2Etreal__lt € ((2(ty,2Epair,2Eprod ty_2FEhreal_2Ehreal ty,2Ehreal,2Ehreal))(ty,2E'pair,2Eprod ty_2FEhi
(20)

Definition 27 We define c_2Erealax_2Ereal__It to be \VOT'1 € ty_ 2Erealar 2Ereal \V1T?2 € ty 2FErealax_
Definition 28 We define c_2Ereal 2Ereal__Ite to be \V0x € ty_2Erealax 2Ereal A\V1y € ty_2FErealax 2Er
Definition 29 We define c_2Ereal 2Eabs to be A\V0x € ty_2Erealax_2Ereal.(ap (ap (ap (c-2Ebool 2ECONI
Let c.2Frealaxr_2Etreal __add : 1 be given. Assume the following.

c2Erealax 2FEtreal__add € (((ty_2Epair 2Eprod ty 2Ehreal 2Ehreal
ty,QEhreal,QEhreal) (ty_2FEpair_2Eprod ty_2Ehreal_2Ehreal ty_2Ehreal_2Ehreal) ) (ty_2Epair_2Eprod ty_2Ehreal _2Eh:

(21)
Definition 30 We define c_2Erealax_2Ereal__add to be A\VOT'1 € ty_ 2Erealar 2Ereal \V1T2 € ty 2Ereala
Definition 31 We define c_2Ereal_2Ereal__sub to be \VOx € ty 2Erealax_ 2Ereal \V1y € ty 2FErealax_2E:
Let c2Epair 2ESN D : 1=-1=>1 be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=c_2FEpair 2ESN D
A927a A27b € (A727b(ty,2Epair,2Ep7‘od A_27a A,27b))
(22)
Let c2Epair 2EF ST : 1=1=1 be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=c_2FEpair 2EFST
A927a A27b € (A727a(ty,2EpaiT;2Ep7'od A_27a A,27b))
(23)

Definition 32 We define c_2Epair 2EUNCURRY to be AA_27a : t.AA2Tb : LAA27c : L.AVOf € ((A27¢42
Let c.2Epred__set 2EGSPEC : t1=1= be given. Assume the following.

VA 2Ta.nonempty A_27a=YA_27b.nonempty A_27b=c_2FEpred__set 2EGSPEC
A27a A27b € ((2147270,)((ty,2E'pair,2Eprod A_27a Z)A*Wb))

(24)
Definition 33 We define c_2Ebool 2EIN to be AA_27a : 1. (A\VO0z € A27a.(A\V1f € (24-27%).(ap V1f VOx)

Definition 34 We define c 2Ereal__topology 2Ebounded__def to be AV 0s € (2ty-2Frealaz-2Ereal) (qp (c_2Ebc



Let c.2Ereal__topology 2FE Dist : « be given. Assume the following.

c,2Ereal,,topology,2EDist c (ty,QErealaacJEreal(tijpa"jEp”’d ty_2Erealar_2Ereal ty,2Erealaw,2E7‘eal))
(25)
Let c.2Ereal__topology 2FEhausdist : ¢ be given. Assume the following.

2ty,2E7'eala172E'r'eal ) (Qty,2E7~eala:zf2Er

(26)

c2Ereal__topology 2Ehausdist € (ty_2Erealax_2ErealtV-2Fpair-2Eprod (

Let c2Epair 2EABS__prod : 1=1=1 be given. Assume the following.

VA 2Ta.nonempty A27a=VA_27b.nonempty A_27b=c_2Epair 2EABS__prod

A27a A27b € ((ty*QEpC”’?CQEpTOd A 27a A727b)((2A727b)A727a))
(27)

Definition 35 We define c2Epair 2E_2C to be N\A27a : t.AA27b : 1. AVO0x € A27a AV1y € A27b.(ap (c-2
Definition 36 We define c 2Epred__set 2EINSERT to be AA_27a : t.A\VO0z € A27a.\V1s € (24-27%).(ap (c-

Let c.2FEreal__topology_2FEsetdist : 1 be given. Assume the following.

Qty,2Ereala.t,2Ereul) (2ty72ET‘eala1'72ETeal
(28)
Definition 37 We define c_2Epred__set 2EEMPTY to be AA_27a : 1. (A\VO0x € A-27a.c_2Ebool_2EF).

c2FEreal__topology 2Esetdist € (ty,2Erealaijreal(ty*ZEp“"*QE””’d (

Assume the following.

(VVOn € ty-2Enum_2Enum.(p (ap (ap c_2Earithmetic_2E_3C_3D

c_2Enum_2E0) V0n))) (29)

Assume the following.

(VVOm € ty_2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(

((ap (ap c2Earithmetic2E_2A ¢ 2Enum_2E0) VOm) = c_2Enum_2EQ)A
(((ap (ap c2Earithmetic2E_2A VOm) c.2Enum_2EQ) = c_2Enum_2E0)A
(((ap (ap c2Earithmetic2E _2A (ap c_2Earithmetic 2ENUMERAL
(ap c2Earithmetic_2EBIT1 c_2Earithmetic 2EZERO))) VOm) = VOm)A
(((ap (ap c2Earithmetic.2E_2A VOm) (ap c2EarithmeticZ2ENUMERAL
(ap c_2Earithmetic_2EBIT1 c_2Earithmetic 2EZERO))) = VOm)A(
((ap (ap c2Earithmetic.2E 2A (ap c_2Enum_2ESUC VOm)) V1n) = (ap
(ap c2Earithmetic2E 2B (ap (ap c2Earithmetic2E_2A VOm) V1n))
Vin))A((ap (ap c2Earithmetic2E 2A VOm) (ap c2Enum_2ESUC V1n)) =
(ap (ap c2Earithmetic2E 2B VOm) (ap (ap c2Earithmetic.2E 2A

VOom) Vin))))))))))
(30)
Assume the following.
(VVOm € ty_2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(
VYV 2p € ty 2Enum_2Enum.(((p (ap (ap c2Earithmetic_2E_3C_3D (31)

VOom) V1n))A(p (ap (ap c-2Earithmetic2E_3C_3D V1n) V2p)))=(p (
ap (ap c_2Earithmetic 2E_3C_3D VOm) V2p))))))



Assume the following.

(YVOm € ty 2Enum_2Enum.(VV1n € ty_ 2Enum_2Enum.(
YV2p € ty 2Enum_2Enum.((p (ap (ap c_2Earithmetic 2E_3C_3D
(ap (ap c2Earithmetic2E_2B VOm) V1n)) (ap (ap c.2Earithmetic2E_2B
VOom) V2p)))<(p (ap (ap c-2Earithmetic 2E_3C_3D Vin) V2p))))))
(32)
Assume the following.

(VVOm € ty_2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(
(=(p (ap (ap c-2Earithmetic2E_3C_3D VOm) V1n)))<(p (ap (ap c_2Earithmetic2E_3C_3D
(ap c2Enum_2ESUC V'1n)) VOm)))))
(33)
Assume the following.

(VVOn € ty-2Enum_2Enum.((ap c.22Enum_2ESUC VOn) = (ap (ap
c2Earithmetic2E 2B (ap c_2Earithmetic 2ENUMERAL (ap c_2Earithmetic 2EBIT1
c_2Earithmetic_2EZEROQ))) V0n)))

(34)

Assume the following.
True (35)

Assume the following.
(VVOtl € 2.(VV1t2 € 2.(((p VOtl)=(p V1t2))=(((p (36)

V1t2)=(p V0tl))=((p VOtl)=(p V12))))))

Assume the following.
(VVOt € 2.(False=(p V0t))) (37)

Assume the following.
(VVOt € 2.((p VOt)V(=(p V0t)))) (38)

Assume the following.
VA 27a.nonempty A_27a=(VV 0t € 2.((VV1x € (39)

A27a.(p VOt))=(p VOL)))

Assume the following.

(YVO0tL € 2.(VV 112 € 2.(YV2t3 € 2.(((p VOt1)A (10)

((p VIE2)A(p V2t3))) = (((p VOtL)A(p V1£2))A(p V2£3))))))
Assume the following.

(VVOt € 2.(((TrueA(p VOt))(p VO)A((((p VO) AT rue)<
(p VOO)A(((Falsen(p VOt))=False)A((((p VOt)AFalse)< False)A  (41)
(((p VOO)A(p VL)) (p V01)))))))



Assume the following.

(YVOt € 2.(((True=(p VOt))=(p VOO)A((((p VOt)=True)<
True)A(((False=(p VOt))=True) A((((p VOt)=(p VOt))=True)A((
(p VOt)=False)=(=(p V01))))))))

Assume the following.

((VVOt € 2.((=(—(p VOt)))=(p VO)))A(((—True)<False) A
((=False)=True)))

Assume the following.
VA 27a.nonempty A27a=(VV0zx € A27a.(VOx = V0x))

Assume the following.

VA 2Ta.nonempty A27a=(VV0x € A27a.(VV1y €
A27a.(VOx = Viy)e(Viy = V0x))))

Assume the following.

(YVOt € 2.(((Trues(p VOt))<(p VOr))
(p VOO)A(((Falses(p VOt))<=(—(p VOt)))

p V01)))))))

A(((p VOt)eTrue)e
A(((p VOt)=False)<(—(

Assume the following.

VA 27a.nonempty A27a=(VVOP € 2.(WV1Q € (
24-270) (((p VOP)A(YV 2z € A27a.(p (ap V1Q V2z))))=(VV3z €
A27a.((p VOP)A(p (ap V1Q V31)))))))

Assume the following.

VA 27a.nonempty A27a=(YVOP € (24-277).(VV1Q €
2.((3V2z € A27a.((p (ap VOP V22))A(p V1Q)))=((IV3z €
A27a.(p (ap VOP V3x)))A(p V1Q)))))

Assume the following.

VA 27a.nonempty A_27a=(YVOP € 2.(WV1Q € (
24-27a) ((3V 2 € A27a.((p VOP)A(p (ap V1Q V2z))))=((p
VOP)A(IV3z € A27a.(p (ap V1Q V3z)))))))

Assume the following.

VA 27a.nonempty A27a=(VV0Q € 2.(WVV1P € (
24-27a) ((VV2z € A 27a.((p (ap V1P V2x))V(p VOQ)))=((VV3z €
A27a.(p (ap V1P V3x)))V(p V0Q)))))

(46)

(49)

(50)



Assume the following.
(VVOt € 2.(((p VOt)=False)<((p VOt)<False))) (51)

Assume the following.

(VWOt1 € 2.(VV1t2 € 2.(VV2t3 € 2.(((p VOt1)=
((p V1t2)=(p V2t3)))=(((p VOtL)A(p V1t2))=(p V2t3))))))

Assume the following.

(VW0 € 2.(¥V12.27 € 2.(vV2y € 2.(¥V3y.27
2.(((p Voz)e(p V1z27)A((p V1z2T)=((p V2y)&(p V3y-27))))= (53)
(((p VOx)=(p V2y))&((p V12 27)=(p V3y-27))))))))



Assume the following.

((VVOn € ty_2Enum_2Enum.((ap (ap c.2Earithmetic 2E 2B
c_2Enum_2EQ) VOn) = VOon))A((VV1n € ty 2Enum_2Enum.((ap
(ap c2Earithmetic2E 2B V1n) c.2Enum_2E0) = V1n))A((VV2n €
ty_2Enum_2Enum.(NYV3m € ty_2Enum_2Enum.((ap (ap c.2Earithmetic.2E 2B
(ap c-2Earithmetic2ENUMERAL V2n)) (ap c-2Earithmetic 2ENUMERAL
V3m)) = (ap c2Earithmetic 2ENUMERAL (ap c_2Enumeral 2EiZ (ap
(ap c2Earithmetic2E_2B V2n) V3m))))))A((VV4n € ty_2Enum_2Enum.
((ap (ap c2Earithmetic.2E 2A c_2Enum_2EQ) V4n) = c_2Enum_2EQ))A
((VV5n € ty 2Enum_2Enum.((ap (ap c2Earithmetic 2E 2A
Vbn) c.2Enum_2E0) = c_2Enum_2E0))A((VV6n € ty_2Enum_2Enum.
(VVTm € ty_2Enum_2Enum.((ap (ap c2Earithmetic2E_2A (
ap c_2Earithmetic 2ENUMERAL V6n)) (ap c_2EarithmeticZ 2ENUMERAL
Vim)) = (ap c2Earithmetic 2ENUMERAL (ap (ap c_2FEarithmetic 2E 2A
Vén) Vim)))WA((YV8n € ty_2Enum_2Enum.((ap (ap c2Earithmetic2E_2D
c2Enum_2E0) V8n) = c.2Enum_2E0))A((YVIn € ty_2Enum_2Enum.
((ap (ap c2Earithmetic.2E_2D V9n) c2Enum_2E0) = VIn))A((VV10n €
ty 2Enum_2Enum.(YV11lm € ty 2Enum_2Enum.((ap (ap c2Earithmetic2E_2D
(ap c2Earithmetic2ENUMERAL V'10n)) (ap c_2EarithmeticC2ENUMERAL
V11m)) = (ap c_2Earithmetic 2ENUMERAL (ap (ap c2Earithmetic2E_2D
V10n) V11m))A((VV12n € ty-2Enum_2Enum.((ap (ap c2Earithmetic 2EEX P
c_2Enum_2EQ) (ap c-2Earithmetic 2ENUMERAL (ap c_2Earithmetic_2EBIT1
V12n))) = c2Enum_2E0))A((VV13n € ty_2Enum_2Enum.((ap
(ap c2Earithmetic 2EEX P c_2Enum_2E0) (ap c_2Earithmetic 2ENUMERAL
(ap c2Earithmetic_2EBIT2 V13n))) = c.2Enum_2E0))A((VV14n €
ty 2Enum_2Enum.((ap (ap c2Earithmetic2EEX P V14n) c2Enum_2EQ) =
(ap c2Earithmetic2ENUMERAL (ap c_2Earithmetic_2EBIT1 c_2Earithmetic_.2EZEROQ))))A
((VV15n € ty-2Enum_2Enum.(VV16m € ty_2Enum_2Enum.
((ap (ap c2Earithmetic2EEX P (ap c_2Earithmetic 2ENUMERAL V'15n))
(ap c_2EarithmeticZ2ENUMERAL V'16m)) = (ap c_2Earithmetic 2ENUMERAL
(ap (ap c2Earithmetic2EEX P V15n) V16m)))))A(((ap c22Enum_2ESUC
c2Enum_2E0) = (ap c_2Earithmetic 2ENUMERAL (ap c_2Earithmetic_2EBIT1
c_2Earithmetic2EZERO)))A((VV17Tn € ty_2Enum_2Enum.(

(ap c22Enum_2ESUC (ap c_2EarithmeticZ 2ENUMERAL V17n)) = (ap c-2Earithmetic 2ENUMERAL
(ap c.22Enum_2ESUC V'17n))))A(((ap c2Eprim__rec2EPRE c_2Enum_2EQ) =
c_2Enum_2EQ)A((VV 18n € ty_2Enum_2Enum.((ap c2Eprim__rec_2EPRE
(ap c2Earithmetic 2ENUMERAL V'18n)) = (ap c_2Earithmetic 2ENUMERAL
(ap c2Eprim__rec.2EPRE V'18n))))A((VV19n € ty_2Enum_2Enum.

(((ap c_2Earithmetic 2ENUMERAL V197) = c_2Enum_2E0)<(V19n = c_2Earithmetic. 2EZERO)))A
((VV20n € ty-2Enum_2Enum.((c.2Enum_2E0 = (ap c_2Earithmetic 2ENUMERAL
V20n))<(V20n = c_2Earithmetic 2EZERO)))A((YV21n € ty_2Enum_2Enum.
(VV22m € ty_2Enum_2Enum.(((ap c2Earithmetic 2ENUMERAL
V21n) = (ap c-2Earithmetic 2ENUMERAL V22m))<(V21n = V22m))))A
((VV23n € ty2Enum_2Enum.((p (ap (ap c-2Eprim__rec_2E_3C
V23n) c_2Enum_2EQ0))< False))A((VV24n € ty_2Enum_2Enum.

((p (ap (ap c2Eprim__rec 2E_3C c_2Enum _2EQ) (ap c_2Earithmetic 2ENUMERAL
V24n)))<(p (ap (ap c2Eprim__rec_2E_3C c_2Earithmetic_2EZERO)
V24n)))A((YV25n € ty_-Enum_2Enum.(YV26m € ty-2Enum_2Enum.

((p (ap (ap c-2Eprim__rec_2E_3C (ap c_2Earithmetic 2ENUMERAL
V25n)) (ap c_2Earithmetic 2ENUMERAL V26m)))<(p (ap (ap c-2Eprim__rec_2E_3C
V25n) V26m)))))A((YV27n € ty2Enum_2Enum.((p (ap (ap c_2Earithmetic_2E_3E
c_2Enum_2E0) V27n))< False))A((VV28n € ty_2Enum_2Enum.

((p (ap (ap c_2Earithmetic 2E_3E (ap c_2Earithmetic. 2ENUMERAL
V28n)) c.2Enum_2E0))<(p (ap (ap c-2Eprim__rec_2E_3C c_2Earithmetic.2EZERO)
V28n))))A((YV29n € ty_2Enum_2Enum.(YV30m € ty_2Enum_2Enum.

((p (ap (ap c-2Earithmetic_2E_3E (ap c_2EarithmeticZ2ENUMERAL
V29n)) (ap c_2Earithmetic 2ENUMERAL V30m)))<(p (ap (ap c-2Eprim__rec 2E_3C
V30m) V29n)))A((YV31n € ty 2Enum 2Enum.((p (ap (ap c2Earithmetic_2E_3C_3D
c_2Enum_2EQ) V31n))eTrue))A((VV32n € ty_2Enum_2Enum.

(Ao s L o~ O Aavtlhamtim O 2C 2D (v o~ O v+t~ OCNITHIMEDAL



Assume the following.

(YVOn € ty 2Enum_2Enum.(VYV1m € ty 2Enum_2Enum.(

((p (ap (ap c_2Earithmetic_2E_3C_3D c_2Earithmetic 2EZERO) V0n))<
True)A(((p (ap (ap c-2Earithmetic_2E_3C_3D (ap c_2Earithmetic_2EBIT1
VOn)) c2Earithmetic.2EZERO))< False) A(((p (ap (ap c2Earithmetic_2E_3C_3D

(ap c_2Earithmetic_2EBIT2 V0n)) c_2Earithmetic 2EZERO) )< False)A
(((p (ap (ap c2Earithmetic_2E_3C_3D (ap c_2Earithmetic 2EBIT1
VOn)) (ap c2Earithmetic 2EBIT1 V1m)))<(p (ap (ap c2Earithmetic_2E_3C_3D
Von) V1im)))A(((p (ap (ap c-2Earithmetic.2E_3C_3D (ap c_2Earithmetic_2EBIT1
VOn)) (ap c-2Earithmetic2EBIT2 V1m)))<(p (ap (ap c2Earithmetic 2E_3C_3D
Von) V1im))A(((p (ap (ap c_2Earithmetic 2E_3C_3D (ap c_2Earithmetic_2EBIT2
VOn)) (ap c_2Earithmetic 2EBIT1 V1m)))<(—(p (ap (ap c_2Earithmetic 2E_3C_3D
V1im) VOon))A((p (ap (ap c2Earithmetic 2E_3C_3D (ap c_2Earithmetic_2EBIT2
VOn)) (ap c_2Earithmetic 2EBIT2 V1m)))<(p (ap (ap c2Earithmetic_2E_3C_3D
Von) Vim)))))
(55)
Assume the following.

VA_27a.nonempty A27a=(VV0s € (24-27%).((3V1x €
A 27a.(p (ap (ap (c_2Ebool 2EIN A_27a) V1x) V0s)))<(—(V0s = (c_2Epred__set 2EEMPTY
A.27a)))))
(56)
Assume the following.

VA_27a.nonempty A27a=(VV0x € A27a.(VV1y €
A27a.((p (ap (ap (c_2Ebool 2EIN A_27a) VO0x) (ap (ap (c2Epred__set 2EINSERT
A_27a) V1y) (c2Epred_set 2EEMPTY A_27a))))<(V0z = V1y))))

(57)
Assume the following.
(YV 0z € ty_2Erealax 2Ereal . (VV 1y € ty 2Erealax_2Ereal.
(VV2z € ty-2Erealax2Ereal.(((p (ap (ap c_2Ereal 2Ereal__lte (58)

VO0z) V1y))A(p (ap (ap c-2Ereal 2Ereal__Ite V1y) V22)))=(p (ap (
ap c_2Ereal_2Ereal__lte V0z) V22))))))
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Assume the following.

(YVOn € ty 2Enum_2Enum.(VNV1m € ty 2Enum_2Enum.(
((p (ap (ap c_2Ereal 2Ereal__te (ap c.2Ereal 2Ereal__of __num
VOon)) (ap c.2Ereal 2Ereal__of _num V1m)))<(p (ap (ap c2Earithmetic 2E_3C_3D
VOon) V1im)))A(((p (ap (ap c-2Ereal 2Ereal__Ite (ap c_2Erealax_2Ereal__neg
(ap c2Ereal 2Ereal__of __num VOn))) (ap c.2Ereal 2Ereal__of __num
Vim)))eTrue)AN(((p (ap (ap c2Ereal 2Ereal__lte (ap c2Ereal 2Ereal__of __num

VOn)) (ap c_2Erealax_2Ereal__neg (ap c2Ereal 2Ereal__of __num

V1im))))<((VOn = c22Enum_2E0)A(V1m = c.2Enum_2E0)))A((p (ap (ap
c_2Ereal_2Ereal__lte (ap c_2Erealax_2Ereal__neg (ap c2Ereal 2Ereal__of __num
V0n))) (ap c_2Erealax_2Ereal__neg (ap c2Ereal 2Ereal__of __num
V1im))))<=(p (ap (ap c-2Earithmetic2E_3C_3D V1m) V0n))))))))
(59)
Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=YA_27c.
nonempty A_27c=VA_27d.nonempty A_27d=VA_27e.nonempty
A 27e=VA 27 f.nonempty A27f=VA 27g.nonempty A27g=
(YV0Q € (24-27%).((VV1P € (24-2T2) (VV2f €
(A27b4-27) ((VV3z € A27b.((p (ap (ap (c-2Ebool 2EIN
A_27b) V3z) (ap (c2Epred__set 2EGSPEC A27b A27a) (\V4x €
A 27a.(ap (ap (c2Epair_2E2C A_27b 2) (ap V2f Vdz)) (ap V1P V4x))))))=
(p (ap VOQ V32))))=(VVbx € A27a.((p (ap V1P Vbz))=(p (ap VOQ
(ap V2f VE)))A(VEP € (24-274)427¢) (V7 €
((A_27pA-27d)A-27¢) ((YV8z € A27b.((p (ap (ap (c_2Ebool 2EIN
A_27b) V8z) (ap (c-2Epred-_set 2EGSPEC A27b (ty_2Epair_2Eprod
A27¢ A27d)) (ap (c-2Epair 2EUNCURRY A_27¢ A_27d (ty_2Epair_2Eprod
A27b 2)) (AWV9z € A27c.(AV10y € A27d.(ap (ap (c_2Epair 2E_2C
A27b 2) (ap (ap VT7f V9zx) V10y)) (ap (ap V6P VIz) V10y))))))))=(p
(ap V0OQ V82))))e(VV1lx € A27c.(VV12y € A27d.((p
(ap (ap V6P V1lz) V12y))=(p (ap VOQ (ap (ap V7f V1lz) V12y)))))))))A
(VVl?)P c (((2A,27g)A,Q?f)A,Q?e).(VV14f c (((A727bA,27g)A,27f)A,27e)-
((VV15z € A27b.((p (ap (ap (c_2Ebool 2EIN A_27b) V15z) (
ap (c2Epred__set 2EGSPEC A27b (ty_2Epair 2Eprod A_27e (ty_2Epair 2Eprod
A27f A 27g))) (ap (c2Epair 2EUNCURRY A_27e (ty_2Epair_2Eprod
A27f A27g) (ty-2Epair 2Eprod A27b 2)) (\V16w € A 27e.(ap
(c-2Epair 2EUNCURRY A_27f A_27¢g (ty-2Epair 2Eprod A_27b 2))
(AV17x € A27f.(AV18y € A 27g.(ap (ap (c_2Epair 2E.2C A_27b
2) (ap (ap (ap V14f V16w) V17x) V18y)) (ap (ap (ap V13P V16w) V1Tx)
V18y))))))))))=(p (ap VOQ V152))))=(VV 19w € A 27e.(VV 20z €
A27f.(VV21y € A279.((p (ap (ap (ap V13P V19w) V20x) V21y))=

(p (ap VOQ (ap (ap (ap V14f V19w) V20z) V21y)))))))))))))( ;
60
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Assume the following.

(VVO0x € ty_2Erealax_2Ereal.(VV 1y € ty_2Erealax_2Ereal.
((ap c2Ereal__topology2EDist (ap (ap (c_2Epair-2E_2C ty_2Erealax_2Ereal
ty 2Erealax_2Ereal) V0x) V1y)) = (ap c_2Ereal 2Eabs (ap (ap c_2Ereal 2Ereal__sub
Voz) V1y)))))
(61)
Assume the following.

(VVO0x € ty 2Erealax 2Ereal.(VV 1y € ty 2Erealax_2Ereal.
((ap c-2Ereal__topology2E Dist (ap (ap (c_2Epair.2E_2C ty_2Erealax_2Ereal
ty_2Erealax_2Ereal) V0x) V1y)) = (ap c-2Ereal__topology 2E Dist
(ap (ap (c-2Epair2E_2C ty_2Erealax_2Ereal ty_ 2Erealax_2Ereal)
Viy) VOz)))))
(62)
Assume the following.

(VVOS c (Qty,QErealaa:,2Ereal).(VV]_t c (2ty,2Erealax,2E7‘eal)’
(((p (ap c_2Ereal__topology_2Ebounded__def V0s))A(p (ap c_2Ereal__topology_2Ebounded__def
V1t)))=(p (ap c_2Ereal__topology 2Ebounded__def (ap (c.2Epred__set 2EGSPEC
ty 2Erealax_2Ereal (ty 2Epair_2Eprod ty 2Erealax_2Ereal ty_2Erealax_2Ereal))
(ap (c_2Epair 2EUNCURRY ty 2Erealax 2Ereal ty_2Erealax_2FEreal
(ty-2Epair 2Eprod ty-2Erealax 2Ereal 2)) (A\V2zx € ty_2FErealax_2Ereal.
(A\V3y € ty2Erealax_2Ereal.(ap (ap (c-2Epair_2E_2C ty_2FErealaz_2Ereal
2) (ap (ap c_2Ereal 2Ereal__sub V2z) V3y)) (ap (ap c-2Ebool 2E_2F_5C
(ap (ap (c-2Ebool 2EIN ty_2Erealax_2Ereal) V2z) V0s)) (ap (ap (
c_2Ebool 2EIN ty_2Erealax_2Ereal) V3y) V1t))))))))))))
(63)
Assume the following.

(VVOt € (2ty-2Brealaz-2Ereal) ((qy ¢ 2 Ereal__topology 2Esetdist
(ap (ap (c,2Epair,2E,2C (2ty,2Ereala:v,2ETeal) (2ty,2Erealaz,2Ereal))
(c_2Epred__set 2EEMPTY ty_2Erealax_2Ereal)) VOt)) = (ap c.2Ereal 2Ereal__of __num
c2Enum_2E0)))A(VV 1s € (2ty-2Erealaz-2Ereal) ((qp ¢ 2 Ereal__topology-2Esetdist
(ap (ap (c,2Epair,2E,2C (Qty,QEreala:r,QEreal) (2ty,2Erealaz,2Ereal))
V1s) (c_2Epred__set 2EEMPTY ty_2Erealax_2FEreal))) = (ap c.2Ereal 2Ereal__of _-num
c_2Enum_2EQ))))

(64)
Assume the following.
(VVOS c (Qty,2Erealax,2Ereal)'(Vvlt c (2ty,2Erealaz,2Ereal).
(VV2z € ty_2FErealax 2Ereal .(VV3y € ty_2Erealax_2Ereal.
(((p (ap (ap (c_2Ebool 2EIN ty_2Erealax_2Ereal) V2x) V0s))A(p
(ap (ap (c-2Ebool 2EIN ty_2Erealax_2Ereal) V3y) V1t)))=(p (ap (65)

(ap c_2Ereal 2Ereal__lte (ap c_2Ereal__topology 2Esetdist (
ap (ap (c,2Epair,2E,2C (Qtijrealaijreal) (2ty72Ereala;c,2Ereal))
V0s) V1t))) (ap c.2Ereal__topology 2EDist (ap (ap (c_2Epair 2E_2C
ty 2Erealax_2Ereal ty 2Erealax 2Ereal) V2zx) V3y)))))))))
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Assume the following.

(VVOS c (2ty,2ETealam,2Ereal)_(vv1t c (2ty,2Erealaw,2Ereal).

(VV2zx € ty_2Erealax 2Ereal.((p (ap (ap (c_2Ebool 2EIN ty_2Erealax_2Ereal)
V2zx) V0s))=(p (ap (ap c_2Ereal 2Ereal__lte (ap c_2Ereal__topology-2E setdist
(ap (ap (c,2Epair,2E,2C (2ty,2Ereala3c,2Ereal) (Qty,QErealax,QEreal))

V0s) V1t))) (ap c2Ereal__topology 2Esetdist (ap (ap (c_2Epair 2E_2C
(Qty,ZErealaa:,ZEreal> (Qty,QErealaw,QEreal)) (ap (ap (c,2Epred,,set,2E|NSERT
ty 2Erealax_2FEreal) V2x) (c_2Epred__set 2EEMPTY ty_2Erealax 2Ereal)))

V1i))))))))
(66)
Assume the following.

VYV Ot € (2ty-2Erealaz2Breal) ((qp ¢ 2Ereal__topology 2FEhausdist
g
(ap (ap (c,2Epair,2E,2C (Qty,QETealax,QEreal) (2ty,2Erealam,2Ereal))
(c-2Epred__set 2EEMPTY ty_2Erealax 2Ereal)) VOt)) = (ap c.2Ereal 2Ereal__of __num
c_2Enum_2E0)))A(VV 1s € (2ty-2Erealaz2Ereal ((qp ¢ 2 Ereal__topology 2Ehausdist
(ap (ap (c,2Epair,2E,2C (Qty,QETealaac,QEreal) (2ty,2Erealaac,2Ereal))
V1s) (c2Epred_set 2EEMPTY ty_2FErealax_2Ereal))) = (ap c2Ereal 2Ereal __of __num
c_2Enum_2EQ))))
(67)
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Assume the following.

(VVOS c (Qty,2Ereala:r,2Ereal).(vvlt c (2ty,2Ereala:c,2Ereal)'
(VV2a € ty2FErealax_2Ereal .(VV3b € ty_2Erealax_2Ereal.
(VV4c € ty 2Erealar_2Ereal .(VV5z € ty_2Erealax_2Ereal.
(((=(V0s = (c_2Epred_set 2EEMPTY ty_2Erealax_2Ereal)))A((
—(V1t = (c_2Epred__set 2EEMPTY ty_2Erealax_2Ereal)))A((VV 6z €
ty 2Erealax_2Ereal.((p (ap (ap (c_2Ebool 2EIN ty 2Erealax_2Ereal)
Vé6z) V0s))=(p (ap (ap c-2Ereal 2Ereal__Ite (ap c-2Ereal__topology-2Esetdist
(ap (ap (c,2Epair,2E,2C (Qty,ZErealax,ZEreal) (Zty,ZErealaz,QEreal))

(ap (ap (c-2Epred__set 2EINSERT ty_2Erealax_2Ereal) V6x) (c_2Epred__set 2EEMPTY
ty-2Erealaz_2Ereal))) V1t))) V3b))A((YV Ty € ty_2Erealax_2Ereal.
((p (ap (ap (c-2Ebool 2EIN ty_2Erealax_2Ereal) VTy) V1t))=(p (
ap (ap c_2Ereal 2Ereal__lte (ap c2Ereal__topology 2FEsetdist
(ap (ap (c,2Epair,2E,2C (Qty,2Ereala9c,2Ereal) (zty,ZETeala;c,ZEreal))

(ap (ap (c_2Epred__set 2EINSERT ty_2Erealax_2Ereal) V7y) (c_2Epred_set 2EEMPTY
ty_2Erealax_2Ereal))) V0s))) V4e)))A(((p (ap (ap (c-2Ebool 2EIN
ty_2Erealar_2Ereal) V5z) V0s))A(p (ap (ap c_2Ereal 2Ereal__Ite
V2a) (ap c2Ereal__topology-2Esetdist (ap (ap (c-2Epair_2E_2C
(Qty,2Erealaa:,2E'real) (2ty,2Erealaz,2Ereal)) (ap ((Zp (c,2Epred,,set,2E|NSERT
ty_2Erealaz_2Ereal) V5z) (c.2Epred__set 2EEMPTY ty_2Erealax_2Ereal)))
V1O))))V((p (ap (ap (c-2Ebool 2EIN ty_2Erealax_2Ereal) V5z)

V1¢))A(p (ap (ap c2Ereal 2Ereal__lte V2a) (ap c_2Ereal__topology-2E setdist
(ap (ap (c,2Epair,2E,2C (Qty,ZErealaijreal) (2ty,2Erealax,2Ereal))

(ap (ap (c-2Epred__set 2EINSERT ty_2Erealax_2Ereal) V5z) (c2Epred__set 2EEMPTY
ty 2Erealax_2Ereal))) V0s))))))))))=(p (ap (ap c_2Ereal 2Ereal__Ite
V2a) (ap c2Ereal__topology-2FEhausdist (ap (ap (c-2Epair2E_2C
(2ty,2Erealaac,2Ereal) (2ty,2Erealam,2Ereal)) VOS) Vlt)))))))))))

(68)

Assume the following.
(VVOt € 2.((-(=(p VOt)))=(p VOL))) (69)

Assume the following.
(VVO0A € 2.((p VOA)=((—(p VOA))=False))) (70)

Assume the following.

(VV0A € 2.(WV1B € 2.(((=((p VOA)V(p V1B)))=False)&

(((p VOA)= False)=((~(p V1B))=False))))) =

Assume the following.
(VV0A € 2.(WV1B € 2.(((=((=(p VOA))V(p V1B)))=False)= (72)

((p VOA)=((~(p V1B))=False)))))
Assume the following.

(VV0A € 2.(((=(p VOA))=False)=(((p VOA)=False)=False))) (73)
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Assume the following.

(VVOp € 2.(VW1g € 2.(VV2r € 2.(((p VOp)=(
(p Vig)e(p V2r)))e(((p Vop)V((p Vig)V (

p V2r))V(=(p V1g) )A(((p V1V ((=(p V2r
((=(p V1g))V(=(p VOp))

Assume the following.

(VVOp € 2.(VW1qg € 2.(VV2r € 2.(((p VOp)=(
(p V1igA(p V2r)))=(((p VOop)V((=(p qu))V(ﬂ)(p V2T’)))))A(((p Vig)Vv

Assume the following.

(VVOp € 2.(VV1g € 2.(VV2r € 2.(((p VOp)=(
(p V1ig)v(p V2r)))=(((p VOop)V(=(p V1g))A((p VOp
((p V1g)V((p V2r)V(=(p V0p))))))))))

Assume the following.

(p V1g)=(p V2r)))=(((p VOop)V(p V1g)A(((p VOp)V(=(p V2r))A(  (77)
—(p V1g))V((p V2r)V(=(p VOp )

~
~—
~—
~—
~—
~—
~—

Assume the following.

(VVOp € 2.(WvV1g € 2.(((p VOp)&=(~(p V1g)))=(((p VOp)V

(b VIg)A((=(p V1g)V(~(p VOp))))) (78)
Assume the following.
(YVOp € 2.(vV1g € 2.((=((p VOp)=(p V1gq)))=(p VOp)))) (79)

Assume the following.

(VWop € 2.(VV1g € 2.((=((p VOp)=(p V1q¢)))=(=(p V1q)))))  (80)
Assume the following.

(VWOp € 2.(VV1g € 2.((=((p VOp)V(p V1g)))=(=(p VOp)))))  (81)
Assume the following.

(VWop € 2.(vW1g € 2.((—~((p VOp)V(p V1q)))=(~(p V1q)))))  (82)

Assume the following.

(YVOp € 2.((=(=(p VOp)))=(p VOp))) (83)
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Theorem 1

(VVOS c (2ty,2E7'eala7;,2E7'eal)_(vv1t c (2ty,2E7'eala7;,2E7'eal>.
(((p (ap c-2Ereal__topology_2Ebounded__def V0s))A(p (ap c-2Ereal__topology_2Ebounded__def
V1t)))=(p (ap (ap c_2Ereal 2Ereal__lte (ap c-2Ereal__topology 2FEsetdist
(ap (ap (c,2Epair,2E,2C (2ty,2Erealam,2Ereal) (Qty,QEreal(m?,2Ereal))
V0s) V1t))) (ap c.2Ereal__topology 2Ehausdist (ap (ap (c_2Epair 2E_2C
(2ty,2E1’eala.t,2Ereal) (2ty72Erealax,2Ereal)) VOS) Vlt)))))))
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