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Definition 1 We define c 2Emin_2E_40 to be NAAP € 24.if (32 € Ap (ap P x)) then (the (\z.x € AAp
of type t=>t.

Definition 2 We define c.2Emin_2E_3D to be A\A.X\x € A y € Ainj_o (x = y)
of type t=-t.

Definition 3 We define c 2Ebool 2E 3F to be A\A_27a : 1.(AVOP € (24-27%).(ap VOP (ap (c_2Emin_2E_40
Definition 4 We define c_2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (\V0z € 2.V0z)) (A\V1x € 2.V
Let ¢ 2Ebool 2EARB : 1=-1 be given. Assume the following.

VA 27a.nonempty A_27a=>c_2Ebool 2EARB A_27a € A 27a (1)
Definition 5 We define c_2Ebool 2E_21 to be AA_27a : t.(AVOP € (24-27%).(ap (ap (c_2Emin_2E_3D (24-27
Definition 6 We define c_2Ebool 2EF to be (ap (c_2Ebool 2E_21 2) (AV Ot € 2.V 01)).

Definition 7 We define c 2Emin_2E_3D_3D_3E to be AP € 2.0\Q € 2.inj_o (p P=p Q)
of type ¢.

Definition 8 We define c_2Ebool 2E_2F_5C to be (A\V0t1 € 2.(AV'1t2 € 2.(ap (c-2Ebool _2E_21 2) (AV2t € ¢

Definition 9 We define c.2Ebool_2ECOND to be AA_27a : t.(AVOt € 2.(A\V1tl € A_27a.(AV2t2 € A 27a.(a
Definition 10 We define c_2Erelation 2ERESTRICT to be AA_27a : t. XA_27b : L. AVOf € (A2762-2T) AV 1]

Definition 11 We define c_2Erelation 2ETC to be AA27a : t.\VOR € ((2‘4*27“)‘4’27&).)\1/1@ € A27a.A\V2b

A_27a

Definition 12 We define c_2Erelation_2Eapprox to be AA_27a : t.AXA_27b : L A\VOR € ((24-279) ) AVIM

A_27a

Definition 13 We define c_2Erelation_2Ethe_fun to be AA_27a : t.AA_27b : L. \VOR € ((24-27%) ).AVIA



Definition 14 We define c_2Erelation 2EWFREC to be AA_27a : t.AXA_27b : t. \VOR € ((24-27%)

A2T0 AV 11

Definition 15 We define c_2Ebool 2E_TE to be (A\VOt € 2.(ap (ap c_2Emin_2E_3D_3D_3E V0t) c_2Ebool 2E

Definition 16 We define c_2Erelation_2EWF to be AA_27a : t. A\VOR € ((2‘4*27“)‘4’27&).(@]9

(c-2Ebool 2E_21

Definition 17 We define c_2Erelation 2EINDUCTIVE__INVARIANT to be AA_27a : 0. AA27b : L AVOR € ((2

Definition 18 We define c_2Ebool 2E_5C_2F to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €

Assume the following.
True

Assume the following.

(YVOt1 € 2.(VV1t2 € 2.(((p VOt1)=(p V1t2))=(((p
V1t2)=(p VOt1))=((p VOtl)&(p V12))))))

Assume the following.

VA 27a.nonempty A27a=(VVO0t € 2.((VV1x €
A27a.(p VOt))=(p VOL)))

Assume the following.

(YV 0ot € 2.(((True=(p VOr))=(p VOO)A((((p VOt)=True)<
True)A(((False=(p VOt))eTrue) AN((((p VOt)=(p VOI))=True)A((
(p VOt)= False)=(=(p V01))))))))

Assume the following.

((VVOt € 2.((=(—(p VOt)))=(p VOL)) )A(((—True)<False) A\
((=False)=True)))

Assume the following.

VA_27a.nonempty A27a=(VV0x € A27a.(V0z = V0z)&
True))

Assume the following.

VA_27a.nonempty A27a=VV0zx € A27a.(VV1y €
A27a.(VOx = Viy)e(Viy = V0x))))

Assume the following.

(VVOt € 2.(((Trues(p VOt))<(p VOr)A((((p VOt)&True)s
(p VOO)A(((Falses(p VOt))e(—(p Vo)) A(((p VOt)e False)<(—(

(
p V01)))))))

(2)



Assume the following.

VA 27a.nonempty A27a=(VV0Q € 2.(WVV1P € (
24-27a) ((YV2z € A27a.((p (ap V1P V22))V(p V0OQ)))=((VV3z € (10)
A27a.(p (ap V1P V3x)))V(p V0Q)))))

Assume the following.

(VVO0A € 2.(VW1B € 2.(vW2C € 2.(((p VOA)V( a1)
(p VIB)A(p V2C)))=(((p VOA)V(p VIB))A((p VOA)V(p V2C)))))))

Assume the following.

VA_27a.nonempty A27a=VA_27b.nonempty A_27b=(
YVOf € (A27p4-272) (VV1b € 2.(VV2x € A_2T7a.
(VV3y € A27a.((ap VOf (ap (ap (ap (c-2Ebool 2ECOND A_27a)
V1b) V2x) V3y)) = (ap (ap (ap (c_2Ebool_2ECOND A_27b) V'1b) (ap VOf
V2x)) (ap VOf V3y)))))))
(12)
Assume the following.

VA_27a.nonempty A27a=(YVOR € ((24-274)A-2Ta),
((p (ap (c_2Erelation 2EWF A_27a) VOR))=(VV1P € (24-272).
(VV2x € A27a.((VV3y € A27a.((p (ap (ap VOR V3y) V2x))= (13)
(p (ap V1P V3y))))=(p (ap V1P V2x))))=(VVix € A27a.(p (ap
VIP Vi)

Assume the following.

VA_27a.nonempty A_27a=YA_27b.nonempty A_27b=(
YVOR € ((24-27%)A-27a) (YW 1M € ((A-27pA-2Ta)(A270"70)),
((p (ap (c2Erelation 2EWF A_27a) VOR))=(VV2x € A 27a.(
(ap (ap (ap (c-2Erelation 2EWFREC A_27a A_27b) VOR) V1M) V2z) = (
ap (ap V1M (ap (ap (ap (c-2Erelation 2ERESTRICT A_27a A_27b) (ap
(ap (c_2Erelation 2EWFREC A_27a A_27b) VOR) V1M)) VOR) V2x)) V2x))))))

(14)

Assume the following.
(V0L € 2.((~(~(p VOR)))&(p V1)) (15)

Assume the following.
(YVO0A € 2.((p VOA)=((~(p VOA))=False))) (16)

Assume the following.
(YV0A € 2.(W1B € 2.((-((p VOA)V(p VIB)=>False)s 1)

(((p VOA)=False)=((—(p V1B))=False)))))



Assume the following.

(YV0A € 2.(9V1B € 2.((~((~(p VOA))V(p V1B)))=False)<

(p VOA)>((~(p V1B))=False))))) 18)

Assume the following.
(VV0A € 2.(((=(p VOA))=False)=(((p VOA)=False)=False))) (19)
Assume the following.

(VVOp € 2.(VV1qg € 2.(VV2r € 2.(((p VOp)&=(
(p Vig)e(p V2ar))e(((p Vop)V(p V1g)V(p V2r)))A((
p V2r)V(=(p V1g) DA(((p V1)V ((=(p V2r))V(=(p VOp))))A((p V2r)V
(=(p V1g))V(=(p VOp)))))))

Assume the following.

(VVOp € 2.(VV1g € 2.(VV2r € 2.(((p VOp)=(
(p V1igIn(p V2r)))=(((p VOp)V((=(p V1ig))V (= )(p V2r

Assume the following.

(VVOp € 2.(VV1g € 2.(VV2r € 2.(((p VOp)<(
(p Vig)V(p V2r)))=(((p VOp)V(=(p V1g)))A(((p VOp)V(=(p V2r)))A

((p V1ig)V((p V2r)V(=(p V0p)))))))))) o)
Assume the following.

(VVOp € 2.(WV1g € 2.(WV2r € 2.(((p VOp)<(
(p V1g)=(p V2r)))=(((p VOp)V(p V1g)A(((p VOp)V(=(p V2r)A(  (23)
=(p V1g))V((p V2r)V(=(p V0p))))))))))

Assume the following.

(VWOp € 2.(VV1g € 2.(((p VOp)=(=(p V1g)))=(((p VOp)V
(p V1g))A((=(p V1g))V(=(p VOp)))))))

Assume the following.

(24)

(VVOp € 2.(VV1g € 2.(VV2r € 2.(VV3s €
2.(((p VOp)=(p (ap (ap (ap (c-2Ebool_2ECOND 2) V1g) V2r) V3s)))=
(((p VOp)V((p V1g)V(=(p V35)))A(((p VOp)V((=(p V2r))V(=(p V1g)))A
(((p VOp)V(()(ﬁ(p V2r))V(=(p V3s))A(((=(p V1g))V g(p V2r)v(=(
D

p VOp))))A((p V1g)V((p V3s)V(=(p V0p))))))))))))) o5)
25

Assume the following.
(YVOp € 2.(vV1g € 2.((—((p VOp)=(p V1q)))=(p VOp)))) (26)

4



Assume the following.

(VWOp € 2.(vV1g € 2.((~((p VOp)=(p V1q)))=(=(p V1q)))))  (27)
Assume the following.

(VVOp € 2.(vW1g € 2.((=((p VOp)V(p V1q)))=(~(p V0p)))))  (28)
Assume the following.

(WWop € 2.(VV1g € 2.((=((p VOp)V(p V1g)))=(=(p V1g)))))  (29)

Assume the following.

(VVOp € 2.((=(=(p VOp)))=(p VOp))) (30)
Theorem 1

VA_27a.nonempty A_27a=YA_27b.nonempty A_27b=(
VVOR € ((2A*27Q)A*27a).(VV1P c ((QAJ?b)A,Z?a)'
(VV2M € ((A27bA-27a)(A=2T6"7)) (((p (ap (c_2Erelation 2EWF
A27a) VOR))A(p (ap (ap (ap (c-2Erelation 2EINDUCTIVE__INVARIANT
A 27a A27b) VOR) V1P) V2M)))=(VV3z € A27a.(p (ap (ap V1P
V3z) (ap (ap (ap (c2Erelation 2EWFREC A_27a A_27b) VOR) V2M) V3x))))))))



